Decoding the Hamming code*
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A friend thinks of an integer between 0 and 15. You are allowed to ask seven yes/no-questions in
order to determine which number your friend has in mind. However, he is allowed to tell at most one
lie. Can you do this task?

The theory of error correcting codes says that you can do it. In fact, this problem is solved by the
Hamming code of length 7, with 4 information bits [2]. However, the practical question remains, can
you find the number while standing on your feet together with your friend.

This note presents seven question cards and one base card allowing you to do this feat. Each card
encodes one question. Depending on the answer, the card is either placed right-side up or turned
upside-down. Below is one of the cards and how it looks when turned over the northwest-southeast
axis.

0 5 7 1 4 6
9 111214 8 10 1815

Observe how the set of numbers on each side are complements. Moreover, the teeth of both sides of
the card also complement each other. The other six cards of the seven cards are as follows, where we
only show one side of each card.
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The base card is as follows.

15
14
13
12

| S| O =~

1111019 |8

Proceed as follows: For each question card ask your friend if the chosen number is among the
following numbers and read the numbers on one side of the card out loud. If he answers yes, place the
card on the base card such that the side you read is showing. If the answer is no, place the other side
up. After repeating this procedure for the seven question cards you have two cases: either exactly
one number is not covered or all the numbers are covered. In the first case he has been truthful in all
seven questions and the sought after integer is showing. In the other case he lied once. Now you have
the straightforward task to locate the unique number covered by at most one card. This number is
the sought after integer. Moreover, you can tell which question your friend lied.

Observe that you may use the cards in any order and vary which side of the cards you are reading.
This is very good thing to do in order to add to the effect of the performance.

Why does this card trick work? Recall that the classical Hamming code is a set of 16 vectors in
the vector space Z§ = {0,1}7 called codewords. This collection can be described either as the null
space of the matrix
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1 01 1
100 1
011 1
or as the polynomials ag + a1 + - - - + agz® in Zs[z] that are divisible by 1 + x + 23. Two different

codewords differ in at least 3 positions. Hence when given a word that differs in one position (the
error) from a codeword, the codeword is uniquely determined.

Each number 0 through 15 corresponds to a codewords and each card is associated with one bit.
Thus when asking the 7 questions one is determining a codeword or a codeword with one bit error. If
your friend is truthful the correct number will be uncovered. If he lies exactly once, we have received



one bit with an error, and the correct number will be covered by exactly one card. If he lies more
than once, the Hamming code is helpless and will decode incorrectly.

To understand the null space description of the code can be an extra topic in a linear algebra
class using matrix multiplication modulo 2. The other description is an application of the field with 8
elements and can be done in an abstract algebra class. See Childs’ text [1] for both of these approaches.
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