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Abstract

Given m + 1 strictly decreasing numbers h0, h1, . . . , hm, we give an algorithm to
construct a corresponding finite sequence of orthogonal polynomials p0, p1, . . . , pm
such that p0 = 1, pj has degree j and pm−j(hn) = (−1)npj(hn) for all j, n =
0, 1, . . . ,m. Using these polynomials, we construct bivariate Lagrange polynomials
and cubature formulas for nodes that are points in R2 where the coordinates are
taken from given finite decreasing sequences of the same length and where the
indices have the same (or opposite) parity.
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1. Introduction

Our object is to show that every decreasing finite sequence of real numbers is
the set of alternation points of a finite sequence of orthogonal polynomials and to
apply this to construct Lagrange polynomials and cubature formulas for the even
and odd nodes of the Cartesian product of the points.

A motivating example of alternation points is the Chebyshev points hn =
cos(nπ/m) and the corresponding polynomials are the Chebyshev polynomials
Tn, where Tn(cos θ) = cos(nθ). In previous papers [19, 23, 3], the alternation
property (given in the Abstract) was used implicitly to construct two sets of
bivariate polynomials having common zeros. The zeros were pairs of Chebyshev
points where both indices of all pairs have the same or have opposite parity. We
call two such sets of common zeros the even and odd product nodes, respectively.
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They were shown to be nodes of bivariate Lagrange polynomials of degree m and
nodes of minimal or near minimal cubature formulas of degree 2m− 1.

Our discussion allows us to replace the Chebyshev points by any decreasing
finite sequence of real numbers. We do this by constructing orthogonal polynomi-
als for which the numbers are alternation points. Our algorithm to compute these
polynomials follows an argument of Wendroff [21] and has structure similar to the
extended Euclidean algorithm [18]. Lagrange polynomials are constructed from
the associated bivariate reproducing Kernel and are used to obtain a cubature
formula as in [12, 13, 14].

2. Alternation points

Let m be a positive integer and let p0, p1, . . . , pm be real polynomials satisfying
a truncated three-term recurrence relation

p0(x) = 1, p1(x) = a0x+ b0, (1)

pj+1(x) = (ajx+ bj)pj(x)− cjpj−1(x), j = 1, . . . ,m− 1, (2)

where a0 > 0 and aj, cj > 0 for j = 1, . . . ,m− 1.
It follows from Favard’s theorem [6, 16, 2] that the polynomials p0, p1, . . . , pm

extend to a sequence of polynomials that are orthogonal with respect to a positive
definite moment functional, which in turn can be represented by a (positive) finite
Borel measure. Note that there are many choices for the moment functional and
the measure. (For example, one can define an = am−1, bn = bm−1 and cn = cm−1 for
all n ≥ m.) Conversely, it is well known that every set of polynomials p0, . . . , pm
satisfies (1) and (2) when the polynomials are orthogonal with respect to some
finite Borel measure [1, p. 244].

Definition 1. We say that real numbers h0 > h1 > . . . > hm are alternation
points for polynomials p0, p1, . . . , pm satisfying (1) and (2) if

pm−j(hn) = (−1)npj(hn), j, n = 0, 1, . . . ,m. (3)

Note that the cases j = 0 and j = 1 imply that pm(hn) = (−1)n and
πm(hn) = 0 for n = 0, 1, . . . ,m, where πm = p1pm − pm−1. We shall see that
there are many possible choices for the polynomials pj. In particular, we may as-
sume that cj = 1 for j = 1, . . . ,m−1, but we may not assume that the polynomials
pj are monic.

Basic examples are the alternation points for the four kinds of Chebyshev
polynomials. These are given for each m in the last column of Table 1.
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Table 1: The four kinds of Chebyshev polynomials

Kind Definition for x = cos θ weight hi = cos θi

1st Tn(x) = cosnθ w1(x) = 2
π
√

1− x2
θi = iπ

m

2nd Un(x) =
sin(n+ 1)θ

sin θ
w2(x) = 2

π
√

1− x2 θi =
(i+ 1)π
m+ 2

3rd Vn(x) =
cos(n+ 1/2)θ

cos(θ/2)
w3(x) = 1

π

√
1 + x
1− x θi = iπ

m+ 1

4th Wn(x) =
sin(n+ 1/2)θ

sin(θ/2)
w4(x) = 1

π

√
1− x
1 + x θi =

(i+ 1)π
m+ 1

More generally, recall from [12] that Geronimus polynomials are a sequence
{pn}∞n=0 of polynomials satisfying recursive equations

p0(x) = 1, p1(x) = ax+ b,

pn+1(x) = (cx+ d)pn(x)− pn−1(x), n ≥ 1,

where a, b, c and d are constants with a, c > 0. The case c = 2 and d = 0 includes
all four kinds of Chebyshev polynomials. In particular, Tn is obtained when
p1(x) = x, Un is obtained when p1(x) = 2x, Vn is obtained when p1(x) = 2x − 1
and Wn is obtained when p1(x) = 2x + 1. It was shown in [12] that for any
sequence of Geronimus polynomials {pn}∞n=0 and for any positive integer m there
exist alternation points for p0, p1, . . . , pm. The following shows that a converse
holds.

Proposition 1. If {pn} is a sequence of orthogonal polynomials such that alterna-
tion points exist for each positive integer m, then {pn} is a sequence of Geronimus
polynomials.

This proposition is an easy consequence of a more general fact.

Lemma 2. If p0, p1, . . . , pm are polynomials satisfying (1) and (2) for which there
exist alternation points, then

am−j = ajcm−j, bm−j = bjcm−j, cm−jcj = 1, (4)

for j = 1, . . . ,m− 1.

Proof. Let 0 ≤ n ≤ m. By (2), we have

pj+1(hn) = (ajhn + bj)pj(hn)− cjpj−1(hn), (5)

pm−j+1(hn) = (am−jhn + bm−j)pm−j(hn)− cm−jpm−j−1(hn). (6)
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Applying (3) in (6) and dividing by (−1)n, we obtain

pj−1(hn) = (am−jhn + bm−j)pj(hn)− cm−jpj+1(hn) (7)

Let qj(x) = (Ajx+Bj)pj(x) + Cjpj−1(x), where

Aj = am−j − cm−jaj, Bj = bm−j − cm−jbj, Cj = cm−jcj − 1.

Substituting (5) into (7), we see that qj(hn) = 0 for all n. Since qj is a polynomial
of degree at most m with m + 1 roots, it follows that qj is the zero polynomial
and hence (4) holds.

Another interesting example of alternation points is the case of successive inte-
gers 0, 1, . . . ,m. In reverse order, these are alternation points for the polynomials
pj(x) = kj(m−x), j = 0, 1, . . . ,m, where kj is the binary Krawtchouk polynomial
of degree j given by

kj(x) =

j∑
i=0

(−1)i
(
x

i

)(
m− x
j − i

)
.

The polynomials pj satisfy (1) and (2) with

aj =
2

j + 1
, bj = − m

j + 1
, cj =

m− j + 1

j + 1
,

and are orthogonal in the discrete inner product

(p, q) =
1

2m

m∑
j=0

(
m

j

)
p(j)q(j). (8)

The alternation property for hn = m − n follows from the identity km−j(n) =
(−1)nkj(n) for j, n = 0, 1, . . . ,m. The above facts about Krawtchouk polynomials
are consequences of equations that are given along with references in [15]. Note
that the hypothesis of Proposition 1 does not apply in this case.

Apparently, finding polynomials so that a given set of decreasing numbers
are alternation points with respect to the polynomials requires finding a solution
of a complicated set of algebraic equations. However, we show that this can
be accomplished by a natural extension of the Euclidean algorithm to obtain
equivalent Bézout identities.

To begin, let A and B be polynomials with positive leading coefficients and
simple real zeros. Suppose that A and B have degree n and n − 1, respectively,
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and that their zeros interlace, i.e., exactly one zero of B lies between any two
consecutive zeros of A. In [21], Wendroff showed that then A and B are part
of a sequence of orthogonal polynomials by deriving a decreasing sequence of
polynomials beginning with A that satisfies a three-term recurrence relation. The
following adds some easily verified extra details needed in our proof of Theorem 4.

Lemma 3. Let c1, . . . , cn−1 be any given positive numbers. Then there exist poly-
nomials p0, . . . , pn satisfying (1) and (2) with m = n such that pn = A and
pn−1 = B. Further, there are polynomials s0, . . . , sn and t0, . . . , tn satisfying

pn−j = sjB − tjA, j = 0, . . . , n,

where s0 = 0, t0 = −1, s1 = 1, t1 = 0, and

sj+1 =
qn−jsj − sj−1

cn−j
, tj+1 =

qn−jtj − tj−1
cn−j

, j = 1, . . . , n− 1. (9)

Here qj(x) = ajx+ bj for some positive aj and real bj.

Theorem 4. Any m + 1 numbers h0 > h1 > · · · > hm are alternation points for
some polynomials p0, p1, . . . , pm satisfying (1) and (2).

Proof. Let

P =
∏

n even

(x− hn), Q =
∏
n odd

(x− hn), S =
m∑

n=0

(−1)nhn,

and take k = [(m + 1)/2]. Clearly Q has degree k and P has degree k + 1 or k
according as m is even or odd.

Suppose m is even. Then m = 2k. Since the zeros of A = P and B = Q
interlace, by Lemma 3 with n = k+ 1 we obtain polynomials p0, . . . , pk, where we
have dropped pk+1. After shifting the index of s and t down by one, we have that
pk−j = sjQ− tjP for j = 0, . . . , k, where now

s0 = 1, t0 = 0, s1 = x− S, t1 = 1.

We also shift the index of q and c down by one so that (9) holds with n = k. The
remaining polynomials are obtained by defining pk+j = sjQ+ tjP for j = 1, . . . , k.
(Note that this redefines pk+1.)

If m is odd, then m = 2k − 1. It can be shown that A = Q + P and B =
Q − P have interlacing zeros. (Apply the method of [20, Theorem VIII].) By
Lemma 3 with n = k, there exist polynomials p0, . . . , pk with pk−j = sjQ − tjP
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for j = 0, . . . , k and s0 = 1, t0 = −1, s1 = 1 and t1 = 1. (Here we have used that
sums and differences of finite sequences satisfying (9) still satisfy these equations.)
The remaining polynomials are obtained by defining pk+j−1 = sjQ + tjP for
j = 2, . . . , k.

Note that except when j = 0 the polynomial sj has degree j when m is even
and degree j − 1 when m is odd, and tj always has degree degree j − 1. In both
cases we have pm−k+j = sjQ + tjP for j = 0, . . . , k. Replacing k − j by j in our
previous equations and adding and subtracting them, we obtain

pm−j + pj = 2sk−jQ, pm−j − pj = 2tk−jP

for j = 0, . . . , k. Thus (3) holds.
To verify that p0, . . . , pm satisfy (1) and (2), first divide each of them by the

constant p0, which is nonzero since P and Q are relatively prime. Note that qj
and cj have been defined for j = 1, . . . , k except for the case where m is even and
j = k. In this case, define qk = 2(x− S) and ck = 1. Then by Lemma 3 and our
definitions, we have

pj+1 =

{
qjpj − cjpj−1 when 1 ≤ j < k
qm−jpj − pj−1

cm−j when k ≤ j < m
. (10)

Algorithm 1 shows how to produce a computer program that constructs the
orthogonal polynomials of Theorem 4. Note that the polynomials q1, . . . , qk−1 are
computed as quotients. (Arrays have been used to clarify the role of the variables
s and t although it is necessary to store only their previous two values.)

Algorithm 1
# Produce a set of orthogonal polynomials that has
# given decreasing numbers as its alternation points.
input m ∈ N, h0 > · · · > hm

c1, . . . , ck−1 > 0, where k = [(m+ 1)/2]
output p0, . . . , pm

# Initialize
P :=

∏
n even(x− hn) ; Q :=

∏
n odd(x− hn) ;

S :=
∑m

n=0(−1)nhn;
if m is even then

k := m/2; s0 := 1; t0 := 0; s1 := x− S; t1 := 1
else

k := (m+ 1)/2; s0 := 1; t0 := −1; s1 := 1; t1 := 1
end(if)
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pk := s0Q− t0P ;
pk−1 := s1Q− t1P ;
if m is even then pk+1 := s1Q+ t1P end(if)

# Main loop
for j := 2 to k do

q := quotient(pk−j+2, pk−j+1); # q = qk−j+1

sj := (qsj−1 − sj−2)/ck−j+1;
tj := (qtj−1 − tj−2)/ck−j+1;
pk−j := sjQ− tjP ;
pm−k+j := sjQ+ tjP

end(do)
for j := 0 to m do pj := pj/p0 end(do)

It has been the author’s experience that if rational numerical values or other
values that can be computed exactly are assigned to the hi’s then the algorithm
runs quickly requiring little memory. However, if the hi’s are treated as symbols
then the algorithm requires a large amount of time and memory. For example, if
the hi’s are the equispaced points given by hi = m/2− i or the Chebyshev points
hi = cos(iπ/m), then the computing time when m = 20 was seen to be 0.032 and
0.203 seconds, respectively, using the Maple 17 programming language and the
time command. However, Table 2 shows the dramatically larger numbers when
the hi’s are left unevaluated and treated symbolically.

Table 2: Algorithm cost for symbolic computation

m 2 3 4 5 6 7
seconds 0 0 .031 .156 1.953 7,550

terms in p1 2 38 313 8,195 130,648 15,618,708
terms in pm 7 36 167 6,269 107,532 4,537,496

3. The even and odd product nodes

Let h0 > h1 > · · · > hm and h̃0 > h̃1 > · · · > h̃m be any given numbers and
let

N = {(hn, h̃q) : 0 ≤ n, q ≤ m}

be the Cartesian product of these two sets. We consider two subsets of this prod-
uct that we use as the nodes of bivariate Lagrange polynomials and of cubature
formulas. Define the even nodes to be the set N 0 of all ordered pairs (hn, h̃q) in
N where n and q are both even or both odd and define the odd nodes to be the
set N 1 of all ordered pairs (hn, h̃q) in N where n is even and q is odd or n is odd
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and q is even. Clearly N 0 and N 1 are disjoint and N = N 0 ∪N 1. We define the
index set

Qk = {(n, q) : 0 ≤ n, q ≤ m, n− q = k mod 2}

so that we can consider both sets of nodes simultaneously as

N k = {(hn, h̃q) : (n, q) ∈ Qk}, k = 0, 1.

When m is odd, the number of even nodes is the same as the number of odd nodes
but when m is even the number of even nodes is one more than the number of
odd nodes. Specific formulas are given in [13, p. 50].

The even and odd nodes for the case hn = h̃n = cos(nπ/m), n = 0, 1, . . . ,m,
are refered to as the Chebyshev points in [23], as the Chebyshev nodes in [3] and
as the Xu points in [5]. These nodes were first considered in 1978 by Morrow
and Patterson [19] in connection with cubature formulas and required m to be
even. One way they obtained the odd notes is by using alternately an m/2 node
Gauss-Chebyshev rule of degree m − 1 followed by a Lobatto-Chebyshev rule of
degree m− 1 for the y coordinates at each successive x coordinate. Using a lower
bound of Möller, they observed that their cubature formula has a minimal number
of nodes for polynomials of degree 2m− 1. They obtained the even nodes in the
same way by starting with the Lobatto-Chebyshev rule first and observed that
their cubature formula in this case has one more node than Möller’s lower bound.
(The author was led to these nodes in connection with Markov’s theorem. See
[11, p. 353].)

In 1996, Yuan Xu [23] extended the Morrow-Patterson cubature formulas to
the case where m is odd and defined Lagrange polynomials for the even and odd
nodes in terms of the reproducing kernel. His proofs applied a general theory of
cubature that he gave in [22].

Using a different approach, Bojanov and Petrova [3] extended the results of
Xu to the case where h0, h1, . . . , hn are nodes of a quadrature formula with respect
to any weight that satisfies certain symmetry conditions. They gave an argument
involving even and odd sums that motivates the definition of the even and odd
nodes. See also [4, p.200].

The author extended the results of Yuan Xu to the case where the hn’s are
alternation points of the same Geronimus polynomials in [12] and of different
Geronimus polynomials in [14]. The author also extended the cubature formula
of Bojanov and Petrova in [13] and replaced the symmetry condition by an al-
ternation property. It was shown in [13] and [7] that the author’s methods also
apply to the Morrow-Patterson nodes, which include the Padua points.
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4. Lagrange polynomials and cubature

In this section we obtain Lagrange polynomials and a cubature theorem for
any even or odd nodes N k. We first apply Theorem 4 to obtain orthogonal poly-
nomials that we use to define a large family of polynomials that all vanish on N k.
We then apply a bivariate Christoffel-Darboux formula involving this family to
obtain a formula for Lagrange polynomials on N k in terms of a bivariate repro-
ducing kernel. By Lemma 6 (given below), the form we obtain for the Lagrange
polynomials is just what is needed to obtain a cubature formula for the nodes.
Proofs are given at the end of the section.

To begin with construction of Lagrange polynomials, we first observe that, by
Theorem 4, there exist polynomials p0, p1, . . . , pm and p̃0, p̃1, . . . , p̃m satisfying (1)
and (2) such that

pm−j(hn) = (−1)npj(hn), p̃m−j(h̃n) = (−1)np̃j(h̃n), j, n = 0, 1, . . . ,m. (11)

It follows from (10) that the polynomials can be chosen so that cj = c̃j = 1 for
j = 1, . . . ,m− 1. The corresponding bivariate reproducing kernels are given by

Kn(s, t, u, v) =
n∑

i=0

i∑
j=0

pi−j(s)p̃j(t)pi−j(u)p̃j(v)

Hi−jH̃j

, 0 ≤ n ≤ m,

where

Hj =


a0H0
aj j = 0, . . . ,m− 1,

a0cmH0
am j = m,

(12)

and where H̃j is defined similarly. Here H0 and H̃0 are given positive numbers.
(See [8, pp. 97-100] for a discussion of multivariate reproducing kernels.) Moti-
vated by similar definitions given in [23] and [11]–[14], we define Gm by

2Gm(s, t, u, v) = Km−1(s, t, u, v) +Km(s, t, u, v)

+ Ampm(s)pm(u) +Bmp̃m(t)p̃m(v),

where

Am =
1

H̃0

(
1

H0

− 1

Hm

)
, Bm =

1

H0

(
1

H̃0

− 1

H̃m

)
.

Clearly Gm(s, t, u, v) is a polynomial of degree at most m in (s, t) and in (u, v).
Also, combining like terms in the reproducing kernels, we obtain

Gm(s, t, u, v) = Km−1(s, t, u, v) +
1

2
Sm(s, t, u, v), (13)
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where

Sm(s, t, u, v) =
pm(s)pm(u) + p̃m(t)p̃m(v)

H0H̃0

+
m−1∑
j=1

pm−j(s)p̃j(t)pm−j(u)p̃j(v)

Hm−jH̃j

.

Hence Gm(s, t, s, t) > 0 for all (s, t) ∈ R2. (Note that (13) shows that Gm does
not depend on Hm or H̃m.) Finally, given (n, q) ∈ Qk, define

Pn,q(s, t) = λn,qGm(s, t, hn, h̃q), where λn,q =
1

Gm(hn, h̃q, hn, h̃q)
. (14)

We shall see that a bivariate Christoffel-Darboux formula given later in (21)
expresses the polynomials

(s− u)G(s, t, u, v) and (t− v)G(s, t, u, v)

as a sum of terms where each term has a factor that is one of the polynomials
vanishing on N k. Thus each of these two expressions vanish when both (s, t) and
(u, v) are in N k and we shall see that then the polynomials Pn,q with (n, q) ∈
Qk are Lagrange polynomials for N k. Note that the Lagrange polynomials are
computed without reference to the underlying measures.

Theorem 5. Let k = 0 or k = 1 and let (n, q) ∈ Qk. Then Pn,q is a polynomial
of degree m satisfying Pn,q(hn, h̃q) = 1 and Pn,q(x) = 0 for all x ∈ N k with
x 6= (hn, h̃q).

Gasca and Lebrón [10] have obtained Lagrange polynomials for all the nodes
of a product of two finite sets of numbers using a recursive formula involving
determinants of rectangular sublattices. In the case of N , their polynomials can
have twice the degree of ours but include more nodes.

Next we describe a connection between Lagrange polynomials, reproducing
kernels and cubature formulas. Let Pm(Rk) denote the space of all real-valued
polynomials in k variables with degree at most m and let Sm be the space of all
orthogonal polynomials of degree m with respect to a measure µ on Rk, i.e.,

Sm = {p ∈ Pm(Rk) : (p, q) = 0 for all q ∈ Pm−1(Rk)},

where (p, q) is an inner product on Pm(Rk) induced by µ. In view of the form of
our construction of Lagrange polynomials, the following lemma from [13] applies
to obtain a cubature formula for the nodes N k.
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Lemma 6. Let {xi}ni=1 be n distinct points of Rk having Lagrange polynomials
{Pi}ni=1 of degree at most m.

Conditions (a) and (b) below are equivalent.

a) If p ∈ Pm(Rk) then there is an S ∈ Sm with

p =
n∑

i=1

p(xi)Pi + S.

Also, for each i, there is an Si ∈ Sm with

Pi(x) = λiKm−1(x, xi) + Si(x), x ∈ Rk.

b) ∫
Rk

p(x) dµ(x) =
n∑

i=1

λip(xi)

for all p ∈ P2m−1(Rk).

Theorem 7. Let h0 > h1 > · · · > hm and h̃0 > h̃1 > · · · > h̃m, and let µ and
µ̃ be two corresponding finite Borel measures on R for which the polynomials of
Theorem 4 are orthogonal. Then∫ ∫

R2
p(x, y) d(µ× µ̃)(x, y) =

∑
(n,q)∈Qk

λn,q p(hn, h̃q)

for all bivariate polynomials p of degree at most 2m − 1 and for k = 0, 1. The
values of λn,q are given by (14) and H0 and H̃0 are the integrals of the constant
polynomial 1 with respect to dµ and dµ̃, respectively.

The case where the given decreasing sequences are alternation points of two
sequences of Geronimus polynomials is given in [14]. By a lower bound of Möller
[17], if the integral in Theorem 7 vanishes on all odd polynomials then the number
of nodes in the theorem is at most one more than the minimal number of nodes
over all cubature formulas for polynomials of the same degree and it is minimal
when m is even and k = 1. Thus Theorem 7 expands the known examples of
minimal cubature formulas.

Unlike most cubature formulas, we can choose any coordinates for the nodes
N k in Theorem 7. There are many measures in which the corresponding polyno-
mials of Theorem 4 are orthogonal. Weight functions for the measures are given
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in Table 1 when the alternation points are those for any of the four kinds of
Chebyshev polynomials. A discrete measure always exists.

Specifically, let

ν =
m∑

n=0

wnδhn ,

where

wn =
(−1)n∏

i 6=n(hn − hi)
> 0

and δx denotes the Dirac measure at x.

Theorem 8. The polynomials of Theorem 4 are orthogonal with respect to the
measure ν with inner product

(p, q) = Cm

m∑
n=0

wnp(hn)q(hn), (15)

where
1

Cm

=
m∑

n=0

wn.

For example, when the hn’s are evenly spaced a distance δ apart, one can show
that 1/wn = (m − n)!n!δm and hence the weights wn are a constant multiple of
the Krawtchouk weights

(
m
n

)
. Also, constant multiples of the weights {wn} for

the alternation points of the four kinds of Chebyshev polynomials are given after
theorem 2.2 of [12]. By uniqueness of orthogonal polynomials, the polynomials
of Theorem 4 are scalar multiples of any orthogonal polynomials obtained for the
inner product (15) as, for example, by Gram-Schmidt orthogonalization.

If a and b are defined by p1(x) = ax+ b, it follows from theorem 3 of [13] that∫
R
p(x) dµ =

m∑
n=0

λnp(hn), (16)

where

λn =
a0H0

(−1)nπm′(hn)

and p is any polynomial of degree at most 2m − 1. (The alternation property
for j = 0 and (12) have been applied here.) Note that since πm is a polynomial
of degree m + 1 with roots h0, h1, . . . , hm, there exists a constant A such that
λn = Awn for n = 0, 1, . . . ,m. Hence polynomials orthogonal with respect to µ
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are also orthogonal with respect to ν and its inner product (15). In particular, if
µ = ν and p is the nth Lagrange polynomial for the points h0, h1, . . . , hm, then
by (16) we have λn = wn for all n. In general,

H0 =

∫
R
dµ =

m∑
n=0

λn =
A

Cm

so A is positive and

λn = H0Cmwn, n = 0, 1, . . . ,m. (17)

There is another approach to cubature for the even and odd product nodes
besides Lemma 6 and a consequence is given in theorem 7 of [13]. Since the
weights of cubature with nodes N k are unique (by Theorem 5), it follows from
this theorem and Theorem 7 that the product formula λn,q = 2λnλ̃q holds, where
λ̃q is defined similarly to λn. Hence, by Theorem 7 with µ = ν,

m∑
n=0

m∑
q=0

wnw̃q p(hn, h̃q) = 2
∑

(n,q)∈Qk

wnw̃q p(hn, h̃q) (18)

for all polynomials p of degree at most 2m−1 and k = 0, 1. (This identity no longer
holds when p(s, t) = smtm. See [9] for further details.) Another consequence of
the product formula and (17) is

λn,q = 2H0H̃0CmC̃mwnw̃q, 0 ≤ n, q ≤ m, (19)

where H̃0, C̃m and w̃n have analogous definitions. A similar identity can be
obtained for the Morrow-Patterson nodes from [7].

Proof of Theorems 5 and 7. Our proof of Theorem 5 follows easily from a
Christoffel-Darboux identity for bivariate polynomials, which is an extension of
the identity given in proposition 2 of [14]. To state the identity, first define
polynomials

Xj(s, t) = pm−j(s)p̃j(t)− ε pj(s)p̃m−j(t), j = 0, 1, . . . ,m, (20)

Y0(s, t) = p1(s)pm(s)− pm−1(s) = πm(s),

Yj(s, t) = pm−j+1(s)p̃j(t)− ε pj−1(s)p̃m−j(t), j = 1, . . . ,m,

where ε is a constant. It follows from (11) that all of these polynomials vanish at
the nodes of N k when ε = (−1)k and k = 0, 1. Define

Fj(s, t, u, v) = [Xj(s, t)pm−j−1(u) + Yj(s, t)pm−j(u)]p̃j(v), j = 0, . . . ,m− 1.
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Recall that the pj’s are chosen so that cj = 1 for j = 1, . . . ,m − 1. Also, the
recursion coefficients of the p̃j’s satisfy ãm−j = ãj for j = 1, . . . , [m/2] by Lemma 2.
This is enough to apply the arguments in [14] to obtain the identity

2a0H0(s− u)Gm(s, t, u, v) =
Ym(s, t)p̃m(v)− Ym(u, v)p̃m(t)

H̃0

(21)

+
m−1∑
j=0

Fj(s, t, u, v)− Fj(u, v, s, t)

H̃j

.

Clearly Pn,q(hn, h̃q) = 1 by definition. Let x = (hn′ , h̃q′) be a node in N k. It
follows from (21) that (hn′−hn)Pn,q(x) = 0. Now let G̃m be as in the definition of
Gm but with p and p̃ interchanged, s and t interchanged, and u and v interchanged.
Then G̃m(t, s, v, u) = Gm(s, t, u, v) by the symmetry of the definitions of Km and
Gm. Hence, also (h̃q′ − h̃q)Pn,q(x) = 0. Thus Pn,q(x) = 0 whenever x 6= (hn, h̃q).
Hence Theorem 5 holds.

To prove Theorem 7, it suffices to verify condition (a) of Lemma 6. The
first statement of (a) is a consequence of proposition A-1 of [12] and the second
statement of (a) follows from (13) and (14) .

5. An example

To illustrate the computations described in the previous section, we consider
the case where the given set of decreasing numbers is equispaced a distance δ
apart. In this case we may assume that hi = m/2 − i, i = 0, 1, . . . ,m, since if
these are alternation points for orthogonal polynomials p0, p1, . . . , pm, then the
given equispaced points h̃0, h̃1, . . . , h̃m are alternation points for the orthogonal
polynomials p̃i(x) = pi(Ax+B), i = 0, 1, . . . ,m, where

A =
1

δ
, B = − h̃0 + h̃m

2δ
.

For simplicity, we take m = 5 and hence

h0 = 5
2 , h1 = 3

2 , h2 = 1
2 , h3 = −1

2 , h4 = −3
2 , h5 = −5

2 .

Algorithm 1 with c1 = c2 = 1 produces the polynomials

p0(x) = 1 p3(x) = 2
15 x(4x2 − 13)

p1(x) = 16x
15 p4(x) = 16

45 x4 − 88
45 x2 + 1

p2(x) = 4x2

5 − 1 p5(x) =
x(16x4 − 120x2 + 149)

60 .
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It is easy to verify that each pi(x) is a multiple of the translated Krawtchouk
polynomial ki(m/2− x) for 0 ≤ i ≤ 5. Also,

π5(x) = p1(x)p5(x)− p4(x) =
64

225
x6 − 112

45
x4 +

1036

225
x2 − 1

and π5 has roots h0, h1, . . . , h5. The coefficients in (1) and (2) are bi = 0 for
0 ≤ i ≤ 4, ci = 1 for 1 ≤ i ≤ 4, and

a0 =
16

15
, a1 = a4 =

3

4
, a2 = a3 =

2

3
.

Both the even nodes N 0 and the odd nodes N 1 have 18 nodes. After Lagrange
polynomials Pn,q for each of these sets of nodes were generated using (13) and
(14), it was observed that all 36 polynomials were simple modifications of the
following six polynomials

P0,0 = (t+ 5 + s)(t− 1 + s)(t+ 3 + s)(t− 3 + s)(t+ 1 + s)/3840

P0,1 = (t+ s)(t− 2 + s)(t+ 4 + s)(−t+ 1 + s)(t+ 2 + s)/768

P0,2 = (−t+ 2 + s)(−t+ s)(t+ 3 + s)(t+ 1 + s)(t− 1 + s)/384

P1,1 = −(t+ 3 + s)(t+ 1 + s)(t− 1 + s)(5s2 − 6st+ 5t2 − 25)/768

P1,2 = −(t+ 2 + s)(t+ s)(−t+ 1 + s)(5s2 − 2st+ 5t2 − 35)/384

P2,2 = (t+ 1 + s)(10s4 − 8s3t+ 12s2t2 − 8st3 + 10t4 − 100s2 + 64st− 100t2 + 225)/384

and that Pq,n(s, t) = Pn,q(t, s) whenever 0 ≤ n, q ≤ m. The remaining polynomials
are given in terms of these in Table 3, where

α(s, t) = (s,−t), β(s, t) = (−t, s), γ(s, t) = (−t,−s).

The Lagrange polynomials are not unique because by (20) there exist many poly-
nomials of degree m that vanish on N k for k = 0 and k = 1.

Table 3: Lagrange polynomials for m = 5

n\q 0 1 2 3 4 5
0 P0,0 P0,1 P0,2 P0,2 ◦ α P0,1 ◦ α P0,0 ◦ α
1 P1,1 P1,2 P1,2 ◦ α P1,1 ◦ α P0,1 ◦ β
2 P2,2 P2,2 ◦ α P1,2 ◦ β P0,2 ◦ β
3 P2,2 ◦ γ P1,2 ◦ γ P0,2 ◦ γ
4 P1,1 ◦ γ P0,1 ◦ γ
5 P0,0 ◦ γ
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The polynomials p0, p1, . . . , p5 are orthogonal with respect to the inner product
(15), which in this case is the Krawtchouk inner product (8) with m = 5 since
C5 = 15/4. Note also that H0 = (1, 1) = 1. The cubature weights are easiest to
compute using (19) and are given by

λp,q =
1

29

(
5

p

)(
5

q

)
, p, q = 0, 1, . . . , 5.

6. Coefficient formulas

Another approach to finding orthogonal polynomials that have a given set
of decreasing numbers as alternation points is to solve the algebraic equations
of the three-term recurrence relations together with the equations defining the
alternation points using the Maple 17 “solve” command. This was done for the
coefficients in (1) and (2) with cj = 1 for j = 1, . . . ,m − 1, to create Table 4,
where h0 > h1 > · · · > hm are given and Sn =

∑n
j=0(−1)jhj. When m = 1 or

m = 3, the coefficients are the same as obtained by Algorithm 1. When m is even,
an extra parameter C > 0 can be introduced into Algorithm 1 at initialization by

s1 =
x− S
C

, t1 =
1

C
.

The coefficients given in Table 4 are then the same as those obtained by Algo-
rithm 1 with C = D2a0 when m = 2 and C = A3/(D4a0) when m = 4. As in
Table 2, the complexity of our expressions increases rapidly with m.

Table 4: Coefficients for the three-term recurrences

m = 1) a0 = 2
D1

, b0 = −h0 + h1
D1

, D1 = h0 − h1
m = 2) a0 > 0, b0 = −h1a0

a1 = 2
D2a0

, b1 = −S2a1, D2 = D1(h1 − h2)

m = 3) a0 =
S3
3

2D3
, b0 =

(h1h3 − h0h2)a0
S3

, D3 = D2(h0 − h3)(h2 − h3)

a1 = 2
S3

, b1 =
h23 − h22 + h21 − h20

S2
3

a2 = a1, b2 = b1

m = 4) a0 > 0, b0 =
(h0h2h4 − h1h3S4)a0

A , A = (h3 − h4)S3 +D2

a1 = A2

D4a0
, b1 = h1h3A

2 +D4
D4b0

, D4 = D3(h1 − h4)(h3 − h4)

a2 = 2
Aa1

, b2 = −S4a2

a3 = a1, b3 = b1
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[17] H. M. Möller, Kubaturformeln mit minimaler Knotenzahl, Numer. Math. 25
(1975/76) 185–200.

[18] T. Mora, Solving Polynomial Equation Systems. I., Encyclopedia of Math-
ematics and its Applications, 88, Cambridge University Press, Cambridge,
2003.

[19] C. R. Morrow and T. N. L. Patterson, Construction of algebraic cubature
rules using polynomial ideal theory, SIAM J. Numer. Anal. 15 (1978), 953–
976.

[20] J. Shohat, On mechanical quadratures, in particular, with positive coefficients,
Trans. Amer. Math. Soc. 42 (1937), 461–496.

[21] B. Wendroff, On orthogonal polynomials, Proc. Amer. Math. Soc. 12 (1961),
554–555.

[22] Yuan Xu, Common Zeros of Polynomials in Several Variables and Higher-
dimensional Quadrature, Pitman research notes in mathematics, Longman,
Essex 1994.

[23] Y. Xu, Lagrange interpolation on Chebyshev points of two variables, J. Ap-
prox. Theory 87 (1996), 220–238.

18


