MA 114 Exam 3 Fall 2021

Fxam 3

Name: Section:

Do not remove this answer page — you will return the whole exam. You will be allowed
two hours to complete this test. No books or notes may be used. You may use a graphing
calculator during the exam, but NO calculator with a Computer Algebra System (CAS) or a
QWERTY keyboard is permitted. Absolutely no cell phone use during the exam is allowed.

The exam consists of 10 multiple choice questions and 5 free response questions. Record
your answers to the multiple choice questions on this page by filling in the circle corresponding
to the correct answer.

Show all work to receive full credit on the free response problems. It will also help you
check your answers to show work on multiple choice problems.

Multiple Choice Questions
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Trig identities
e sin®(z) + cos?(z) =1,
e sin*(z) = 3(1 — cos(2z)) and cos?(z) = 3(1 + cos(2z))

o L cot(z) = —csc?(x)

Multiple Choice Questions

1. (5 points) What is the average value of the function csc®(z) on the interval [T, 2T]?
A Arn
B. 1
C. 3
D. 4
B 2

2. (5 points) Which of the following is a parametrization of the circle of radius 1 centered

at (0,0).

A. z(t) = cos(3t), y(t) = 1 + sin(3t)

B. z(t) = 1 +sin(t), y(t) = —1 4 cos(t)
C. z(t) = %111(of) y(t) = cos(5t)

D. z(t) = 3cos(t), y(t) = 2sin(t)

B a(t) = \/— y(t) =2v1+1

3. (5 points) Three masses are located in the plane: 3 grams at (—5,1), 2 grams at (1, 1),
and 6 grams at (—6,0). Find the center of mass of this system.

A (—4,D)

(

(—43)
. (frac—4911, )
(
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4. (5 points) The region bounded by y = v/ and y = x* is shown below.

1

0.8

0.6

0.4

0.2

O | | | |
0 0.2 0.4 0.6 0.8 1

Consider the solid obtained by rotating this region around the x-axis. Using the washer
method, which integral will compute the volume of this solid?

V2
A. / 2m (Vo — x2)2 dx. 1
01 D. / ﬂ(\/f—xZ)zdx.
s (:1: — :r4) dx. 01
) E. / ﬂ(\/E—xQ)dx.
0

T (x2 - x4) dzx.

B.

C.

S— —

5. (5 points) Which integral below computes the length of the arc parametrized by (z, z%)
where 0 < x < 17

1
A. / 1+ 422dx.
0

1
B./ V1 +422dz.
0

1 2
/ T
C. 1+ —dx.
/0 + 4dx
1
D. / V1 +4xdr.
0
1
E. / o7’ V1 + 4x2dx.
0
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x

6. (5 points) The region bounded by the curves y = e *, y =0, x = 0 and x = 1 is shown

below.

0.2 2

00 0.2 0.4 0.6 0.8 1

Consider the solid obtained by rotating this region about the y-axis. Using the shell
method, which integral will compute the volume of this solid?

1

1
A. / 2rxe Tdx.
0
1

onale  dr.

D. /

B. / 2me *dx. 0.
0 E. /

0

1
C. / 2r (e ") dr.
0

orxle *dx.

7. (5 points) The line y = 2x 4+ 1 for 1 < z < 4 is rotated about the z-axis. What is the
area of the resulting surface?

367
18\/§7r
3637
V37
36+/57

B0 aw»
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8. (5 points) Find the slope of the tangent line to the curve parametrized by
x(t) =t 4+ 1,y(t) = t3 at the point (2, 1).

A.

ol o DN ofw

B
C
D.
B

|
o

9. (5 points) Find the length of the curve parametrized by
x(t) = e’ cos(t), y(t) = e'sin(t), 0 < t < 7.

A T—2
B. V2(e™ — 1)
C. vV2-2
D. e"—e
E

. V2r

10. (5 points) The curve y = 1+ €® for 0 < = < 2 is rotated about the y-axis, producing a
surface. Which of the following integrals calculates its surface area?

1+62 1 2
A. / 2 In(y — 1)y /1 + <> dy
2 y—1
1+62 1 2
B. / 2y 1+ (—) dy
1 y—1
2
C. / 27(1 4+ €*)V1+ e?* dx
0
2
D. / 2re/1+ (1 +e*)?dx
0
2
E. / 2n(1+e")V1+a2de
0
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Free Response Questions
11. The cycloid for the circle of radius 1 is the curve parametrized by the functions
z(f) = 0 — sin(0),

y(0) =1 — cos(6).

(a) (3 points) Find the coordinates of the point P on the cycloid given by 6 = 7.

Solution:
T T LT T 1 T 1
1‘(5):5—81“(5)—5—% y(g)—l—COS(—)—l—E

(b) (3 points) Find the slope of the tangent line to the cycloid at P.

Solution:

dl’_ ’ . dy_ / o

@—x(é’)—l cos(0), de—y(@)-sm(@).

Ty L () = sin(T) = L

rG)=1- V(G) =sin(y) = .
T L

dy _y3 _ v 1

dr /(%) 1—\% V2 -1

(c) (4 points) Find the arc length of the piece of the cycloid parametrized by 0 < 6 <
2.

Solution: L = /:W \/(%)2 N (%)2d0 _
/:W \/(1 — cos())? + (sin(6))*do = /027r V1= 2cos(0) + cos(6)? + sin(0)2d0 =
0% V2 — 2 cos()df = OZW V21— cos(0))do = /027r wda _

Q/O%Sm (g) 4o — 4 {— cos (g)f — 41— (1)) = 8.
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12. Let S be the region in the plane bounded by the parabola y = z — 22 for 0 < x < 1 and

the z-axis.

(a) (7 points) Find the total mass M and the moments A, and M, for S. Assume

that S has uniform density p = 1.

1, 14" 1
Solution: M = r—2%de = | =2 — ¥ = -,
2" 737,76
b
M, = —2%)de = |=2® — ~a2t| = —.
/ 2o —o*)de = {3 1" L 12
1 11, 1, 1.0 1
M, = —(a:—xQ)de:—/ v? = 22% fatde = = |22 — =2t + 22| = —
) 2/, 23" 2" 75T, 60
(b) (3 points) Find the center of mass of S.
Solution:
M, M, 6 6 11

M’ M 12° 60 2710

- )- (59)-(8)
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13. The region between the curves y = /x and y = x is shown below.

1

0.8

0.6

0.4

0.2

0

0 0.5 1 1.5 2

Let V' be the solid obtained by rotating this region around the line x = 2.

(a) (3 points) Set up but do not evaluate the integral that computes the volume of V'
using the disk/washer method.

Solution: /0 (2 —y*)? — (2 —y)*)dy

(b) (3 points) Set up but do not evaluate the integral that computes the volume of V/
using the cylindrical shells method.

1
Solution: / 2m(2 — x)(Vr — x)d.
0

(c) (4 points) Find the volume of V' by evaluating one of the integrals you found in
parts (a) or (b).

Solution: (using the integral in part a)

1 1 5 1 ! 8
/ m((2—y*)*—(2—y)*)dy = W/ 4y—5y°+y'dy = {23/2 — Y’ + —y‘r’} =
0 0

37 "5 ], 15
Solution:
1 1
/ 21(2 — 2) (Vo — 2)dx = 27T/ 207 — 27 — 22 + 22dx =
0 0
4 2 5 1, 4 2 1, 8
o |22 — 2% — Zg5 4 o8 :27r[——1——+—]:—7r
3 ) 3 1o 3 5> 3 15
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14. Let S be the surface obtained by revolving the arc L formed by the graph of vz + 1

with 0 < 2 < 5 around the z axis.

(a) (2 points) Set up but do not evaluate an integral which computes the arc length of

L.

Solution:

[ ()

(b) (3 points) Set up but do not evaluate an integral which computes the surface area

of S.

Solution:

/zwﬁ\/u QW)z

(c) (5 points) Find the surface area of S.

Solution:

/2W\/ﬁ\/1+ 2\/_)2 :27/05 x+§

Do a substitution with = + % =

25

4

25 3 3
A 2 3|4 47 25\ 2 5\ 2 2
:2 2 :2 —2 = — _— —_ — :—12 —_ 12
WL u2du 7T|:3u2:|5 3 [(4> <4)] 3( 5 —V125)
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15. Let P be the pyramid of height 10 and rectangular base of length 15 and width 20.

(a) (5 points) Find a function giving the area of the cross-section of P at height z.

Solution: Using similar triangles, L(z) = 2(10 — z) and W(z) = 22(10 — z),
so A(z) = 3(10 — 2)*.

(b) (3 points) Set up an integral which computes the volume of P.

10
Solution: V = / 3(10 — 2)?dz
0

(c) (2 points) Find the volume of P.

10 10
Solution: V = / 3(10 — 2)%dz = 3/ 100 — 202 + 2°dz =
0 0
10

1
3 {1002« —102% + §z3] = 1000.
0
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