Fall 2024 MA 114 Worksheet 23 November 21, 2024

MA 114 Worksheet 23: Parametric Calculus

1. For the following parametric curves, find an equation for the tangent to the curve at the
specified value of the parameter.

(a) 2 =€, y=t—In(t?) at t = 1.

(b) = = cos(f) + sin(260), y = cos(h), at 0 = w/2.
2. For the following parametric curve, find dy/dzx.

(a) c=eVt, y=t+et

(b) x =13 —12t, y =2 — 1.

(¢) = =4cos(t), y = sin(2t).

1
3. Find d?y/dz? for the curve z = 7+ t? + €', y = cos(t) + o 0<t<m.

4. Find the arc length of the following curves.
(a) =143, y=4+2t3,0<t < 1.
(b) x =4cos(t), y =4sin(t), 0 <t < 27.
(c) z=3t* y=4t3, 1<t < 3.

5. Suppose you wrap a string around a circle. If you unwind the string from the circle while
holding it taut, the end of the string traces out a curve called the involute of the circle.
Suppose you have a circle of radius r centered at the origin, with the end of the string
all the way wrapped up resting at the point (r,0). As you unwrap the string, define 6
to be the angle formed by the z-axis and the line segment from the center of the circle
to the point up to which you have unwrapped the string.

(a) Draw a picture and label 6.

(b) Show that the parametric equations of the involute are given by x = r(cos 046 sin ),
y = r(sinf — O cos ). Hint: For any angle 6, the line segment between the point up
to which you have unwrapped the string and the point at the end of the string has
the same length as the arc of the circle corresponding to the angle 6.

(c¢) Find the length of the involute for 0 < 6 < 27.
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MA 114 Worksheet 24: Polar Coordinates |

1. Convert from rectangular to polar coordinates:
(a) (1,v3)
(b) (=1,0)
(¢) (2,-2)

2. Convert from polar to rectangular coordinates:

0 ()
o (-13)
0 (-3

3. List all the possible polar coordinates for the point whose polar coordinates are (—2,7/2).

4. Sketch the graph of the polar curves:

3T
(a) sz
(b) r=m
(c) r=cosf
(d) r = cos(20)
(e) r=14cos@
(f) r=2—"5sind

1
5. Find the equation in polar coordinates of the line through the origin with slope 3

6. Find the polar equation for:

(a) 22 +y2=9
(b) =14
(c) y=4
(d) zy =4

7. Convert the equation of the circle r = 2sinf to rectangular coordinates and find the
center and radius of the circle.

8. Find the distance between the polar points (3,7/3) and (6, 77/6).
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MA 114 Worksheet 25: Polar Coordinates |l

1. Find dy/dx for the following polar curves.
(a) r=2cosf +1 (b) r=1/0 (c) r=2e""?
2. In each of the following, compute the slope of the tangent line at the given point. Then

sketch the curve and the tangent line.

(a) r=sinf at 0 = /3. (b) r=1/0 at 0 = /2.

3. (a) Give the formula for the area of region bounded by the polar curve r = f(6) from
6 = a to § =b. Give a geometric explanation of this formula.

(b) Give the formula for the length of the polar curve r = f(6) from 6 = a to 6 = b.

(c) Use these formulas to establish the formulas for the area and circumference of a
circle.

4. Find the slope of the tangent line to the polar curve r = 62 at 0 = 7.

5. Find the point(s) where the tangent line to the polar curve r = 2 + sin 6 is horizontal.
6. Find the area enclosed by one leaf of the curve r = sin(20).

7. Find the arc length of the curve r = 5% for = 0 to § = 2.

8. Find the area of the region bounded by r = cos for § = 0 to § = 7 /4.

9. Find the area of the region that lies inside both the curves r = V3sinf and r = cos#.

10. Find the area in the first quadrant that lies inside the curve r = 2 cos# and outside the
curve r = 1.

11. Find the length of the curve r = 62 for 0 < 6 < 2.

12. Write down an integral expression for the length of the curve r =sinf+6 for 0 <0 <=
but do not compute the integral.
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MA 114 Worksheet 26: Conic Sections

1. Find the slope of the tangent line to:

2
a The parabola y? = 6z at the point (g, 2).

1 1
b The ellipse §y2 + 22 = 1 at the point (5\/6, 1).

2. The ellipse 1322 + 22 + y? = 1 has its center at the point (h, k) where

b =
k =
The length of the major diameter of this ellipse is

3. The parabola y = 2% + 14« has its focus at the point (h, k) where

h:
k:

4. Find the equation of the ellipse with foci at (0,410) and vertices at (£8,0).
5. Determine the distance D between the vertices of —9z2 + 18z + 4y? + 24y — 9 = 0.
6. Find the equation of the parabola with vertex (0,0) and focus (8,0).

-7 2 -3 2
7. Find the vertices and foci of the conic section (z 3 ) — y z ) =1.
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MA 114 Worksheet 27: Review for Exam 4

This review worksheet covers only material discussed since Exam III.

To review for your final exam, be sure to study the material from Exams I, II,
and III and the review sheets for these exams.

1. Consider the curve given by the parametric equations (z(t),y(t)) = (¢*,2t + 1).

(a) Find the tangent line to the curve at (4,—3). Put your answer in the form y =

mx + b.
2

(b) Find second derivative d—‘z at (x,y) = (4, —3). Is the curve concave up or concave
T

down near this point?

2. Identify and graph the conic section given by each of the following equations. Where
applicable, find the foci.

(a) 2% = 4y — 29>
(b) 22 +3y*+2x — 12y +10=0

3. By converting to Cartesian coordinates, identify and graph the curve r?sin(20) = 1 (It
may help to remember the identity sin(260) = 2sin(6) cos(0)).

4. Find the slope of the tangent line to the curve r = 2cos(f) at 0 = 7/3.

5. Find the area of the region shown.

r =2+ cosf

Find the exact length of the polar curve r = 62 for 0 < 0 < 27.
Find the exact length of the polar curve r = e for 0 < 0 < 7

Find a polar equation for the curve (z — 1) +3? = 2.

© ® N @

Find the area enclosed by one loop of the lemniscate r* = cos(26).
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