MA123, Chapter 1: Equations, functions, and graphs (pp. 1-15, Gootman)

Chapter Goals: i e Solve an equation for one variable in terms of another

¢ Review of functions

& Graphs of functions

+ Linear functions

¢ Piecewise defined functions.

s Properties of exponents

¢ Review of factoring
basignments: Agsignment Q1

This chaptertouches on some of the feview material we-will make-use of in our study of caleulus. If you want

more examples or practice with this or other review materials, check out the links given under Prerequisites-

on the main tab of the course website.

> quuations and solution(s) to equations:| Roughly speaking, an equation is a statement that two
mathematical expressions are equal. For instance, x° — 2ry + 42 = 5 is an equation relating « and y. A set of

numbers that can be substituted for the variables in an equation so that the equality is true is a solution for
the equation. A solution is said to satisfy the squation.

(3 {Equations into functions:J An equation in two {or more) variables can sometimes be solved in terms
of one of the variables. This type of equation is closely related to the notion of a function.

Solve the equatlon x® 4 2y + 5y = 7 for y in terms o% x. 3
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Observe that in the equatlon y =

{fﬁd&f}

L

o 5 the expression on the right-hand side can be viewed as a recipe that

assoclates to any given value of = precisely one corresponding value for y.

| Definition of function: |

A function f is a rule that assigns to each element z in &
set A exactly one element, called f{z), in a set B. The set
A is called the domain of f whereas the set B is calied the
codomain of f; f{z) is called the value of f at z, or
the image of £ under f. The range of f is the set of all

Arrow diagram of f

possible values of f{z) as z varies throughout the domain:
range of f={f{z) ]|z € A}.

output
Machine diagram of f Lhs iy




IEvaluating a function:J The symbol that represents an arbitrary nurnber in the domain of a function f is

called an independent variable. The symbol that represents a number in the range of f is called a dependent
variable. In the definition of a function the independent variable piays the role of a “placeholder.” For example,
the function f(z) = 212 — 3z + 1 can be thought of as

FOy=2-0%-3.0+1
To evaluate f at a number (expression), we substitute the mmmber {expression) for the placsholder.

If f is a function of z, then y = f {z) is & special kind of equation, in which the variable y appears
alone on the left side of the equal sign and the expression on the right side of the equal sign involves only the
other variable z. Conversely, when we have this special kind of equation, such as y = €%+ 23— 3r 45, it

is common to think of the right hand side as defining a function f{xz), and of the equatior as being simply
y = flz).

Find the domain of the following functions:
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ICartesmn plane and the graph of a function: ’

II Ed H
Points in a plane can be identified with ordered pairs of numbers 1
to form the coordinate plane. To do this, we draw two perpen-
dicular oriented lines (one horizontal and the other vertical) that
intersect at O on each line. The horizontal line with positive direc- + P(a, b)
tion to the right is called the z-azis, the other line with positive b pm—mm—- e

direction upward is called the y-azis. The point of intersection of
the two axes is the origin O. The two axes divide the plane into
four gquadrants, labeled I, IT, III, and IV. The coordinate plane

is also called Cartesian plane in honor of the French mathemati-
cian /philosopher René Descartes (1596-1650). Any point P in the

& bwm———————

coordinate plane can be located by a unique ordered pair of num- ' ‘ "0
bers (g, b) as shown in the picture. The first number a is called the

z-coordinate of P; the second number b is called the y-coordinate

of P.
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l Graphing functions: £(6)
If f is a function with domain A, then the graph of f is f(z)
the set of ordered pairs
£2)
| sraphof f={(m@)|se A}
In other words, the graph of f is the set of all points
(x,y) such that y = f(z); that is, the graph of f s the
graph of the equation y = f(z). i
Y

Obtaining information from the graph of a function: I

The values of a function are represented by the height of its
graph-above the z-axis. So,-we can read off the values of a
function from its graph.

In addition, the graph of a function helps us picture the domain
and range of the function on the r-axis and y-axis as shown in
the picture:

[
The graph of & function is a curve in the i
zy-plane. But the gquestion arises: Which E
curves in the zy-plane are graphs of functions? i

. |

[
| The vertical line test: | 7 ;
A curve in the coordinate plane is the i
graph of a function if and only if no vertical E

Y

line intersects the curve more than once. !

Graph of a function
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Not a graph of a function

Example 3:| The graph of the function y = f{z) is given below. Assume the entire graph is shown.

(a) What is the value of f(0)?
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d} What is the range of f(z)?
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» | Lines and Linear Functions:| A linear function is a function whose graph is a straight line.

|Point—Slope Form of a Line;l

[Slope ofa Lirﬂ The slope of a (non-vertical) line

If a line has slope m and passes through the point

d ined b two distinct point
can be determined by any two dis points, (z1,41) {zo, ) and (z,y) is another point on the line, then

and (zz2,79), on the Iine:
yp—y1 _ Changeiny Ay mz-z:—io = y-yo=m-{z— 2
z5—27 Changeinz Az’ ¢

Slope =m =

Y [Slope-lntercept Form of a Line: I

A linear function can be written in the form
fl@)=y=mz+Db,

where m is the slope and b is the y-intercept.

You wiil nead to be eomfortable using both the poini-
slope and the slope-intercept forms of lines.
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(b) and in slope intercept form.

o f
%“{Qﬁffﬁf\aﬁ g"k'f‘“!"“ s%l}’iﬁ AN f ”"f o «in by ‘%‘
%“ el 2 {aﬂz_m‘)
by 5™ 3
S IR T 7 AR
'ng 3 TSy { Szl 47
Suppose the linear function f satisfies f(1.5) =2 and f(3) =5. Determine f (4).
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» rParabolas and Quadratic Functions:J

A quadratic function is a function f of the form

f(z) = az* + bz + ¢,

Y Y
where a,b, and c are real numbers and a # 0.
The graph of any quadratic function is a parabola; (Maximum)
it can be obtained from the graph of f(z) = z* Vertex (h k)
by using shifting, reflecting, and stretching trans- kT ’
formations.
Indeed, by completing the square a quadratic
Junction flx) = azr? + bx + ¢ can be expressed kY Vertex(h, k)
in the standard form or vertex form (Minimum) /

f(m)za(m—h)2+k_ ]Il x / },EL \ z

The graph of ¥ is a parabola with vertex (A, k); flz) =a{z~h)2+k, flz) = alz—h)2 +E,
the parabola opens upwa,rd if @ > 0, or downward a>0 a<0
ifa<0.

> IPiecewise Defined Functions: ' A piecewise defined function is & function given by several different

rules. In order to evaluate a piecewise defined function, you first need to decide which rule applies to the given
value of the independent variable.

ST '2m+1, for z < —1;
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_ (a) Find each of f(—2), f(-1), f(0), f
H-zy = of-2)+] = =-3 £ =03
frep)e ge=iiel = - AH = -1 £/3)

o) = (o) = Ffet)= -

(b) Sketch the graph of f(z).
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Example 7:| Sam’s cell phone provider charges him $35.00 per month for basic service, which includes 150
“anyiime minutes.” Sam is charged an extra $0.75 for each minute beyond 150 minutes. Let ¢t denote the
rumber of minutes that Sam used in a given month and B(t) denote the amount of Sam’s cell phone bill. Write

a piecewise defined function for B(t). _ prce
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|Example 8 {Greatest Integer F‘unction):|

The greatest integer function (a.k.a, unit step function), : : : : : S :
denoted [[z], associates to each real number z the greatest integer -2l Dt R
less than or egual to . Soor . : .

(a) Find each of [0]), [1], {21, [2.2], [1.97]} [~L8] S
L ?gag&;‘}m}j':[ o~
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12ll=-2 - O I W

(b) Sketch the graph of f(z).

The greatest integer function will appear several times throughout the course. You may want to commit itg
graph to memory.

B | Exponential Notation:J '

If o is any real number and n is a positive integer, then the n-th power of o is

at=a-a- ... -G
S, e

' . 7 times
The number a is called the base whereas n is called the exponent.

The first and second laws of exponents bélow allow us to define ™ for any integer n.
Now, we want to define, for instance, a*/3 in a way that
is consistent with the laws of exponents. We would like:

IDeﬁnition of rational exponents:| For any

rational exponent m/n in lowest terms, where m
and n are integers and n > 0, we define

3
(a1/3) PN E L) a; thus ot/ = a :
‘ A o™ = (g = ()™ or equivalently

@™ = (@™ = g

at" = g If n is even we require that a > (.

So, by the definition of nth root, we }iave:

In the table below, @ and b are real numbers {# 0 if needed) and the exponents z and y are rational numbers.

. ‘ T — it
‘Laws of eXponentS“ (3.) aa¥ = o™ (6.) {ab)* = a®b*
a” _
(1) a=1 ) —=d"" a\® af
L a (7) *g = ‘5;
(2) a7 =—= (5.) (a%)¥ = a™




For examples 911, assume all variables represent nonzero real numbers.
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Fxample 11:| Simplify the rational expression 772+ ° in the form %. Express the final resilt in a single
fraction using positive exponents only.
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B Another skill we will find useful is factoring. The following examples will help us review.

. 21
Example 12:| Simplify the rational expression u—»-l»-.
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Example 13:| Simplify the rational expression a;—g-é»
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