MA123, Chapter 5: Formulas for Derivatives (pp. 83-102, Gootman)

Chapt Goals: ..
| apter boa's | e Know and be able to apply the formulas for derivatives.

e Understand the chain rule and be able to apply it.
e Know how to compute higher derivatives.

Assignment 08 Assignment 09

In this chapter we learn general formulas to compute derivatives without resorting to the definition of the
derivative each time. Of course the validity of these formulas is based upon the definition of the derivative,

along with facts about limits.
We encourage you to memorize the procedure for finding the derivative in terms of words.

d
We will also give each differentiation formula using both the ‘prime’ notation and the s (or Leibniz) notation.
x

> |Derivative of a constant function: |

e If f(z) = ¢, a constant, then f'(x) = 0. ?ECGH 7[//)(} measures €he SJOPE O)[fha fmsmf

d _0 line. €o fﬁaﬂfq?h Of ]E at (Xﬂ[fﬂjﬂ For Gnuw
* E(C)i ' Sf(j,ghz‘ [ine f toe have oObservec) €hat-
e The derivative of a constant is zero. 7[/0«) 's £he slope of <he line 7[ In ¢he

Case ofc\ Constant 7[<md—‘ar\ €he. S]ope S €ero
Example 1:

Let f(z)=3. Find f'(2). So ]C//X) =0

constert So £,

) or d_c/j\,(Jf@m: @
or /3) =9 o C;—J-E(k)——d

@]

. BC);(B):O J ..... ..... .....

>
o If f(x) = 2", then f'(z) = nz" L.

d

() — n—1

e To take the derivative of x raised to a power, you multiply in front by the exponent and subtract 1 from

the exponent.

The remarkable fact about the power rule is that it works not only for exponents that are natural
numbers, but for any exponents. The quotient rule (see later) lets us prove the power rule for negative
exponents.

When you compute the derivative of a function containing {/, always change the %" to a fractional exponent,

so that you can take advantage of the power rule (most likely in combination with the chain rule!). For instance,

f(x) = Vr—3=(z—3)V4
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Example 2:| Find the derivative of each of the following functions with respect to the appropriate variable:

4x* | ar C)#X=LF><3

@u=s' = 4x" -

) g =s? etz Rs T g A, -3
=5 53
2N 34-Y,
@ro=en W) FE =2 s M 2 s ok _=
T - qf{/‘( q\q/é - gt Q\Cl/'f—

Example 3:| Find the derivative of each of the following functions with respect to x:

1 43
75 J N R I -2 |
(b) gla) = V& = x T mEx m4X Bt R e A
3 \3/ XA
1 I - I/g—
— = -1 __I_‘ —
=g T dho A e
X 3 5 x - —= X 3 _ - |

3 = e et T/
TS ke

> ‘The constant multiple rule: ‘ Let ¢ be a constant and f(z) be a differentiable function.

* (cf(2)) = c(f'(z)).

¢ L (ew) = (1)

e The derivative of a constant times a function equals the constant times the derivative of the function. In

other words, when computing derivatives, multiplicative constants can be pulled out of the expression.

Example 4:| Find the derivative of each of the following functions with respect to x:

(a) f(z) =22

d
a;@Xs)=oz-d%(><3>=o?-3x3"=ﬁl

1
b) h(z) = —
(b) h(2) = 5
2 | 3 Jd /n Lo d Lod -
- = - \= ——( |=F = — . L - — -2 __I_,_ 2-1 _ -3 -
dx(Bx’- adx (3 X‘*} SE}?(X’->‘3EJ>‘<(X>‘5 (-2) :%X=5°23
X
40
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» [The sum rule:| Let f(z) and g(x) be differentiable functions.

o (f(z)+g(@) = f(x) +g'(x).

o (50 +ow)) = (1)) + 25 (o)

e The derivative of a sum is the sum of the derivatives.

Example 5:| Find the derivative of each of the following functions with respect to z:

(a) f(z)=a3+22%+x +17

J d J 5
Jlomg2atumi- 3569 LRghn - 301 g1
=3x% 4 0.2 1 &

| xl o
ga>< - 5>( 4%()« X/ = 3x?y L,XJ,_'_I :)3{% LI><+_|
Sx € VX

l‘2+$7

(b) y=

T N NS R W I T TCR Ty

Z3-1

S SO ¢ (X7 -3

g

+ 2= 3Ty 2x :2 % + A

> |The difference rule: | Let f(z) and g(x) be differentiable functions.

. j_x (f(x) - g(x)) - 5—95 (f(x)) - j—x (g(w))-

e The derivative of a difference is the difference of the derivatives.

Example 6:| Find an equation for the tangent line to the graph of  k(z) = 42% — 72?2 at 2z =1.

E:f\;:nét‘}i - ‘L{I(x)-—dd;(qx3_q.x‘§) :d%(qxs)_%/:}xa) =4 S%KX3>—4§L;<(KQ§
ast x

= 4-3x>"1 3.8 jaxt - 14x
There;fura-éhn_ slope 5

Oth&thgenf }{’/]): |;2([) _Iq(l) = 12 - 14 =-2

Iine gt x= | s ( ) 3)
Poing 1 K1) =432V = -3 =-3 5o <he line passes € hrough ¢hepoint 1

The next two results describe formulas for derivatives of products and quotients. These formulas are

more complicated than those for sums and differences.

41
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> ‘The product rule (aka, Leibniz rule):‘ Let f(z) and g(x) be differentiable functions.

o (f(x)g(z)) = f'(x)g(z) + f(2)g (x).

e 2 (f@a) = £ (1@) st0) + 1) 1 (90

e The derivative of a product equals the derivative of the first factor times the second one plus the first

factor times the derivative of the second one.

Set F(z) = f(x)g(z). Then,

F(z) _ }IZEI%)F(JJ—Fh})L—F(x)
_ o J@ Mg+ h) = f(2)g()
h—0 h
o fla+h)g(x+h) [~ f@+hgla) + f@+hg) | - f=
- Hs0 h
- (f(x+h) g(x+hf);g(w)+g(x) f(x+h}>Lf<x)>
: . g(z+h)—g(x) _fl@+h) - f(x)
- (mﬂ“h))(,{ﬁ% h )+9<$>(m n )

I f@) g/ () + g(a) £ (@) af
= F@el) @ @) oy : :
Ix A 47[ ijé\r

For more details about the proof, please consult page 91 of our textbook.

Differentiate with respect to x the function y = (2z + 1)(x%ﬁ;|— 2).
F

5 Le%}?x = x+t | ancJ/@ =x*+ F6x) S(XJ
So aote Bézdix(&x”j = (&K)f ()= &B&(" Jro =2-1%' |=c>?><o=o?~] -2

and g%=%(><q+gj = a%—((x“)*%(oz\ =220 = 2 x

(O“SE%QEMEN %%M gﬁé}ﬂtfé)% :02-(><‘9‘+o?>+ (92/(”),0'2)(:0?)(344+Qx;’+07)<

dF

Example 8:| Suppose h(z)=2?+3x+2, ¢(3)=8, ¢(3)=-2, and F(z) = g(z)h(z). Find .
x
=3

IS—éCamPufe 9“‘ J  (x +3><+92> - d e (x ) a—(sx)+a;<(o2) o?x&_'ﬁtﬁﬁé(x') 42

:o?X‘I'B‘l)( = R+ 35 :o?x*l-:’)'lz/o?x*-:’)y

S0 d‘ﬂ ) =X-3+3 = +3=19 Side Mote - rdfm\sr@a[’
/UC’\W\lje( |/\ d(

Also ANote: h(3§=5 £3-3+r2= 9491+ 2 - Y+ R=L0 | Kx)= K
(onseiuenfg) ] dg(s) hes) + 3(5 ah(g I3).h(3) ﬁg(g WB)
3 = R20+ F+9
. = -Hdo+3a =32 |
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The statement in words of the following theorem sounds too stiff if we use ‘numerator’ and ‘denom-

inator,” so we replace these terms simply with ‘top’ and ‘bottom.’

> ‘The quotient rule: ‘ Let f(z) and g(z) be differentiable functions.

. (f(w)>’ _ F@)ge) - f@)d (2)
9() b@P

L) - s (ste)) G D) - Fro- £ ()

L4 (f@)Y _de dx _ &
dte) o) | (3]

e The derivative of a quotient equals the derivative of the top times the bottom minus the top times the

derivative of the bottom, all over the bottom squared. ' |5,y de m\'\ minus hﬂ\\ de lowd f J

all over low sgquared
The quotient rule can be proved in two steps. First, as a special case, one can get a formula for the

derivative of the function ﬂ using the limit definition of the derivative. Secondly, one can use the product
g(z
1
rule on @) = f(z)—.
g(x) g(x)

Example 9:| Differentiate v/vith res;/)ect to s the function g(s) = ?S_—’—?)i ./ ) (
/
/Uoée @51_0 = @53 +/l}= Q{—O:o—z G=c) (5—35} :(5_)—(35> = 0—-3= -3

Consegeantle, ales) = (T2 @)= (20e) (73F  (5o35)(2) = o5 )

/f~35)& ) (s MBS)Q\
- (o-es)-(es3) _ jozesees+n | 13
(s -35)% (535 /5135) .

N

@) pind @/(2)

B
Example 10:| Suppose T(x) =3z +8, B(2) =3, (cll_:c =-2, and Q(z) = @

=2

’ﬁ Compute Tm:d_i (357%) = $e(sx) +CTC)j<(S’): 3+0=3

Sy

So _l/(&5= 3
Also wote T(x)= 32+6=G+y=14

COﬂSEﬁrueng) Q’(&)i DERT =) -TRPR' (=) 33140 f%o??sig

2
(3 (9\“ 3% G 9
43
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Find an equation of the tangent line to the graph of y = % at the point x = 2.
+\
Slepeaf ¢he _}'/x_/x +| (‘-‘x (4x) (x* 6( +| (‘4 /qX (‘QXI'O U xS SR U g
ﬁan.acné lme = = ﬁl: -
ot x (X +I) (X ” (X % l) (XZHYQ\
Thera;fnre-éha_ Sla]:& ‘ —‘{(;2) - “L{m)“( ~ __,C’-‘L‘ _ _E
of ¢he ’éongem.‘ ~ﬂ ( ES (C[-H) g2 23
line at x= = ] (2, (2))= (2, X
ST i L 5o che lne posses Chiaugh <he Pont (320" (2, £
E ation 67[6)“@ fgn - ( ﬁ CQ :(\H(X*X\
line Zo €he greph oéjn o) =y/(a) (x=2) 05 - d0=-12(x-2)
At X=4 15 &5—(5‘%: 7£(><7 o 9253:‘9?&792 )+ 90
> 5T 92) &Sj; Ay + 24+ Y0
o g 250= ~12x 4 -2, cd
D D?/j;/% - P;éi) ﬂ(*':zj 25 2y o5 —®/ 27 57
Suppose that the equation of the tangent line to the graph of g(x) at x = 9 is given W
equation
y=21+2(x—-9)
Find ¢(9) and ¢'(9).
Nate: Fauatio 7[ h
o 7(41& wone O { e _ ( _ [
éar\f}en{— line €0 i A “) 3(q) /thﬂ
Che graph of 4 or = j(ci) Jrj?‘%)(»c»%)
ot X=9 g
= o =R+ K (x-q
imPli'—'S €hat ﬁ(qj:o’gl
and o ()= &
|
/Q §+ /
/Uofe: _CS(X dx(S)ﬁLjf(x‘)) (5“,Q+ %(f{xﬂ? 5*+}j?)() So ﬂ _ S__ﬁ;;ig
A segment of the tangent line to the graph of f(z) at z is shown in the y ran= |
picture. Using information from the graph we can estimate that / DUARURTIRON _
ES f )
fQ =2 fE=_"1°- 2 f@) i\ f.‘é?:.%.;
hence the equation to the tangent line to the graph of /“50 Note: | ) : ...... :
5(;2 Sea +f/9) : : : :
g(x) =5z + f(x) =j0+3=13 QT ....... ......
at © = 2 can be written in the form y = ma + b where A L ) L
Consequentln, m=2 4= F . R\
=3x-G+ | 5\
3—53(2):'&’/&)0(-;2} (ﬁ\ 3 ) \\ @
/i’f 3% +F
W= 12 =3 (x-2)
44
Y =3 (x-2)+13
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> ‘Composite functions:‘ A function h(x) is said to be a composite function of f(x) followed by g(z) if

hz) = (go f)(x) = g(f(x)). We may write: hexls 7C/X) @3/7((*)).

Find functions f(z) and g(z), not equal z, such that h(z) = g(f(z)):

2]
(a) h(z) = (z* + 222 + 7)% heols xTadx Xy 9, /qu'o?xll-q)
) , 2
Ans: f(x) = Xq+°?><+:'l and g(x) = X
(b) h(z) = Va¥ =3z +1 hioels X3x 41 8\ X 3xt

Ans: f(z) = 53—3“[ and  g(z) = Vx

In a SMS (short message service) competition for the title of “Fastest SMS Thumbs,” it is observed
that Competitor A inputs text three times faster than B, and Competitor B inputs text two times faster than

C. How much faster is Competitor A than Competitor C? Why?

3 2 — —
A rate of A relative to B——B rate of B relative to C ——C A DE/U E\J‘]j L[ Gunits
5 -
5“0’2 jé r—J\ /D o7w{-6;
i, rate of A relative to C' 7 C ?: |
un
dy d
Suppose y = g(f(x)). To find a formula for e %[g(f(x))}, we set u= f(z) sothat y=g(u).
dy du
du dx Wi ¢:
Yy rate of y relative to u u rate of u relative to x x ¢ expect:
@ _ du . Ju
dr ~ Ju  ox
;, rate of y relative to x 7
d,
Our guess is in fact correct, and the formula for d—y is called the chain rule (in Leibniz notation).
i
> |The chain rule: ‘
Let f(z) and g(z) be functions, with f differentiable at  and ¢ differentiable at the point f(z). We have:
o (9(f(@))) =g(f(2))f(z).
o Let y =g(u) and u = f(x). Then y = g(u) = g(f(z)) and
dy _ dydu
dr  dudzx’
e The derivative of a composite function equals the derivative of the outside function, evaluated at the
inside part, times the derivative of the inside part.
A special case of the chain rule is called the power chain rule.
dy _
It y=[f@)" then - =n[f)" L f ().
45
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e 15]
(a) Suppose k(z) = (1+32%)3. Find K (z).
K=< 3 ). d :
Jx (|+3><1 =3 (|+3xj - = (|+3XQ) = 3(|+3x:‘) (o +5-;2x°‘")
:3(1+3><)(6><> )l?x(l+3><)/

—_— !

(b) Suppose g(s) = (s* — 45?2 +12)°. Find Zg

%U—i(@s_qsl*' 2) ) S (s7-45 l’,«ﬂ (5 45%12)
:3_(5""15'142)‘(3.5 Lyas +oj
et armin)

Differentiate the following functions with respect to the appropriate variable:
7[65') (5 3)
50;/5——//5’5 ) ‘_'(SSB {55 3>

/

(a) f(s) =

_LI.C

-5/, -/’_ _ —
=—_l,f(55_5> [/5— o) = 75:/5'5’-3) /=é
Y (593"

/.
(b) g(t) = VE+ /\)oée)ﬁ‘)—/z‘ 9) | N
o st B o)k o) gy ceom) gt (o)

:z(fﬁq %5 F/

(c) h(z) = V\/x;l Moée h(x xz—fé } /»e(ir)i N
)

So lﬂ/(x):d—i— ((X#ﬂ\/;{j: g;\—\ (><+<i) ‘d%ﬂw

v (1eg) = &—l\ (2<+LI§I/1

B l
_/o?\/xw

(d) k(@) = (22 = 3)VT = 9. Note K(x)= (x> 5)(K-‘ﬂ§
aK%-J&3>Oﬂ+&$mmqj

é?x —o0 /x C’i\ + (3) 2654 - %(X-q)]

= R lomay s (x2) [heesi )

46

e
cQX\/X_cl + 2Vx—q
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Suppose  F(z) = g(h(z)).
g(7)=5 and ¢ (7)=11, find F'(2).

If h(2) =1, h’(?) =3, 9(2) =09, g/(2) —4,
KE"CQ“) F/fx\j‘(h(xﬂ’ h/fx) l?f.ﬁ_éht choin rule

So F//éz)j//lﬂ(a\\l’\l(g) uSe lf\(éZ)::)Gr\c} h,(«Q)iS
=903 3 e /(=0
= -3

Suppose g(z) = f(z?+3(x —1)+5) and f/(6) = 21.

( Note: f(x2+3(x —1)+5) means “the function f, applied to 22 + 3(z — 1) + 5,” not “a number f multiplied

Find ¢'(1).

with 22 + 3(z — 1) + 5.7 )
st 2
— Note X 4—5()<—l)45_——)<2+3x—3+5‘: >(2+3><+21

j[o ﬂ(x\=]r(x2+3x+9)
“herefore ’fx)___cj\ s
,3 Ox /7[[x1+3’<+"?\b:7[(XZ+3XFQ)-C%<(XZ+3x+.§>
:f?xl#jx +(,'2) -(o?xl_ﬂ‘l- 3 +O) = 7[/(><2+32<4-Q) - /.:2><+3)
COhSc%_uen{lﬁj’(l):7[//(;14-3(])4.‘,2) . (o?-l+3)
“F 1 43e2)- (a +3)
=1 (e)S =25 -fos ]
Suppose  h(z) = /f(x) and the equation of the tangent line to f(z) at z = —1 is
y=9+3(x+1). Find #(~1).
Recall: The comment e €0 it s xet 15 e fiy o fly e
/HSD Aote 3 hl(x\ta%/(][(ﬂy/z) 28T 9 5 (‘("") l'rvlTJ|r'es €het
Fr=a and Sy =3

- é (Jffk\j/dg-l C) /{R\}

dx

\ "Q ’ X
- é(?ffﬂ)/ oy = &)\7/[_2
Conseguentln, ')z 200 - 3 _{E(i)/w
X Iy KVa 23[R
4. Fin F'(G(1)).

CS)uppose F(G(z)) =2 and G'(1)=4.
/}‘%ECD\“ K/F(G(kﬂ) = F(G‘(x)\ .G/(X) L/)_ﬁ <he chain fule

0
Alsa,mmé : d_X(F(G(x\j): c%; (x&> =o?><2_l=gx

There]L;re) S s = F((G—(x\) . Gl(xj/ X = FI/Gflﬂ el
(.1

I][xrl-éher\ -l = F//G-(Iw~6-'(l) o .

2= Flecny . 4 = = FltGcy Voo = —-
‘\ 47 2 'j So F/G—(ﬂ 2

University Of Kentucky > Elementary Calculus and its 9/12 Chapter5.pdf (9/12)

Applications



> ‘ Higher Derivatives

Let y = f(z) be a differentiable function and f’(z) its derivative. If f/(x) is again differentiable, we write
y'=1"@) = (f'())
and call it the second derivative of f(z).
d2 d2y
e (f <l’>> o o2

Similarly, we can define higher derivatives of f(z) if they exist. For example, the third derivative f”'(x) of f(x)
is the derivative of f”(x), etc. The higher derivatives are denoted f® (z), f® (z), and so on.

Example 21:| Let H(s)=s">—2s3+5s+3. Find H"(s).

In Leibniz notation:

3-1
His)= 55" 225> sp
H" _SSN-GS + <
(s)= A -
) \3—'“’5‘ -6 &Sl& +0

H(S)=:QOSK_/QS

et g = P
d
_E( x) = /X'fl)d_ K"'I) - (QK“BFX(X*'G _ &-{-l) /o? +O)-(2x+lj(l+o)
(X+I)g‘ /><+|)L

_ R (x+) - ( 2x+1) L Rxed g | -2

(i) Ty G - )

c)x ij {0” >:*c9\[><”} =j{<—(x+1): -2 (x+1) .d+o)

1l

Example 23:| Let f(z)=./z. Find the third derivative, f©)(z). (X ol )3

48
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> |
dx =3 =2
r4 1 _
C} 7[ ) = 3 1 X‘;L |+l ‘/_l) L 3 /2 i 3{’{_ = ~ [
dx= 7 R R Sla)xh = X T gX T gk gy

)= (e )
3-1

Foey=3(3x19) Ci@x-m) - 3 (13 (3= @1 (3amrs)
\-—%(7(&)) - 4 (@13 1)) =2 2 ((3e-nf)- 21. [2( 13 - J(qx ﬂ
= Q- [R(3x-13)-(3-0)] =21 . 1 (3x-13)] - 299 (Fx-13)

Example 26:| If f(z) = 2%, find f®)(z), the 5th derivative of f(z). Can you make a guess about the (n+1)st
gers  M>A0 {)E

dfiV;%tiVeif(x)xn' ) Observation: For nte

(x) =X

, ()= 4-3.29 4= N e ()
7m(x\-cl><3 7@’) ;X) o 7[0)?@
iy (x)= O

7|'((><\= 4.3kt

£ |
(x) = 4.3-2x

Suppose s(t) measures the position (or height) of an object from a given point at time ¢
s'(t) of the object. Now, the acceleration of an object

> | Acceleration: |
We recall that the derivative of s(t) is the velocity v(¢)
measures the rate of change of the velocity of the object with repect to time

but Velocit "(t) ds S0 Acceleratio "(t) @*s
1 - = ration = = —F
E == dt B dt?

t) = s"(t).

The acceleration is usually denoted by a(t). Thus, a(t)

Example 27:| Suppose the height in feet of an object above ground at time ¢ (in seconds) is given by

h(t) = —16t* + 12t + 200

d
Acceleration = v'(t) = d%f)

Find the acceleration of the object after 3 seconds.

NE= W = -162¢7 240 = -30¢ 412
ond G /e = VA =Wt - -32 10 - -3

50 (@3 (5) = _39\ u“\ifs/s‘ec'l
\
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