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MA123, Chapter 4: Computing Some Derivatives (pp. 69-82, Gootman)

[Chapter GoalS:—l e Understand the derivative as the slope of the tangent line at a point.
e Investigate further the notions of continuity and differentiability.
e Use the definition to calculate some derivatives.

e Use the definition to approximate some derivatives.
Assignments: Assignment 06 Assignment 07

In this chapter we explore further the relation between the derivative and the equation of the tangent line at
a point. Then we learn how to compute the derivative of some functions using the definition of the derivative.
One reason for doing this is to convince you that the rules and formulas for derivatives are not magical. They
have a solid foundation and can be explained with just a little bit of effort. Learning should not just be a

matter of memorizing mysterious formulas but it should rather be a matter of understanding them.

We start by recalling the following facts that we encountered in Chapter 2:

> IBasic facts about derivatives: | The instantaneocus rate of change of a function f with respect to z at

a general point z is called the derivative of f at z and is denoted with f/(z):

fz+h) - f(=z)
. .
For a given value xg, the derivative of f at xp, namely f'(xg), gives the slope of the tangent line to the graph

f(z) = lim

of f at the point (o, f(zo)). Thus, the equation of the tangent line to such a point is given by the formula
|y = f(@o) + F'(m0) (@ — o). |

> ITangent lines, continuity and differentiability:| In the following problems we practice computing

equations of tangent lines. Also, we investigate further the notions of continuity and differentiability of a

function at a point. Please refer back to Chapter 3 for the corresponding definitions.

Example 1:| The graph of a function h(z) and the coordinates of a point (zg, h(zp)) on the graphs of h are
given below. Find h/(z¢) by analyzing the graph.

e [N
3 A)(: ’
................... _ AL{: = -
3 = 3 .

In the following problems you can use the fact that the derivative of f(z) = az? +bz+c s
f'(x) =2ax +b.  (See the calculation carried out in Chapter 2, Example 15.)
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Example 2:| Consider the function - f(z) = 3z% — 6z —10. Write the equation of the tang{ent line to the

graph of f at £ = —2 in the form y = mx + b, for appropriate constants m and b.

LoV =2 -6 = 6Ex -6 N
Slope. = ,p/(a)_g(g) &=~
?Owﬂj & 24‘(.;)) = (9 z(-a)_g(a) /a)— & ;z 14)

_ e (x— D)
Line - gL -
- = f g’X 25 + /4
i y = - |80 — 2
Example 3 Consider the function g(z) = —32? +7z — 6. Write an equation of the tangent line to the

graph of g at z = 1. For which values of y; and y» does this tangent line go through the points (—1,%;)
and (4,y2)?
4

Sope = 4'(1)= (R)N-32) [+> 1
Pt = (1, g(M= (I, - +7/4 (1, —;2)/
T&\%m"‘ Line :> # (\;\7)_ _/L(»\’

U/\)Q'

qu > = -—I 3 =" {"? - L"
?,,j‘)(; I Yo = H-7 =1 ('\/"0 (h’?) 8’:-$)<7:[-7X-'é

\V
Example 4:| Suppose that the equation of the tangent line to the graph of the function f(z) = VI +a

at =16 isgivenby y=mxr+5.  Find ¢ and m. | Hint: You may use f/(z) = ﬁ)
Sloge. = ,p/(lé) = ’ - = V’7 ¥(lé))
re = Taldle T R4 T (e,

%o *|'a,nv..)‘ y (< ;L: —é',‘)(+(7 (O)"T) :\)T("—'Fol.

Mow, ~ tangp. A Ilme  curve agres
ooF Xc‘[g/ 22
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Example 5:| Determine the x values where the derivative of the function is not defined (that is the points

where the function is not differentiable). Is the function continuous at those points?

\x

N —z+1 if < -3

o =1 f -8<z< BN D N
P46 a2l N
Diglodbingus ot x= =2 7€ pue skl N AN
Qor gpa)z Lo (P e NS
X "} 9 ,—7' ) 3 Heo . : R . . . . : :
Ix1= 2,
S e 909=Ene
>x=a+0
Cordinuous “)L i 2. //2 Z/ma)(_(_{
Wq >;%ﬂ>;z— gés ->:2- At
S=F 0

Determine the x values where the derivative of h(z) = |z* — 7Tz + 10| is not defined. Is A(z)

continuous at those points? (Hint: first draw the graph of the equation y = z? — 7z + 10 and then draw the

graph of the function h.) /an W,Hl a WI+ wqoq; e ;/4’
x50 = (- q)()(-a) arm/m /w(l 0(, oroNrab
N a lues

0

Next, we use the definition of the derivative to learn how to differentiate functions of the following types

f@)=(@+a)? fl2)=

e fl@)=vVz+a f@) = (z+a)

where a is an arbitrary real number. For each type of function, the calculation of the limit has to be treated
with a different technique.

Let 1(0) = (& + 21

e Find constants A, B, and C such that w = Az + Bh+C.

e Show that the derivative of f is given by the expression f'(z) = 2z + 8 = 2(z + 4).

e Find f'(5). Write the equation of the tangent line to the graph of f at =75 in the fgm y=mz+b
-p{qu//)_ (X ‘("l‘]—i—('f')Q (()(4—4) -Hq) — X+4) A ()(+;L)Aq’—;- h,,,)jgr
oy Lo Fe) e+ st h M (3t _ Ax+§+h

h - h M A=2 B= ~1,<-¥

s %; LA fo (Qaiith) = RaiF O = Bt T

b ~h>o

Mg = .2 rge 1 = Sleype, >y sd; 19(»:2(/ .
mt= (%, ) = (5 51) - e 4
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Expanding the binomial (z + 4)? in the expression for the function f of Example 6 yields that
f(z) = 2% + 8z + 16. Hence the result f'(z) = 2z + 8 also follows from the calculation carried out in Chapter
2, Example 15.

1
et f)= g

e Find constants A, B, C, and D such that He+ hi)z —f@) = @ B)(:c:l- Chy D)’
e Show that the derivative of f is given by the expression f'(z) = =l (x+3)~
. Fmd ' (5). ‘p(-\"l“?) ‘F(‘V/ s A+ Y= 6:+ 3) ]
Lheh) = o = hxxha3 >r+3 h (x—ﬁx\’* +
) = —\'h'!'g ! /4'

e e

~Q(A'+LI)‘—‘F(’-\’/ R — ’ .

j Vz [;)M;)(k_mm] &r+3‘)(>(+h+?) ) c:\ ’;E,:Z_, I
£ ’7‘.’ W - ()(+3)(>(—t‘>) B {f\'*})a/

=

— | — i _ c="
M= e T SR e

o )= ve
e Find constants A, B, C, and D such that feth) - 1) _ A T
h - VBz+Ch+D+Vz—2 \
1
2 vz

6 and maltiply by Cojuze oy
e Find f/(6) and f'(11). _
| — h—2 +V& )
@@-\::L'F(A/): \/—.‘-—lq f: -Jx-2a. %(J w4h «Q — Jx 5\’) \/—:_’:_(_

— (XJrh»Z)"C)éfg)) _%m_‘_m m—i— Ux a

- 2
MQCT{_ "

e Show that the derivative of f is given by the expression f'(z) = = (oc —2)71/2,

A i i

e gﬁ T avE
L£i0n= QJT::?

( 34




glolgly

h

——
pusivy

g //)()

Y,

Example 10:| Let g(z)=(z

n—=20

((6) = 306

(1) (A+ B)?
(2) (A—B)? = 42 —

= A2 4+ 9AB + B2
2AB + B?

ISpecial product formulas:‘ The powers of certain binomials occur so frequently that we should
memorize the following formulas. We can verify them by performing the multiplications.

If A and B are any real numbers or algebraic expressions, then:

(3.) (A+B)>=A%+3A2B +3AB?+ B3

(4) (A-B)> = A% —3A2B+3AB% —

LVisualizing a formula:]

Many of the special product formulas can be seen as
geometrical facts about length, area, and volume. The
ancient Greeks always interpreted algebraic formulas in
terms of geometric figures.

For example, the figure below

A+B
B
L [ ]
(A+B) A+B
A
A B
(A+ B)2 =A%+ 2AB + B?

shows how the formula for the square of a binomial
(formula 1) can be interpreted as a fact about areas of
squares and rectangles.

— 4)3,

e Find constants A, B, C, D, E and F such that

e Show that the derivative of g is given by the expression ¢'(z) = 3(z — 4)2

¢ Find ¢'(6) and ¢'(—1).
3
fe-4)

g(z +h) — g(z)

lPascal’s triangle:| The coefficients (without sign)

of the expansion of a binomial of the form (a % b)™
can be read off the n-th row of the following ‘triangle’
named Pascal’s triangle (after Blaise Pascal, a 17th
century French mathematician and philosopher).

To build the triangle, start with ‘1’ at the top, then
continue placing numbers below it in a triangular way.
Each number is simply obtained by adding the two
numbers directly above it.

- (2) = Az? + Bz + C + Dzh + Eh + Fh2.

= 322 — 24z + 48.

() + h)d)— ("j_:_‘i)_j

r——

2
(sexh-4)

h

264 )h—(—}()v"/)f’l—f-l’l 7 (e

4
e

4)
= _b= »

204 )_l-%( LDH"/' ‘2)(

(Z(X B) 3 Fo- ¢)A+h)
:‘!’&,

e AT

,2%/\/-—!-49?—%?)(14'(”‘*“?
5, B=-3d, €=, D=5 =77

’47 \h(;(’( +3()(—“/’L 1'h)
/_________,______

R, F=(

2(»«‘4) J

;(l) 3[ 4)’ 75



: _ =2 fz+h) = f(z) A .
If f(z)=——3, then - =G EiEiTe) FndA BadC

- h-7)
{ed—Fed_ 1 [-2 mIC.HY . *3] L( o3 [A:;) j,]]
R Ry R ST n Le-D6+

= =2 - e
7 Ce=%) (x+h-2) - (Y'3>{’\/+1" -73)

Fo ,4—-;9‘ B:— j.[ C:"';

Suppase hay L HH =S _ h(; T
Find the slope m of the tangent line at z = 1
_ ) — n
wh = -(:\ ('): WS o l’! h—ao 1/\((‘('1"—”\) /H—R)

h)
 _¢h=h" — Do e (6+
:hﬁb: Mf(’ih)z-cf T hse M T- (2+™

T Lo q(3+h)7 T 7

Example 13:| Suppose that

fz+h) - f(2)

Y =3r+2h-1 and f(1)=4.

Find the equation of the tangent line to the graph of y = flz) at z=1.

Yot (( q’) @
(1+h) —F
Slope = ={)= h’-%/; h “ho (2 +2h- )

= 3420 =
e gt bire : g‘_ U = 51@(——!)
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» | Approximating a derivative: | Considering how much effort was required to compute the derivative of
a seemingly simple function like g(z) = vz — 2, you may think that it will be almost impossible to compute
the derivative of functions like G(z) = e~ or h(z) = (22 + 17)°. In the next two chapters we will learn

algebraic formulas which will help compute derivatives of lots of functions. We end this chapter by suggesting

an alternative method for finding derivatives of more complex functions: numeric approximation.

Let f(z) = (z + 7)®. Approximate f'(2). /(\\; 398‘0;

h -0.1 -0.01 -0.001 -0.0001 -—0.00001 0.00001 0.0001 0.001 0.01 0.1

F2+h) - f@2) | 22084077 22504,27 22504, 7329 29542 145 (.
h 23732181 aEagty 320,208

_(h+ 925 — 95 2,397,710 , 328507.0929 3TN %]

Let g(z) = In (z). Approximate ¢/(2)." /\//\/g. 7:: ;

h -0.1 —-0.01 -0.001 -0.0001 —,Q.OOOQl_Q,,QOQOl 0.0001 0.001 0.01 0.1
2 m) —a@ 15127 . G0000125 Jle794
e N A R L W)
I 2 ATET
_I@2+h) - l(2) , 5000(35 44975~
h 2

Let ) = . Appraximate (). o BRI E -

h -0.1 -0.01 -0.001 -0.0001 -0.00001 0.00001 0.0001 0.001 0.01 0.1
fA+h) = fQ) [BARXR - - 2,268 - 3, 296001 . 2, 48%7- - -

" 3O 7ALY 3,297%(6. . FE-

p 3,295%5" 3,304. .
A 3,240 SaLl

Let g(z) = [5z|. Approximate ¢(0). o[oef MO"L leﬁy lim (T "(Wq?fea

h -0.1 —-0.01 -0.001 -0.0001 -0.00001 0.00001 0.0001 0.001 0.01 0.1
0+ h)—g(0
R ) I A A
_ I5Al
T h
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