MA123, Chapter 6: Extreme values, Mean Value Theorem, Curve sketching, and Concavity

e Apply the Extreme Value Theorem to find the global extrema for continuous func-

Chapt Goals: . .
apter Loas tion on closed and bounded interval.

e Understand the connection between critical points and local extreme values.

e Understand the relationship between the sign of the derivative and the intervals
on which a function is increasing and on which it is decreasing.

e Understand the statement and consequences of the Mean Value Theorem.
e Understand how the derivative can help you sketch the graph of a function.

e Understand how to use the derivative to find the global extreme values
(if any) of a continuous function over an unbounded interval.

e Understand the connection between the sign of the second derivative of a function
and the concavities of the graph of the function.

e Understand the meaning of inflection points and how to locate them.

Assignment 14 Assignment 15

Finding the largest profit, or the smallest possible cost, or the shortest possible time for performing a given
procedure or task, or figuring out how to perform a task most productively under a given budget and time
schedule are some examples of practical real-world applications of Calculus. The basic mathematical question
underlying such applied problems is how to find (if they exist) the largest or smallest values of a given function

on a given interval. This procedure depends on the nature of the interval.

> ‘ Global (or absolute) extreme values: ‘ The largest value a function (possibly) attains on an interval

is called its global (or absolute) maximum value. The smallest value a function (possibly) attains on an
interval is called its global (or absolute) minimum value. Both maximum and minimum values (if they

exist) are called global (or absolute) extreme values.

‘Example 1(a): ‘ ‘Example 1(b): ‘ ‘Example 1(c): ‘
Find the maximum and minimum Find the maximum and minimum Find the maximum and minimum
values for the function values for the function values for the function

fla) = (z—1)* =3, flz) = ~lz — 2| +3, fl@)y=2"+1, ze[-1,2]
if they exist. if they exist. if they exist.

*5 13 éhg ab;o\bﬁLQ N mumnA 3) 1S Ehe quo\mLe_ Mo i LN ‘5 i3 the C{bjo‘u&e_ maximam volue
Value and £his occurs gf x=| Uedue and €his occurs ot k22 g0 £his occurs aF x=2
61 - :
Ao ahsolute YO [WIanAL \/C«[LAQ Mo G‘LJSO/MH M e \/O\‘MQ l1s ‘éh& abjo‘uuLc My Mmoo m \/Q\M&
ond £his occars of x=0
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|Closed and bounded intervals:|

For example, the interval [—2, 5] is closed and bounded.

> ‘The Extreme Value Theorem (EVT): ‘

minimum value on [a, b].

2 if z >0
‘Example 2(a):‘ Let f(x) = {Qij_x_ ?f$<0
—r ifz<0.

Does f(z) have a maximum and a minimum value on [—3,4]? How
does this example illustrate the Extreme Value Theorem?

On [-3,4) 7E(x] hos an absolute maximom o]C Y ct
x=4 and an absolute Minimunc o;':&\ ot x=0O.

/UOée'. [-3,‘4] [ CIoScc) and bOur\c)ed inteveel and

We first focus on continuous functions on a closed and bounded interval. The question of largest and smallest
values of a continuous function f on an interval that is not closed and bounded requires us to pay more attention

to the behavior of the graph of f, and specifically to where the graph is rising and where it is falling.

An interval is closed and bounded if it has finite length and contains its endpoints.

If a function f is continuous on a closed, bounded interval [a, b], then the function f attains a maximum and a

fmm éhe,_cgrf:.?h one sees “hot jf is continuows on s

Maximnem and  miniwienae  On [-3,‘11.

1
‘Example 2(b):‘ Let g(z) = —. Does g(z) have a maximum value
x

and a minimum value on [—2,3]? Does this example contradict the
Extreme Value Theorem? Why or why not?

On [-2.3] A0x) c)oes ot have an absolute

indevoels €here oye)é‘s-é—he EVT 7£ must heve an clisalue

MoK imam or minimuwt value . Floweuer) “his does
Mot conmtradict €he EVT because 3(&} Is /\Jié continwous
oNn L-2313 Since A) s dis continamons (c,\hc)e/[\'.hec)j
<€ x=o0e[-33],

‘Example 2(c):‘ Let h(z) = 2* — 222 + 1. Does h(z) have a

maximum value and a minimum value on (—1.25,1.5)7 Does this
example contradict the Extreme Value Theorem? Why or why not?

On (*l.Qé}ﬂ-Skj h (<) Nas an obsolute M N e vl

07[ O at x=-1 ond x=1| BMONEUE(} hex) has

A0 Ghsolute Maximum on £his intevuvol . | his

does not  contradict che EVT becouse (-1.25, 1.5
1S "ot o closed Intevual.
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The EVT is an existence statement; it doesn’t tell you how to locate the maximum and minimum values of f.

The following results tell you how to narrow down the list of possible points on the given interval where the
function f might have an extreme value to (usually) just a few possibilities. You can then evaluate f at these

few possibilities, and pick out the smallest and largest value.

» |Fermat’s Theorem:| Let f(x) be a continuous function on the interval [a,b]. If f has an extreme value

at a point c strictly between a and b, and if f is differentiable at x = ¢, then f'(c) = 0.

» |Corollary:| Let f(z) be a continuous function on the closed, bounded interval [a,b]. If f has an extreme

value at x = c in the interval, then either
e c=aorc=b
e a<c<band f'(c) =0;
e a<c<band fis not differentiable at z = ¢, so that f’ is not defined at = = c.
COY\é\r\uouS and dn')fieyem Lick\e €\Jw3uhere

C
Example 3:| Find the maximum and minimum values of > flz)=2® 322 - 9245 on the interval [0, 4].

For which values x are the maximum and minimum values attained? Min @ Xx= E Max @ x=¢
d . To [W} max/min values on Lo, (“j \’V\mﬁ—} check Not 5
;(X)zﬁX;“—C:x—qé— C)Cnc) ec ooty n

} CVeruulhere - LnJPo,MS X=0 é X= L Ct (Ofﬂ
Aeed £o Solue O = A x  -6x-9 T X in (o “‘) "\w‘e"L 7E xyz=0, X= 3  (ote -\ is got in (0 q)>
o = Xz S -3 < X in (O,%) whert 7F/(>( DA £, wvone B
o= (>< _3) (X—}- l} 7[}0] O j(o G((o) +< @4_ Cxlﬂjolufe {V‘C\er\au Obso\llffmmm'muw\
7C(3 3(3) vQ("S}W‘f' AF-2% QQ%T*»Q},}Y 171;{5
X=3= or Xx41=0 =G 36+5= 16 -36+5 =~ - 15
7C(L{ ,3(q§ -GS = Y - 4y 36t = A0tS= -\

x =3 X ==

25 +1
Example 4:| Find the maximum and minimum values of F(s) = i +6 on the interval [—1,5]. For
s —

Wthh values s are the maximum and minimum values attained?
l—(fj— G- c)(a) - (s () To 7[‘,(\(} Mox/min values on [ - 15) Must checkk

(s-c)*

2512 g — | “Eﬂc)pmf\‘fsl ;‘1?‘1'5;3w
B /S_G)l T oxin (—i,f) Lhere F//S\:O/ o where
— ® X -
:(Sl—SG};L &— Aever 2eq o " ( "SB o here r(x) :D/Ur Ao where (/\JQ{Q G d: ( r§>>
U“dcjrinc(:}ﬁf)(zé #( \ &(1 [g -2y - U
AMever oo min @s =5 ( K 7k5r‘6_0\050|“+‘°~ MEX M
-3 Ve (ue
—— 2 = O Mox (@ s= ~| (S J+\: 0+) - 1
(5_Q ' F ) S-G 56 —7:lﬂé_ ab solute m (nimom
S =0 (s—c)2 NG lue

“B=0 5o Flsto

Example 5:| Find the maximum and minimum values of  f(z) = 2%/3  on the interval [~1,8]. For which

values s are the maximum and minimum values attained?

—1 -
jf/(x]t %X /3: CQ_ [o 7[:r\c} Mmax/ min values on [—I,?{] must check

3
/\—) ﬁ«j\/X 4 EﬂcJ’PQlﬂ45’ X= —| and X=Y A
cuer €ero : / MmN e x-o
- X -1,%) wh _ cohe
Undefind ot , : (( ) o f, g e hee ) mex @ x=%
— -1 e — -
/\Jeuef Zero - 7[ X\> o 7F CX) DA Ii/ X=0
.32 _ 2 4 _
- ° A ) S e ) 5@ 2
X 0 - 3.3 —
39 . S 7[(x);€0 7C(O @ /OL63 3/O :IO |6—AB501M4‘E O\Dsolwk
H=0- (3\ x) Miny Mo PSx (M am
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Example 6:| Find the ¢ values on the interval [—10,10] where g(t) = |t —4|+7 takes its maximum and

minimum values. What are the maximum and minimum values? Geormetricall one sees Ehat

7 3/%] nas cr’\%bsohﬁ‘& NN na
MO\Y\J <his occurs ot
/ ((—{,q—\ X =4 MOraauzr) “ he 5\,5"3)'\07[
f Ilil\ >

RNt show —Ehe absoludd maximum
velee on [“lo,ie]l mMmus+ occar

0 _
( ) ——ttttt1> =€ O“'LQ‘}:EIL E'V\O”(Dc:i/\-}s X=o4e
<X =

c,v\c)

ECT w=le-dl qroslesslrd geTelm ] condl s el

= Ll+q—~lll ]3 absclute
[

MOWET M N

OJ(IO\: [ —‘—{{4?—%16,[4:;—
) = G #FF =13
2 1 ifx <1

Find the maximum and minimum values of k(x) = v s on the

—3x+7 1fx>1§t\/u€ed£(
interval [ 92 ]F d Mox/min on [ Q 3] Must c\qeck CDH[M;%
/\_jo{e %(‘X [ X+ X \J: x <l LHJPOIH‘{s, X="2 and x¥=23 ol ﬂ

x> CXin ((23) where /) =0, x= -~ 55#«@5%%1;

Gt x|

at xX=| £ (X fﬁ CAV\C’ fﬂec} l:)ecciu_(t"_x m (-2,3) Where A 23/&/[“ x=| . g(ak . ]4
%” % |+lr\ ﬁjl %\(I*I L0 A'So roée (><) 0 when X~>\ ()

fim
\/\>O = a2+ Ax+2=0 So ><—*| y7¢><i~&3<+‘—qglm -3 x +3}

lim g(”h ald _lim (140)° ) +2(1+h) ﬁ[ - . %(Hh j i Mﬂ
h=p" N h-0 N =4 # qOT T oot
Find the maximum and minimum values of g(z) = 1+ 2+ 22 +2° on the interval [0,2].
Fo‘r which values x are ;he maximum and minimum values attained? »ondinuons euet 3<~J here
()= I+§x 1S To fmJ Max/min on [2,3) must check
DQJ:iV\eC) E’Uef\v)th?Yt R En(JUmnfj -6 and x= 2
Need o 50(ve O=1+Xx +3x° - X in (0,2) uhere g lx) = =0, mowhere

Dijqimir\an{: 17“-‘{(3]/1\ e X in(0d) where 3 (X)DA/L Nowheye
=Y4-12=-7<0

hDL,JQ\_»Q,/\

Max @ x =35

(o) =140 +0°+6° =[ | 4— Gbselube minim.
S50 no feel soluton 3 3 l_\ value "
5o 3r(k) IS Never Zero %(‘Q B l+2+2 T st Y =[S l6—0b50|u+c
M ximum

> ‘ Local (or relative) extreme points: ‘ In addition to the points where a function migﬂjt have a maximum

or minimum value, there are other points that are important for the behavior of the function and the shape of
its graph.
global max
Yy | If you think of the graph of the func-
local max tion as the profile of a landscape, the
global maximum could represent the
highest hill in the landscape, while the
minimum could represent the deepest
local max valley.
The other points indicated in the
graph, which look like tops of hills (al-
though not the highest hills) and bot-
U +  tom of valleys (although not the deep-

local max

local min

local min

.
%( -2)= (2 +2(-a)+ ] = |

est valleys), are called local (or rela-
tive) extreme values.

M:Hu(m— !

global min

A{(]S}w +2(1) ¢ D@—GBSOKA-}-Q

- maximuw
3(3)+3 = ]Q_obmmc 64

My mum
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A function f has a local (or relative) maximum at a point (¢, f(c)) if there is some interval

about ¢ such that f(c¢) > f(x) for all z in that interval. A function f has a local (or relative) minimum

at a point (¢, f(c)) if there is some interval about ¢ such that f(c¢) < f(x) for all z in that interval.

If f has a local extreme value at (¢, f(c)) and is differentiable at that point ¢, then f'(c) =0

‘Critical points:‘ Let f be a function. If f is defined at the point x = ¢ and either f'(c) = 0 or f/(c) is

undefined then the point c is called a critical point of f.

> ‘Increasing and decreasing functions: A function f is said to be increasing when its graph rises and

decreasing when its graph falls. More precisely, we say that:
f is increasing on an interval I if
f(z1) < f(x2) whenever 21 < zg in I.

f is decreasing on an interval [ if
f(x1) > f(x2) whenever 1 < 9 in I.
Yy Yy

f f

0 1 T 0 1 T f is increasing on [a, b] and [c, d]
f is decreasing on [b, ¢].

f is increasing f is decreasing

Example 9: | The picture shows the graph of y = f(z).

Y
(a) Find the intervals on which f(z) is increasing and de- R PRI SEEEE R PR RERRES :
creasing.
7[\'5 Increosina on: (9,1) U(R,00) USRI U U T T ......

7E s dEC(GO\SH\S an (*OD/O}U(I,DQ

(b) Find the intervals on which the tangent line to f(z) has
positive slope, and the intervals on which the tangent
line has negative slope.

@35\'1{1\/1 S\GPQ on (OM} U(CQJGO) : : : : : : :
Neapdive slope an (-0,0) U (1,3) SRUUIRRU RPNl OUUURUROR SURRE DUO
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University Of Kentucky > Elementary Calculus and its 5/14 Chapter6.pdf (5/14)
Applications



Example 10:| Suppose that f(—1.5) =12 and f(2) =1. In addition, you are given that f(x) continuous

everywhere, is increasing on the intervals (—oo, —1.5] U(2,00) and f(z) is decreasing on the interval [ 1.5 ]

Wcrcasin

Which of the following are not possible? e, cﬁj\ and 02 <3

INcleasine, o *jT""JJ.'
Ok () f(-2)= ?Uc’fe 2eContd Folse (o) £(3) - ’tf’?“’t{ Ve ¥ W
nd _&< 1.5 So | m«n CJ . ! S —
(b) f(=2)=11 Ok ) f4) =6 yc [2,c0)an A I
OK Fr-2) < F (159212 OK 2<4 5o &“/&Km l
False (c) f(-1)=13 :H:rllu(aﬂs ) False (8) f3)= 5[ ‘d f4) = |
| € [‘ &j an 3and4 & (R ] and 3<94 so ;/3)<;(q False
= (d) f(0 O h 5 and q
False (d) f(0) = S50 o) ofiy K () fB3) = f4) =
lé Y false

13
In general, using the algebraic definition of increasing/decreasing to verify that a function is increasing and

decreasing can be difficult. However, example 9 suggests an easier method for checking where a function is

increasing or decreasing:
e If f(z) is increasing then f'(z) > 0; o If f(z) is decreasing then f'(z) < 0.

We would like to be able to reverse these implications, but doing so will require some additional theory.

» | The Mean Value Theorem (MVT):‘ If f is continuous on [a,b] and differentiable at every point

strictly between a and b, then there exists some point 2 = ¢ (and maybe more than one) strictly between a and

b such that
f(b) — f(a)

I e

‘Geometric interpretation of the MVT:‘ For some (non-necessarily unique) point ¢ between a and b

the tangent line to the graph of f at P(c, f(c)) has the same slope as the secant line connecting the points
A(a, f(a)) and B(b, f(b)) on the graph of f.

C1 &

‘A rewording of the MVT: ‘

If f is continuous on [a,b] and differentiable at every point strictly between a and b, then there exists some

point z = ¢ (and maybe more than one) strictly between a and b such that

the average rate of change
of f on [a,b] =

Example 11:| Let Q(t) = t%.

to A equals the instantaneous rate of change of Q(t) at t = 2.

Qlre)=

the instantaneous rate of change
of fatx=c
Find a value A # 1 such that the average rate of change of Q(t) from 1

Average Rofe O]C @/A A t
/ The ~\Y\S"':GY\'€T;\V\EO‘-«_Y C](\Gv%e o CBL T‘««\-) AA - I[ :@(\M = A +
Qtel=7¢ J fa);eaof hange  on A AT
) ct X=H T
/ _ 9. 66 O ONe Loa '/\{5 A = =
Qta)=2-2- 4y [A=3 ]
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Con‘h'ncmus QV\CJ [),‘F—fden-éo b[e on TR so ;;5 confinuous an 201 and cJ;)C}‘

Example 12:| Let f(z) =z — 23 Verify that the function satisfies the hypotheses of the Mean Value °n (-2,

Theorem on the interval [—2, 0]. Then find all numbers ¢ that satisfy the conclusion of the Mean value Theorem.
f
%‘/ x)=1-3x "
AROCon _ Flo)-fe-a _lo-*]-[-= ¢2)]
= LT

[_O?IOJ o _(_'2] 0 +a
= Qz(2+%) . o -(c)_ —c;_ 3| -7 il
=2 = l \6 - 3

Here are three consequences of the Mean Value Theorem:

W\_\—_/

‘Proof of Increasing Function Theorem:

[ The Constant Function Theorem: Suppose f'(z) > 0 on an interval I. We wish to

If f is differentiable on an interval I and the derivative show that f(a) < f(b) for any pair a < b in I. Let
f'(x) =0 for all x € I, then f is constant on I. a and b be any pair of point in I satisfying a < b.
e 1)~ 1(@)
— f(a
IO _ g
o
: : : for some ¢ satisfying a < ¢ < b. Now, f'(c) > 0
If f and ¢ are differentiable on an interval I and Y ]
"(z) = ¢'(x) for all x € I, then f — g is constant and so
f'(z) g (x) f—g £(b) — f(a)

on I; that is, f(x) = g(x) + ¢ where ¢ is a constant. >0

b—a
so f(b) — f(a) > 0, since b —a > 0. Therefore,

f(a) < f(b). This argument works for any a < b
in I, therefore f(x) is increasing on the whole

‘Increasing/ Decreasing Function Theorem:‘

If f is differentiable on an interval I and f'(x) > 0 interval.

for all points « € I, then f is increasing on I.

If f is differentiable on an interval I and f'(z) < 0 The Decreasing Function Theorem and Constant

for all points « € I, then f is decreasing on I. Function Theorem can be proved with similar ar-
guments.

4
Example 13:| Let f(z) = z i = Find the intervals over which the function is increasing.
x

/ &N (1) - (x+9) () _ x+3-x-4 3 :
7[& - (x+9)*% _ CEE ST >0 For el in K Sreeps x=-3

/\)afe:fu's Not c)efmcg) ot x- -7

(OHSG‘EII_LA.eV\'Hﬁl ]fl's mcrem@ on (‘09/—?->U(‘:»‘-,09)

Example 14:| Find the largest interval or collection of intervals on which the function  f(t) = t* — 10t2 +9

is increasing. -5 -1 { = The. fur\c-l-ion ]Ci S (\C(QC‘«Siﬂ\:S
/
_ 3 MWM
Fre)- de¢32 g0¢ FE S on (5o U (UF o)
~223¢. S
GOQ\ DC{chn’\e whenc Qéz—onf 29 = j.gsc, —
cs Si <]
Note. (-/-63_’2014 =0 “Peint 1 L} = -5 { 7, 4
-5
dé(¢*5)=0
H¢ =0 él s=0 Lncreasine, |
(‘Z:j_ — + ( /Decrmsma
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1
Example 15:| Find the largest value of A such that the function h(s) = G0 is increasing for all s
5 —

in the interval (—oo, A).

)= (s-q) “ Y :

1 —
h - " Is lest 3
) q(ﬁ ﬁ\) (5 Ci\ \/alsua \ 4 (S—ﬁ}
h'(s)= — 4 (s- c1\-| O \_ —
| &/vaerzero
Wes) o =% % Crdefmeg 1O \ — 1 4
(S q)S L’Uhe"\ |
S-
So (mf\ca")mmf < “=e SO h(5> < (
whg(\ +9ﬁ +% 1S h(rec(Sm\osor\ 753:3/9) hich means A:ﬂ
S*q Po nt
‘Flrst derivative test for (local) maxima and minima: ‘ If f has a critical va—l-&e at « = ¢, then
e f has a local maximum at x = c if the sign of f’ around c is Tt +, _____
c
e f has a local minimum at = = c if the sign of f' around cis ~ ___ "~ RN
c

Example 16:| Suppose g(t) = 6(t — 5)® — 131. Find the critical numbers of g(¢). Then determine which

critical numbers give rise to local maxima and which critical numbers give rise to local minima.

om+s
I L ’De{lr\e()

] _ -
_(-ﬂ (€1=6-3 ('é -S );\{ﬁ/ euuj‘uherg
= 1% (¢ —S) Theve s vo chanoe. 1n direction, ,Snce
So Cr1{£(q(PciY\é wher\ 9 L .,G = ;RQJ‘““C‘HW\ s afwoag \Y\C_(ecsw\g)
é;Sﬁ:O T s > onseab\enf{ 3“ has wo loce |
S +S es
=5 \lalue 13 | (¢ 5) Mexime  or local Minime.
@) + -+
G + +
{
Example 17:| Suppose k'(t) = (¢ —5)(¢t + 1)(¢t — 3). s on which the function k(t) is
decreasing. 7
De][ined Cf\/egwhﬂ&
So Cr.’éf(ql?omﬁs ohernc -2 o 4 €
e
E-$)(er)-3)=05 -3 S
€-5=z0 £+1=0 £ 3=0 Test _ Sign o
ts s o a0 +§ 3 Value | €75 | 2l | €3 azf Thnc/Dec
o5 emml ¢e3 2 | — = 1-7T =
= Decreq;;,w\ \J ‘
O — + — -+ T = min
) Y\C(EQS\r\D\
o O _ + + o /\ Max
3 Cf&‘o:lnz U A
@ + + -+ -+ HCFCQSIVIO\ ALLLAS
”<(f) IS C)EC(GQSNJ& orne (*CJO,%\U (3,§)
68
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Suppose i (22 +1)(z—3)(x—1)(z+5). Find the x value in the interval [—5, 3] where
, . -¢ O & g
u(z) takes its maximum value. éDﬁjfm:c} E\/e_r/ukuheve A = . “3‘1 . i
- (
So Critical points Lhen
(5 20) (x-3) 1) () - | Test Sanef| 1
X T} (x=3) (x-1) (x #57) =0 \‘/Z-TUP— Pl | xos | x-1 | x| g | Tn/TRe
>(d+|=o X-3=0 X-l=0 X+5 =0 | —@ —+ - - - - veasin
—L -l +3 43 t| 41 -5 -5 -+ _ — | = + |7 Ceﬁ \J
Incressin
2 ~ o @) S
X:—l xS X=l S Q + T + I + - Decreesia
LTwipossible =\
50 (<) €ake t's M x Mo va lue o A + T ( + ) - Incm
Ot x=1 on £ha Intervel C-5, 57
and €his maximam valie s (i)
Suppose ¢'(z) =1+ x; + 2% Find the z values in the interval [-3,4] where g(z) takes
its minimum. :DEﬁﬂec) everw where.
5O Critical Pomés Lhen
|—l> X&+><L|:O é—_—Lm’PQSkHe
{ ol
L et u=><& jo Ao Cri \@I? nts
Zhen L= (Xé{f{: K« ,LY\]Z;C+ Note ﬁ'(ﬂ: 14X 24 x = [+ mon) -weqodivedt > o
|+ L/quzzc) COﬂSegl_UeY\'d&l th unction is G\bd&ir)j iﬂCreqSin3>whx'ch
T Mmeans n the interval 3,4 G (x) <akes 1£s minimam
Di:cr{miﬂané=bi—4ac at x=-2 and the Mminimun 15 -g('ﬂ.
=1°-40)0)
= 1=-4=-3<0 Ao Real Sslutions
Find the ¢ value(s) in the interval (0,00) where s(t) takes its minimum, given that
d /4 % J /2
L Ed(e®) Rl sn=5-
S )= 62) eﬁdfi)\ t
{é | _é/g CORSC%&E"[\{B) {hQ Cr\‘é\CC\I Po;n-éy ayYe -é:o an) _é:DZ
tee - .
= D;LL -1 | 3
oy “—Q—F%e——'ﬂ
e = [;lié - ]:l o 2
= -
% Test £/
A 211, Q| s
/7 Toints c zt-l]< g\/{o)]c Tnc/Dec
Undefmcc} at tj;o EE——
Zero ohen @ % [51\{— D:O - — | + — -+ — @ecrcasmo\ \
e;/’iz 0O o6r &L{_ | =0 9 l + - + - Dec‘m“jﬁ U
Tmpossible! + ) + ) i + 1= Tncreasin
Z¢-
Q[g'rf] 270 So SK) has amnimam ot x=2 on The
iNterual (o,00) and €he minimom is
€ 2 69 Sca)- €8 }E
2 =
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> ‘Curve sketching:‘ Information on the first derivative can be used to help us sketch the graph of a

function. For example, the first derivative can be used to determine where a function is increasing and where

it is decreasing.

Example 21:| Find the intervals where the function f(z) = 2% — 322 + 1 is increasing and the ones

where it is decreasing. Use this information to sketch the graph of  f(z) = 2® — 3z + L.+— &~ Wtercept = (o)

! 2
/[/x]: A3x7-bx LOqu max @ x=a 07[ | 7[}0,2):0?3_3(&]924_':%_'&“___5
So Criticel POiwfs when Local min @ x=2 Of -3
AxR-6x=0
Bx(x-2)=0 Test LS L/
AI%=0 or X-2=0 \alue /1 U
%:Q tz42 gl 2l \@/
= X=2 | !
X=0 |

> We saw that the first derivative of a function glves us information about where the function
is increasing and decreasing. What graphical information, if any, can be obtained from the second derivative?
We begin with an informal discussion. Lets suppose y = f(x) is twice differentiable on the interval [a,b] and
further suppose f”(z) > 0 on the entire interval. Since the derivative of f/(x) is positve on [a, b], then f/(x) is
increasing on [a,b]. Now, f/(z) measures the steepness of the the graph of y = f(z). Since f'(x) is increasing,
then y = f(x) is gets steeper as z increases. Finally, increasing steepness of the graph should result in an

“upward bending” tendency of the graph.

Definition of Concavity: ‘

one sSawns
More formally, w=say y 2 f(z) is concave up on an interval T if, for any pair of points a < b in I, the secant

line through (a, f(a)) and (b, (b)) lies above the graph of y = f(x) for a < z < b.
We say y = f(z) is concave down on an interval I if, for any pair of points a < b in I, the secant line through
(a, f(a)) and (b, f()) lies below the graph of y = f(x) for a < x < b.

Using the above definition to verify that a function is concave up or concave down can be rather difficult. The

next two theorems provide easier methods for checking if a function is concave up or concave down.

Tangent line characterization of concavity: Suppose f(x) is differentiable on an interval [a, b].
e The graph of y = f(z) is concave up on [a, b] if and only if, for each a < z¢ < b, the graph of y = f(x)

lies above the tangent line at z = xg.

e The graph of y = f(z) is concave down on [a,b] if and only if, for each a < z¢ < b, the graph of
y = f(x) lies below the tangent line at x = xy.

Second derivative test for concavity: Suppose f(z) is twice differentiable on an interval [a, b].

e The graph of y = f(x) is concave up on [a, b] if and only if f”(z) > 0 for all z in [a, b].

e The graph of y = f(z) is concave down on [a,b] if and only if f”(x) <0 for all x in [a, b].
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Y Y
a b z a b x
graph of function concave upward on [a, b] graph of function concave downward on [a, b]
‘\/ \;\
secant line lies above concave up graph secant line lies below concave down graph
A A
x\ /
tangent line lies below concave up graph tangent line lies above concave down graph
A | A |
| |
| |
| |
| |
| /
|
|
| |
| |
| |
| |
| = | -
/ T T
graph with varying concavity graph with varying concavity
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Example 22:| Find the intervals over which the function  f(z) = 2* — 623 + 1222 + 3z — 1 is concave

upward and the ones over which it is concave downward. Test Sian }:

/ | &L -2 _ 'gho

7(6()—- DR 1B X+ 2% +3 X-220 or x-|-o Value Ge-2) | (- Fey)
-+ _ —

;PX): |9\Xa—36x + 24 ?\/e{'hﬁc)h Tl fpz jltﬂ |C)3— " + L«PMGIJ
_ (XSL_B Erydhere X=oL X= - — -+ ~  |dwnwerd
=X ><+p?) 0 L . 3 + + + |+ [ upword
= |2(X—,,2)/><-|\) —°—¥——4=A4——n—_96 }

@) i ,
Need do kow when 7[//&):0 \ o —0NC [4Sion
12 (-2 (x-1)20 Divide b 12 f0x 5 concave upeord on (-1)u(z )
(x-2)(x-)=0 Fecyis concave dovdnwerd on (13)

‘Inﬂection points: ‘ A point (¢, f(¢)) on the graph is called a point of inflection if the graph of y = f(z)

changes concavity at = ¢. That is, if the graph goes from concave up to concave down, or from concave down
to concave up. If (¢, f(c)) is a point of inflection on the graph of y = f(z) and if the second derivative is defined
at this point, then f”(c) = 0.

Thus, points of inflection on the graph of y = f(z) are found where either f”(z) = 0 or the second derivative is
not defined. However, if either f”(x) = 0 or the second derivative is not defined at a point, it is not necessarily

the case that the point is a point of inflection. Care must be taken.

Example 23:| If the derivative of the function g(z) is given by  ¢'(v) = 42 + 122 + 15,  determine the

interval(s) where g(z) is concave upward and the one(s) where it is concave downward. Find the a-coordinate

of the inflection point(s).

Moy _ -
S (x)= T x +12 ,Dejfmecj G\/cﬂwhere les& i Sfaﬂ 07[
=4 (‘Qx+3) Volue Ax+3 3" ) Concave.
P .
loéfnf«a ‘ ?O\Q{S 07[ %r\%‘/e@moﬂ ohen -3 < + - - c]omr\toa(c) h
4 (2x 3 =0 ’D,u:dchﬁq 1 o At B + LWpwerd = nomoye
&s<+33: o 5 - Conclusion
— -3 - _—
ozx -3 —‘—\—'—P_S ﬂ(x\ (S ConCave domnwc(d on (»C)o/ ‘ﬁ)
a o 3 5 (x) (s Concave upmorc) ove (‘;;f ’0@}
X:*E/a\ S(Y\ heas Q'Poinf c7[rr\j({fc+?0fk ot th\ Since “he
Suppose f(x) = 2*. Determine the interval(s) where f(z) is concave upward and the one(s) \%
where it is concave downward. Find the z-coordinate of the inflection point(s). Concaud
/U ‘ Chanaes ot
O & P
= 7[(>()=>(q =3
Glwcys Concave upmcrcj
MO Points of infiettion
7[/
(x)= 4 x3
Flra-1a-22 0
(x)=IXx" = So 7[(@{5 concave wpwerd on TR
wh‘Ch wieawn § '61"[6’(& s ~Jo CI(\CV’\SQ 1N (Gr\CQ\_/{&\uB
S50 o 'Pomég 07[ injqecﬁoy\,
il =3 - .
Note: 7f (0)=12 (6) =0 but x =0 is ot X Point 6/[ inf [ection .
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Example 25:| Find the z-coordinate of the inflection points of the function g(x) = e,
a

(x| = ~2x e ©

_x* _ ~x% Test -x® 2 5‘5""4
j”(x\—_d—i(—gx).a +(—QX5 d(ex ) (QG =0 or —| tdx%=0 \/Gige I+ 2x G 6q
<2 . I t =l -+ +
o 52 Tpossible Vs —— +
926 — oK - ( o?)() -F’Eucr X ’= [ Ny o -+ - _
B a % - 7l + + +
= -2 +4xzex -1 o | . - C |
4 s P o~ S onclusion: x=1/1 T
e [‘I +2><Q] -5 VL : o "IN X2z and =2
—+ /1 Q ;
/Uetd “ knocs when BHM -0 —o.szjlwﬂ‘.. ;.S?o% X==z \/: f‘Q ‘he X - coofdincte 6][ “he
o Points 07£ in f/edxcr\ bec
S (1rax?) =0 ot
X 6}'\6 concauy, 3 Cl’\amsq— C‘é‘
Example 26:| Let h(r)=xe”®. Find the interval over which h(z) is concave downward. £} _ Points.
8] 2
h'(x)=—d%(x)-e_x4 x-%(e_x> Meed ‘o Know when h“(k]:o D &
B &
= I'ex+>((—|j e~ ~Xe Tixe =0

- x - X
=2 - xe

[h(«) E_X[‘Q +><]:C)

N = c)(-x) CJ(x )
E =0 ar -2+4x=9

——E EE —Xe ] ImPoSSfb'ﬂ 12 2
——E — = .
et xe” =K h(k) s dondcave dowr\worc) o‘méc@o@

= _ -x
e+ xe Qf/Dej(mch cwgu\wre

Example 27:| Suppose p(x) = 2% +az?+bxr+c, for some unknown constants a, b, and c. Suppose p(z)

has a local minimum at p(3) = —8 and p(z) has an inflection point at = 1. Determine p(2).
(Hint: Use the inflection(point and local minimumiconditions to first determine a, b, and c.)
PIx)=3%% e Qax b g Mote-§ =P (3)= 3°-303)% q¢3)4 ¢
P”(x): 6’(+&q /Pll([):g _gzo?q‘Q:/-— &:IL"‘C
¥ = RI+C
?/3 = howevefP”(l\:G[')ﬂQa: C+Re  A-Fi3=c
hdwe”er)? (3\:5(33{6(3)% So wehove 056 +Zq S0P (x)=x3 35 )
= 27 -1% +b e c A
Gt o TLrRa GCOPI TS Cxrb
= _
So O = c‘“‘b\)bv»ﬁ/Pj(’() 352 U +C Q='_QE P(‘Ql 2° 3("2)“67("?}

Example 28:| The graph of the derivative f’ of a function f is shown. y =% - =Y+ / 3 J

On what intervals is f increasing or decreasing?

(a)

(b) At what values of = does f have a local maximum or minimum?

(¢) On what intervals is f concave upward or downward?
)

(d) State the z-coordinate of the inflection points of f.
. F’j . )
7f \S '\r\creag-\,:\ﬂ on (; é) U (g @) lCmn—(:; 07[ \mZ[JQC‘}‘or\
O'é X = _ - / — |
7C|S C]QCrPO\SIF\A an (~®10U(G 8) Q,’(—B/K Sli‘}( q—

local Moximum at X =6
locel minimay ot x= | and <=3

7[ IS concave quqrc) on (- m;) U (3,5) (3 CI)\)
7[ is doncave downwerd oM (3,3) U (s,3) w3
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