MA123, Supplement: Exponential and logarithmic functions (pp. 315-319, Gootman)

‘Chapter Goals: ‘ e Review properties of exponential and logarithmic functions.

e Learn how to differentiate exponential and logarithmic functions.

e Learn about exponential growth and decay phenomena.

Assignment 10 Assignment 11

Quick review

Exponential notation:| If a is any real number and n is a positive integer, then the n-th power of a is
at=a-a- ... -q
—_——
n times

The number a is called the base whereas n is called the exponent.

The first and second laws of exponents below allow us to define a™ for any integer n.
Now, we want to define, for instance, a*/3 in a way that
is consistent with the laws of exponents. We would like:

‘Deﬁnition of rational exponents: ‘ For any

rational exponent m/n in lowest terms, where m

3 and n are integers and|n > 0}, we define
(aw) =aP=a'=a;  thus P =Va Chs shauldbe. n>1?
a™m = (/)™ = (Ya)™ or equivalently
So, by the definition of nth root, we have: o/ — (a™)! /n_ fam

If n is even we require that a > 0.
In the table below, a and b are real numbers (# 0 if needed) and the exponents « and y are rational numbers.

‘Laws of exponents: ‘ (3.) a®a¥ = a®tV

a¥y

(1) a® =1 (4. L gy a\® a*
(7.)
(2) a=— (5.) (a®)¥ = a™ ( )

Now, let @ > 0 be a positive number with a # 1. Thus

' ; Graphs of exponential functions:‘
far a” is defined for = a rational number. So, what does,

1.4 1.41 1.414 1.4142 1.41421
54, 5l4l 5 5 5

3 3

In practice, we simply use our calculator and find out

5V2 ~ 9.73851 ...

for instance, 5V2 mean? When z is irrational, we succes- The exponential function

sively approximate x by rational numbers. For instance, f(z) =a” (a>0, a#1)

as has domain R and range (0, 00). The graph of f(z)
V32 ~ 1.41421 has one of these shapes:

we successively approximate 5V2 with ) Y

» | Exponential functions: ‘
1 1
Let a > 0 be a positive number with ¢ # 1. The ] SN—
exponential function with base a is defined by 0 T 0 T
flx) =a” ) f(z)=a"
for all real numbers x. f(z) =a” for a>1 for 0<a<1
51
University Of Kentucky > Elementary Calculus and its 1/10 ExpLog.pdf

Applications



The most important base is the number denoted
by the letter e. The number e is defined as

(-2

Correct to five decimal places (note that e is an
irrational number), e = 2.71828.

e = lim
n—oo

The natural exponential function:

The natural exponential function is the
exponential function

fla) =
with base e. It is often referred to as the ex-
ponential function.

> ‘Logarithmic functions:

function by the horizontal line test. Thus, it has an inverse function. The inverse function f~!(x) is called the

Since 2 < e < 3, the graph of

y = €” lies between the graphs
— 9T — QT n
of y = 2% and y = 3”. . <1+1)
n
1| 2.00000
5| 2.48832
10 | 2.59374
100 | 2.70481
1,000 | 2.71692
10,000 | 2.71815
100,000 | 2.71827
1,000,000 | 2.71828

Every exponential function f(xz) = a®, with ¢ > 0 and a # 1, is a one-to-one

logarithmic function with base a and is denoted by log,, x.

Let a be a positive number with

a # 1. The logarithmic function with base a,
denoted by log,, is defined by
a’ = .

y=log, (v) <—

base a must be raised to give z.

‘Properties of logarithms:‘

(1.) (3.)

log, (1) =0

(2) log,(a) =1 (4.

Since logarithms are ‘exponents’, the laws of exponents give rise to the laws of logarithms:

In other words, log, (x) is the exponent to which the

log, (a%) =

aloga (@) —

Let a be a positive number, with a # 1. Let A, B
and C be any real numbers with A > 0 and B > 0.

‘Laws of logarithms: ‘

(1> log, (AB) = log, (A) + log, (B)v

‘ Change of base: ‘

base. One can prove that:

For some purposes, we find it useful to change from
logarithms in one base to logarithms in another

A 84 (z)

2 tog, () = o (4) - log, (B logy 0 = e )

(3.) log, (A®) = C log, (A).
If a one-to-one function f has domain A Y y=, 2°
and range B, then its inverse function f~! has domain ,’ .
B and range A. THUS, the function y = log, (x) is ] /y’
defined for x > 0 and has range equal to R. More 1 e
precisely: ,' e

,, d = log, (7)

‘Graphs of logarithmic functionsz‘ ) ,////
The graph of f~1(z) = log, () is obtained by reflecting === L7
the graph of f(z) = a® in the line y = z. ,’0 1 z
(The picture below shows a typical case with a > 1.) .

The point (1,0) is on the graph of y = log, (z) (as log, (1) = 0) and the y-axis is a vertical asymptote.
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Common logarithms:

The logarithm with base 10 is called the common logarithm and is denoted by omitting the base:

|log (x) = logy (v). |

‘Natural logarithms: ‘ Of all possible bases a for logarithms, it turns out that the most convenient choice

for the purposes of Calculus is the number e.

The logarithm with base e is called the natural

logarithm and is denoted by In:

‘Properties of natural logarithms:‘
(1) In(1)=0 (3) In(e”) ==

We recall again that, by the definition of inverse functions, we (2) In(e) =1 (4) el @) —
have

‘ln (z) := log, (z). ‘

y=In(z) = eV = .

Derivatives

h
-1
By filling the table below we can convince ourselves that }llin%) € =1.
—
h | —01 —0.01 —0.001 —0.0001 —0.00001 0.00001 0.0001 0.001 0.01 0.1
o 09516 Q.0995 0.9999 ].0000 |.ooso
O.9950 O.9999 l.oo000 l.ooos~ l.o51#

Now, let f(z) = e*. Using the definition of the derivative and the rules for exponential functions, we have that

d h) — x+h _ x z, h _ Lz h_q

Dy =i LEEN = F@) e o i e

dx h—0 h h—0 h h—0 h—0

d
df(ex) =e" or (ex)l = e”.
X

Moreover, it follows by applying the chain rule that

d d
S = @) L (gla) or () =) g'(a),

We can use the derivative of e® and the relationship between the exponential and the natural logarithmic
functions to find the derivative of the function In(z). Namely, take the derivative with respect to z of both
sides of ¢™(®) = 2. We obtain o X

d

! : - :
— In = — — — —_— = —
i (e™™) s (x) or s (lnz) =1 or i (Inz) -

& (a)) =

or (In(x)) = %

8=

Moreover, it follows by applying the chain rule that

d 1 d g'(z)
20 == 1 '= )
L (9@) = —os (o)) o (n (g(@) = T
53
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‘What about more general derivatives?| Observe that we have the identities
vf?ﬁ( %) Chaﬂc O)f quﬂ %Muh

d Tnia Xln(u] 0’
C)X/ ) (éiﬂ) {X ]nﬁ:]) a® = eln(a”) — ezln(a) loga (l‘) _ In (‘T) J—(Iojg(ﬂ ]ﬂ(x) ‘“d. Intsy
1 (a) wa)) dx ln(c] )

X]n(q] \’ n ’ T
- 8 \Y‘/q} _/ﬂ M/ﬂl OX{M(X = WTL /K\N"l

Thus using the previous results we obtain the following formulas for the derivatives of general exponential and

logarithmic functions

d d 1

ﬂ(az) =a"1In(a) and %(IOga (2)) =

zln(a)’

Let us consider the function f(z) = 3". In Example 16 of Chapter 4, we saw that an approximation
for f’(1) was given by the value 3.2958. Using the above formula we have that f’(z) = 3%1n(3), so that the
exact value for f/(1) is 3In(3) =1In(27).

Example 1:| Find the derivative with respect to = of  f(z) = *. Evaluate f'(z) at = 1/4.

Compute f”(x), f”(x) and f(19(z). Can you guess what the nth derivative f("(x) of f(z) looks like?

/7[7[()( 5(>< hen /f)r Sfx d /3()(3

9 x
7{;)()=€ 7[/ /X = —/C(e%):‘lacj?(e“"(): Ao oHx_ qleclx
q Yx !
Jon=e™ doag-de™ 59 g4 TeM) o () R g
so F1A)- et 4o se (m()x) Hm 4

and /[‘(I\)(k) - L/neﬁu

Find the derivative with respect to = of g(x) = 22¢*.  Evaluate ¢/(z) at = 1.
/
()= Cj ~ (x% &
e~

_ 0?X€><+Xze><

So _cr)//l):o?(l)e'i— [fe'= 2e te = 3e

Suppose  f(t) = eV3~4. Find %
. o) s
B s S 4

Se 7/;4): = e iVVrP|fc5 “¢hat i£= Q\‘ 3€- (J 34-9 CJ Y
de& ° = . “
) \/}é - ) | %(VS%-%) e d—({— (3—&— L{))

» & 3¢- /W —
< hain Rule. zGe) 4(3“ )= 2 (3¢- c|) 3o 3V

Find the derivative with respect to x of = ln A—
y=1In(e"). Dg \/36 4
=
Note ESUIS ) =x

\SO '(J%\ = |
O
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Example 5:| Find the derivative with respect to x of  f(z) = zln ().

ffk]—‘d%,()ﬂn(x)): C/ (k) Inrx) + x C)X(ln(x})
= I-Inx) + x-_L
X
= Incx) + 1

Find the derivative with respect to  of y =In(5x + 1).
ﬁem” Emﬂ(}yx\)): I

2%
C) J . —
?X’: J(\h(fx+l>>: M:)L }
S x+| EL
Find % (ln (3z* — T2? + 5))
fe{a” d%(\n(ﬂov\)): =
3(&)
d
=0 E—)CLX(IH (3x9- 3}><Z+5‘)> o o (i) - 3\'%(3—1'2)( _ | 12— 14x
Sx - Fxt+s BxT-Fxtes 3xY-3 x5
Find the derivative with respect to z of  f(z) = In(In (In (z))).
J J J T
T |n(]n/nm)U - BY[M/MMH ox [ NX\]
= IW(X]
‘Y\(IY\(Y)) }ﬂ(‘ﬂ(x)>
= C}—X/’WM) ' _ IR
. — * _ | | {
n (<) n () G Inng) ~ —o - -
n (n %ﬂ X ni) nCln () X In ) Wnfin (=)

Example 9:| Find the derivative with respect to x of h(z) = =’ +3In ()
x () C)
Recall 2 faat)= o8¢ _d
Call 1~ ( e ) e ] (3(»:\3

50 T C) ( ><+3|n(><)> e)(I.LBlY\()() C)

C./X (X +3‘Y\(ﬁ<)

* =/@x+§> = +3'“(”)

|

(0
2 |
X
+
oy
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Exponential growth and decay‘

Let Q(t) denote the amount of a quantity as a function of time. We say that Q(t) grows exponentially as a

function of time if
Q(ﬁ) = QO eTt’

where @)y and r are positive constants that depend on the specific problem and ¢ denotes time. When ¢ = 0,

we see that
Q0)=Qoe™ =Qo-1=Qo.

Thus Qo denotes the amount of the quantity at ¢ = 0. In other words, Qg is the initial amount of the quantity
at time ¢ = 0. Note that Q(t) > 0 because Qp > 0 and e"* > 0.

Taking the derivative and using the chain rule, we see that
Qt)=Qo-r-e" =7 (Qoe") =rQ(t).

Since |Q'(t) =rQ(t),| it follows that if a quantity grows exponentially, then its rate of growth is propor-
tional to the quantity present, and the proportionality constant is given by r. Since r > 0 and Q(¢) > 0, we
have @Q'(t) > 0, as expected because Q(t) is increasing.

Some quantities decrease exponentially. In this case we have Q(t) = Qpe ", where Qy and r are positive
constants. Note that we have Q(0) = Qo and

Qt)=Qo-(—r)-e ™ =—r(Qoe ™) =—rQ(1).

Thus ‘Q’(t) =—rQ(t). ‘ We see that Q'(t) < 0 because —r < 0 and Q(¢) > 0. Thus the rate of increase of
Q(t) is proportional to the quantity present, and the proportionalit;%:onstant is given by —r.

Suppose that a function g(z) satisfies the property that the slope of the tangent line to the graph of y = g(z)
at any point P is proportional to the y-coordinate of P, i.e., ¢'(xp) = 7 - g(xp). Then it can be shown that
there are constants C' and r such that g(z) = Ce™. In fact, r is the constant of proportionality because
g (z) =rCe™ = rg(z).

Example 10:| The graph of a function g(x) passes through the point (0,5).. Suppose that the slope of the

tangent line to the graph of y = g(z) at any point P is 7 times the y-coordinate of P. Find ¢(2).

@){(x}t 1}@3
S0 a@- e

A/O{G’.‘” S——)/o)z CG;L(O): CQO:C

ﬂ(kﬁj—e:k
j (R)= 5@9’9:/5—5#/

=0 C: 3 C‘”J We ho‘ue_

o6
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Applications

Many processes that occur in nature, such as calculation of bank interest, population growth, radioactive decay,
heat diffusion, and numerous others, can be modeled using exponential functions. Logarithmic functions are

used in models for the loudness of sounds, the intensity of earthquakes, and many other phenomena.

Compound interest ‘ is calculated by the formula: Continuously compounded interest
£\ is calculated by the formula:
P(t) _P0<1+ —>
n
P(t)=P ert
where .
P(t) = principal after ¢ years where o

P, = initial principal P(t) = principal after ¢ years

T = interest rate per year P = %mtlal principal

n = number of times interest is compounded per year 7 = Interest rate per year

¢ = number of years t = number of years

n
The interest paid increases as the number n of compounding periods increases. If m = —, then:
r

S (0 G S N

m
As n becomes large, m also becomes large. Since lim (1 + —) = e we obtain the formula for continuously
m—o0 m

compounded interest.

T, r
Example 11: If|$107 000 is invested}at anlinterest rate of G%l find the value of the investment at the end of
8 years] if the interest is'compounded continuously.

é 4% - B 0.06+%
So P(g)= 10000
P, = 10,000 Fro-TRe*
(= 0.06 Tre) = 10,000 206 €
<=5

Example 12:| How many years will it take an investment |to quadruple|in value if the interest is compounded

continuously at a rate of 7%? 4 <imes
% 4 Divide B?@
Te)=Re't fro-en
S0 Prei= P " S e
Inié.’a‘ —Prmcipa‘—‘?o A?FB In
e , . Use n(e”)=x
mes [ éiq | Frincipal= 47 Divide b g.0%
So o J | -
- Ne Aeed)s é]’\e, Valuwe 07[\'6 S(.ACIfl ‘éhqt ’P/fl_ (.[T7o 5
. o - >3 | [V
OHSEquHfIS) (e Placmf Py Lt —?OQO' ;fbidd_g ©-° O.o0F P {3
57 | |
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the end of |10yirs| the value of the investment is $20, 000.
€é=m

Se Pre)=Teos5¢

:B$ <he above. 20,000 =TP(10 =odeo,or(|o)

0.05 (i¢)

0,000 =F, e

0,000 :~Ke?;%77q
@O 0510} @Pﬁ:})

Example 13:| An amount of P, dollars is invested at\ 5% interest |compounded continuously. Find Py if at

7
T(10)= 20,000

r=0.05"
¢

?

T%@iT%eHé

X0 000

/PO = eO~0r((a)

/Paﬁ ﬁ}o?/ [30.6C|

‘Exponential models of population growth: ‘

The formula for population growth of several species is
the same as that for continuously compounded interest.
In fact in both cases the rate of growth of a population
(or an investment) per time period is proportional to the
size of the population (or the amount of an investment).

Biologists sometimes express the growth

rate r in terms of the doubling-time tj, the time

‘Exponential growth model‘ If Py is the
initial size of a population that experiences
exponential growth, then the population P(t)
at time ¢ increases according to the model

P(t) = Pyet

where r is the relative rate of growth of the
population (expressed as a proportion of the
population).

In (2
required for the population to double in size: r = n( )

to

If ¢y denotes the doubling-time of a population, we can rewrite the expression for P(t) as follows

t/t
P(t) = Pye™ = Pyeln@/to)t — p, (eln (2)> 0 = Py 2t/to,

Example 14:| A bacteria culture starts With|2, 000 bacteria [and the population triples after 5 hours. If we
express the number of bacteria after ¢ hours as 4T o] ot
s(O) = aen TTiéel Population [0 =2, 000 ]

find a and b. ANote 15(J|’A|0_ "PoPoJaJrion: 3-(2)000) - (D/ 000

G, 000 :__L:S(Y):&OOGQLQ(YJ So )(S—):Q/Ooo
6,000 = 9000 o> In(3) = ln(e®®)
, 000 X, 00 S o=
3o o e

—

[
Example 15:| A bacteria culture starts with 5,000 bacteria and the population quadruples after 3 hours.

Find an expression for the number P(t) of bacteria after ¢ hours. ), /. Thiticl Population = S7000

’PZS—,OOO : {L{] J @uadruPtQ ?o?u]m"w\: 4‘{'57000
mit)e = Ko,
S0 ’P(.é]:\j_/ooge""{' —V‘?(Q’T)aooe 3/ Ll' = €3r 0,009
20,0 Pr3)= 5 3 A In (4) = ln(ezfj So 'P(S) =50,000
= = o0
/ :; 3= 9,90 =l In¢u)l= 3¢
O/OOO = S_IOOO (=4 I
Ny iir
20,000 _ S/000&*" 3
5,000 3,000 Ir- - In(4)
58 | O
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Example 16:| If the bacteria in a culture doubles in 3 hours, how many hours will it take before 7 times the
original number i ]lﬁ E]resent” RGCQ \ (= \_«Y\ (2) wheve €45 is—the CJDuHmcj “ime
— na)
’P(‘é -P (S SO o= [V\ (Q] 1,7 _ o - 3;1 & 2, \n{:} i W
I‘(\\éu:.[ ?O'PMIQ+\OM =1 3 2, l‘(\(-Q) T le@E) 3 €
1{1W\e§ Iﬂ\{f&/ ’_PO’P(A[C\“MOV}': ?a 1 o = e =
2 Sn(3) £
So One Meeds ©he Vs e o/{ cohep =
3 Inf2) , In(a)
/1)({): j?@ ) 8 - 3[(\(:}} T
(GV\SE end | \ H\(?) In(a) —|8-122
e ( 1 p) . N (:) =
T) [“(")g 47 'C€P QCB \65) o€ [Y\(E’ 3 Nowr s
o \Sxeldg W\ (3) = Méa} &
Example 17:| If the world population in 2010 was 6 billion and it were to grow exponentially with a growth
1
constant r = 30 In (2), find the population (in billions) in the year 2070.
et mitial Lime ¢€=0 be 2olo
Ehen €=0o0 Lould be Qo030
Ih (:1\
fj C,O
Se Wlcd=Ge T =24 billvon
Radioactive decay:
Radioactive substances decay by spontaneously emitting ‘Radloactlve decay model:
radiation.  In this situation, the rate of decay is If Qo is the initial quantity of a radioactive sub-
proportional to the mass of the substance. stance with half-life ¢y, then the quantity Q(t)
This is analogous to population growth, except that the || remaining at time ¢ is modeled by the function
quantity of radioactive material decreases. Q(t) = Qe
Physicists sometimes express the rate of L In (2)
decay in terms of the half-life, the time required for where = to
half the mass to decay.
If ¢y denotes the half-life of a radioactive substance, we can rewrite the expression for Q(t) as follows
—t/to t/to
Q(t) _ QO efrt _ QO 67(111 (2)/to)-t _ QO (eln (2)) _ QO 27t/t0 _ QO( )t/to _ QU( >
Example 18:| The half-life of Cesium-137 is 30 years. Suppose we have a 100 gram sample. How much of
the sample will remain after 50 years?
—In ()
- In@& 55
?emll v = ) @(é]: looe
T e weif e |
—In rz)
( E(so) = looe 0 "9
So = M f\/Sl.‘I‘ﬁ?SWMS
jp— 30
@), = 100
59
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