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Logarithmic Scales

@ When a physical quantity varies over a very large range, it is
often convenient to take its logarithm in order to have a more
manageable set of numbers.

@ Quantities that are measured on logarithmic scales include

o acidity of a solution (the pH scale),

earthquake intensity (Richter scale),

loudness of sounds (decibel scale),

light intensity,

information capacity,

radiation.

@ In such cases, the equidistant marks on a logarithmic scale
represent consecutive powers of 10.
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The pH Scale

Chemists measured the acidity of a solution by giving its hydrogen
ion concentration until Sorensen, in 1909, defined a more
convenient measure:

pH = —log[H"]

where [H*] is the concentration of hydrogen ions measured in
moles per liter (M).

Solutions are defined in terms of the pH as follows:
those with pH = 7 (or [HT] = 10~ "M) are neutral,
those with pH < 7 (or [HT] > 107"M) are acidic,
those with pH > 7 (or [HT] < 107"M) are basic.
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Example 1 (Finding pH):

The hydrogen ion concentration of a sample of each substance is
given. Calculate the pH of the substance.

(a) Lemon juice: [HT] = 5.0 x 1073M

b) Tomato juice: [HT] = 3.2 x 10~*M
(b) j

(c) Seawater: [H*] = 5.0 x 107°M
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Example 2 (lon Concentration):

Calculate the hydrogen ion concentration of each substance from
its pH reading.

(a) Vinegar: pH = 3.0

(b) Milk: pH = 6.5
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Semilog Plots

@ In biology its common to use a semilog plot to see whether data
points are appropriately modeled by an exponential function.

@ This means that instead of plotting the points (x, y), we plot the
points (x, log y).

@ In other words, we use a logarithmic scale on the vertical axis.
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Graphs for a Science article

The graphs are taken from the article
T
HIV-1 Dynamics in Vivo: Virion Clearance Rate,
Infected Cell Life-Span, and Viral Generation Time,
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Fig. 1. (A) Plasma concentrations (copies per milliter) of HIV-1 RNA (circles) for two representative
patients (upper panel, patient 104; lower panel, patient 107) after ritonavir treatment was begun on day
0. The theoretical curve (solid line) was obtained by nonlinear least squares fitting of Eq. 6 to the data. The
parameters ¢ (virion clearance rate), & (rate of loss of infected cells), and V,, (initial viral load) were
simultaneously estimated. To account for the pharmacokinetic delay, we assumed t = 0 in Eq. 6 to

10 the time of the delay (if measured) or selected 2, 4, or 6 hours as the
best-fit value (see Table 1). The logarithm of the experimental data was fitted to the logarithm of Eq. 6 by
anonlinear least squares method with the use of the subroutine DNLS1 from the Common Los Alamos
Software Library, which is based on a finite difference Levenberg-Marquardt algorithm. The best fit, with
the smallest sum of squares per data point, was chosen after eliminating the worst outlying data point for
each patient with the use of the jackknife method. (B) Plasma concentrations of HIV-1 RNA (upper panel;
circles) and the plasma infectivity titer (lower panel; squares) for patient 105. (Top panel) The solid curve
is the best fit of Eq. 6o the RNA data; the dotted line is the curve of the noninfectious pool of virions, Vi (t):
and the dashed line is the curve of the infectious pool of virions, V(). (Bottom panel) The dashed line is the
best fit of the equation for V(t) o the plasma infectivity data. TCID,, 50% tissue culture infectious dose.

SCIENCE + VOL.271 « 15 MARCH 1996
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How to Read a Semilog Plot

You need remember is that the log axis runs in exponential cycles.

Each cycle runs linearly in 10’s but the increase from one cycle to another is an increase by a factor of 10.
So within a cycle you would have a series of: 1, 2, 3, 4, 5, 6, 7, 8, 9, 10 (this could also be 0.1-1, etc.).
The next cycle begins with 10 and progresses as 20, 30, 40, 50, 60, 70, 80, 90, 100.

The cycle after that would be 100, 200, 300, 400, 500, 600, 700, 800, 900, 1000.

Below is a picture of semilog graph paper.

Number log

100 2
_ 10°=100 90 1.9542
~ 90 80 1.9031
70 1.8451
60 1.7782
50 1.6990
40 1.6021
30 1.4771
20 1.3010

10 1
9 0.9542
8 0.9031
7 0.8451
6 0.7782
5 0.6990
4 0.6021
3 0.4771
2 0.3010
1 0.0000
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Suppose that x and y are related by the expression

y=4. 107%/2 [=4- (107Y/2)x = 4. (0.316)"].
Use a logarithmic transformation to find a linear relationship
between the given quantities and graph the resulting linear
relationship in the semilog (or log-linear) plot.
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Lines in Semilog Plots

o If we start with an exponential function of the form
y = a- b* and take logarithms of both sides, we get

logy = log(a- b*) = log a + log b*

logy =loga+ xlogh
If we let Y =logy, M =logb, and B = log a, then we obtain

Y = B + Mx,

i.e., the equation of a line with slope M and Y-intercept B.

@ So if we obtain experimental data that we suspect might
possibly be exponential, then we could graph a semilog scatter
plot and see if it is approximately linear.
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When log y is graphed as a function of x, a straight line results.
Graph the straight line given by the following two points

(x1,1) = (0,40)  (x2, y2) = (2,600)

on a log-linear plot. Determine the functional relationship between
x and y. (Note: The original x-y coordinates are given.)
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When log y is graphed as a function of x, a straight line results.
Graph the straight line given by the following two points

() =(L4)  (x,02)=(6,1)
on a log-linear plot. Determine the functional relationship between
x and y. (Note: The original x-y coordinates are given.)
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Example 6:

Consider the relationship y = 6 x 2799 between the quantities x
and y. Use a logarithmic transformation to find a linear
relationship of the form

Y=mx+b

between the given quantities.
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