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Average» Growth Rate -

° Popu!atlon growth in populatlons W|th dlscrete breedmg seasons

(as discussed in Chapter 2) can be described by the change in
population size from generation to generation.

@ By contrast, in populations that breed continuously, there is no
natural time scale such as generations. Instead, we will look at how
the population size changes over small time intervals.

@ We denote the population size at time t by N(t), where t is now
| varying continuously over the interval [0,00). We investigate how
the population size changes during the interval [to, to + h], where
h > 0. The absolute change during this interval, denoted by AN, is

AN = N(to + h) — N(to).
@ To obtain the relative change during this interval, we divide AN by
the length of the interval, denoted by At, which is h. We find that
AN _ N(to+ h) — N(to)

At h

This ratio is called the average growth rate.
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Geometrlc Interpretatlon

We see from the prcture below [ [Ieft] that AN/At is the slope of the

secant line connecting the points (to, N(to)) and (to + h, N(to + h)).
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Observe that the average growth rate AN /At depends on the
length of the interval At.
This dependency is illustrated in the picture above [right], where we

see that the slopes of the two secant lines (lines 1 and 2) are different.

But we also see that, as we choose smaller and smaller intervals,

the secant lines converge to the tangent line at the point (to, N(to))
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Instantaneous Growth Rate

The slope of the tangent Ime is called the mstantaneous growth
rate (at to) and is a convenient way to describe the growth of a
continuously breeding population.

To obtain this quantity, we need to take a limit; that is, we need to
shrink the length of the interval [to, to + h] to O by letting h tend
to 0. We express this operation as

AN . N(to+h)—
lim — = lim
At—0 At h—0 h
In the expression above, we take a limit of a quantity in which a
continuously varying variable, namely, h, approaches some fixed

value, namely, 0.

We denote the limiting value of AN/At as At — 0 by N'(to)
(read “N prime of tp") and call this quantity the derivative of
N(t) at to....provided that this limit exists!

N(to)
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;, e e b PR et N D The instantaneous rate of change is defined as the result of computing
the average rate of change over smaller and smaller intervals.

Differentiability and Continuity

We formalize the previous discussion for any function f.

The average rate of change of the function y = f(x) between Definition v
x = xg and x = x is The derivative of a function f at xp, denoted by f'(xo), is
changeiny  f(x1) — f(x0) / f(x) — f(x)
— = f'(x) = R
change in x X1 — Xp x1—xo X1 — X0
By setting h = x1 — X, i.e., X1 = xo + h, the above expression becomes S f(xo + h) — f(x0)
Af - f(Xo + h) — f(Xo) h—0 h
Ax h provided that the limit exists.

In this case we say that the function f is differentiable at xo.

Those quantities represent the slope of
the secant line that passes through the
points P(xp, f(x0)) and Q(x1,f(x1))  ——

[or P(x0, f(x0)) and Q(xo+h, f(xo+h)),

. e
respectively]. =~ —
P yl. to denote the derivative of f at the point c.
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Geometncally f’(xo) respresents the slope of the tangent Ime.

— f(c
Note: To save on indices, we can also write f'(c) = I[)n —()%——Cu
X—C —
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° Novv"‘jnst:d‘r“op'the subscript 0 from the xo in the previous
derivative formula, and you obtain the instantaneous rate of

change of f W,ith tespect to x at a general point X This is Let f(x) be the function 12x2 — 2x + 11. Then the difference quotient
called the derivative of f at x and is denoted with f'(x) FL 4 h) — F(1)
+ —

Example 1: (Online Homework HW11, # 3)

f h)—f Af
F1(x) = fim T f)] ) im o h
. . h=0 Ax=0 BX can be simplified to ah+bfora=______andb=______.
It is a function of x...no longer a number!
o We say that f is differentiable on an open interval (a, b) if Compute  lim F1+ hi)1 — f(l)_
h—0

f'(x) exists at every x € (a, b).

o Notations: There is more than one way to write the derivative of a
function y = f(x). The following expressions are equivalent:

y =2 g = D =i,

df
The notation - goes back to Leibniz and is called Leibniz notation.

. df
We can also write — to denote f'(xo).

X=Xp
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Differentiability and Continuity
Example 2:

£
12 (1+ 28 +85) —/2/—29;—/%/_ o

If f(x)=ax®+

bx + ¢,

find f/(x), using the definition of derivative.
(a, b, and c are constants.)
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Equation of the Tangent Line at a Point (Onl‘ine Homework HW11, # 8)

£ = —

If the derivative of a function f exists at x = xp, then f'(xo) is the |
slope of the tangent line at the point P(xo, f(x0))-

4

‘ If f(x)=4x+ —, find f/(2), using the definition of derivative.
l X

The equation of the tangent line to the graph of f at P is given by

} Use this to find the equation of the tangent line to the graph of
y— o) = o)l —xa). J y = f(x) at the point (2, (2)

The importance of computing the equation of the tangent line to
the graph of a function f at a point P(xo, f(xo)) lies in the fact
that if we look at a portion of the graph of f near the point P, it
becomes indistinguishable from the tangent line at P.

In other words, the values of the function are close to those of the
linear function whose graph is the tangent line.

For this reason, the linear function whose graph is the tangent line
to y = f(x) at the point P(xo, f(X0)) is called the linear
approximation of f near x = xg.
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Example 4:
If f(x)=+/x, find f(x), using the definition of derivative. * ,P (%) = Qe 3 ) ﬁ(x) - Orn. - Ve
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Online Homework HW11, # 11)
Pty = Ain

Assume that f(x) is everywhere continuous and it is given to you X — X —

that
. f(x)+9 . ‘
7 T Thas i we cousidn
It follows that y = is the equation of the tangent 7[()() +9g /é 7[()() — (_9)
line to y = f(x) at the point (—, ). o _/é‘m = ~
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Example 6: | (Online Homework HW11, # 4)

The limit below represents a derivative f'(a).

_ (—4+h)3+64
[im .
h—0 h

Find f(x) and a.
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Differentiblity and otinuy ,

A function f is differentiable at a point if the derivative at that

point exists. That is, if the tangent line at that point is well defined.

There are two ways that a tangent line might not exist.
It depends on how limits fail to exist:

(a) left-hand and right-hand limit do not agree;

(b) one of these limits is infinite.

Continuity alone is not enough for a function to be differentiable:

(a) The function f(x) = |x| is continuous at all
values of x, but it is not differentiable at
x = 0. It has a sharp corner at x =0

(b) The function f(x) = x1/3 is continuous for all

x, but it is not differentiable at x = 0.
There is a vertical tangent line at x = 0.

(e, fle))

Stope from
the left_

Slope

c

S R
http://www.ms.uky.edu/ mal37 Lecture 16

the right

fa)y—

from

X

The Derivative of a Function

Average and Instantaneous Growth Rate
Formal Definition of the Derivative
Differentiability and Continuity

Differentiability Implies Continuity

However, if a function is differentiable, it is also continuous.

If f is differentiable at x = xg, then f is also continuous at x = Xp.

Proof: To show that f is continuous at x = xp, we must show that

XIi_}n)](O f(x) = f(x0) or XIanﬁ[f(x) — f(x0)] =0.
However XIi_)rr;()[f(x) —f(x)] = )(Ii_)rr;0 F%%XO) (x — Xo)]
= f'(x)- XILnJ(O(X — X0)
= f/(Xo) -0
0.

l
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Example 7:| (Online Homework HW11, # 14) |

Find a and b so that the function

{x22x—|—3 if x <2

ax2+6x+ b if x > 2

is both continuous and differentiable.
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