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Goal: We learn how two functions can be combined to
form new functions. We then define one-to-one
functions, which allows us to introduce the notion of
inverse of a one-to-one function. These topics are of
importance when we study exponential and logarithmic

functions.
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Let f and g be functions with domains A and B. We define new
functions f + g, f — g, fg, and f /g as follows:

(f + g)(x) = f(x) + g(x) Domain AN B
(f —g)(x) =f(x) — g(x) Domain AN B
(fg)(x) = f(x)g(x) Domain AN B
f(x) .
( )(x) 200 Domain {x € AN B|g(x) # 0}
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Consider the above definition (f+g)(x) = f(x)+g(x).

The + on the left hand side stands for the operation of addition of
functions.

The + on the right hand side, however, stands for addition of the
numbers f(x) and g(x).

Similar remarks hold true for the other definitions.
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Let us consider the functions f(x) = x* — 2x and g(x) = 3x — 1.

Find f +g, f — g, fg, and f/g and their domains.

('?""})(") = L)+ = (xf-2x)+ (3x=-1)

= Xt X =\

(‘? %)(") -Y'(") %(‘1) = (xz_z:‘)- (‘3z _,.)

(—?0&)(‘1) -Y("‘) ‘3("‘) T(’ch- z'x.)(3z -1)
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Let us consider the functions f(x)=+v9 — x? and g(x)=+v/x? 'y

Find f +g, f — g, fg, and f /g and their domains.

(P+a)o = P+ g = Ja-xb + x*-

Ao"ma.'m C rerers Q@ sttt bt o Q— s ve oo e

($-3 )00 = F() -9 = Va-x2 - o

AOMABAR | reere @b et Gt o o ¢ T

I— -3 -l \ 3
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The Algebra of Functions

The graph of the function f + g can be obtained from the graphs
of f and g by graphical addition.

This means that to obtain the value of f 4+ g at any point x we
add the corresponding values of f(x) and g(x), that is, the
corresponding y-coordinates.

Similar statements can be made for the other operations on
functions. |
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ebra of Functions

Y y

graph of f 4+ g
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The Algebra of Functions

Given any two functions f and g, we start with a number x in the
domain of g and find its image g(x). If this number g(x) is in the
domain of f, we can then calculate the value of f(g(x)).

The result is a new function h(x) = f(g(x)) obtained by
substituting g into f. It is called the composition (or composite)
of f and g and is denoted by f o g (read: ‘f composed with g’ or
'f after g')

(f o 2)(x) = f(g(x)).

WARNING: fog #gof.
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The Algebra of Functions

ot

Machine diagram of f o g

fog

Arrow diagram of f o g
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Use f(x) =3x —5 and g(x) =2 — x? to evaluate

) =3 4)=5 =325 4((0) -2 - [fe] ©

O --m@

)= 3 (@)= & (£o6)2)= 2 - [3(»] 2
-l.- 3 (34-5)-% @ 2 [ z] @
(fog)(x) = LLq() (g f)(x) 2 - [fx)
o) ool

="34(®) -5 = [3x 5]
‘ r




Let £ and g be the functions considered in Example 3. Use the
information provided by the graphs of f and g to find f(g(1)),

&(f(0) f(g(o»,ynd g(F(4). gm0 = $q0)s2 |
=2 = %G(‘»ﬂ"j
g()= -1 = f(§)-25)

< a(3W)

3 (*

i-—n)

e
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Let f(x) = xj(rl and g(x) =2x — 1.
Find the functions fog, gof, and f o f and their domains. —
; (<) 2x -1 2x-1|
o9 )(x) = ((1): % = = ]
dowan © % %O ="
X
Q°$)(%)= %('?("‘))= 2 P - o !
2 2z - (2 +1) x -~
— - = = o

W,
-

X +\
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Express the function F(x) = _Z)S—ij
X

in the form F(x) = f(g(x)).

3  , T 2t

s : %(")" x

x€X

1= <
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Find functions f and g so that fog=H if H(x) = </2+ /x.

9 |
x\———?——"‘ 2z "'f—"/"“"]_x-
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Dne Function

A funct|on f wnth domaln A |s cal ed a one—to one functlon
if no two elements of A have the same lmage that |s

(Xl) ;é f(xz) vvhenever X 7é X

[ﬂjAn equwalent way of wrltlng the above condltlone'h |
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For functions that can be graphed in the coordinate plane, there is
a useful criterion to determine whether a function is one-to-one or not.

f(x) is_not one-to-one f(x) is one-to-one
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Show that the function f(x) =5 — 2x is one-to-one.

1SV waetod 1| WUse Hu hovzomk® ne it . “TRe

WZWe
e oy

\-?tfmt"'&.;l Wit 4“* Dkt,}m-kﬁ . &t ‘Cb") -'—_F(x")
i:, 5—7_*‘ = 5 -—1)(2 i S"‘W‘:afa MS_ o |
we 3"*. —2%, = =2 Xy . Now Crnel "-2

—_—) X=X, .
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Graph the function f(x) = (x — 2)? — 3. The function is not
one-to-one: Why? Can you restrict its domain so that the resulting
function is one-to-one?  (There is more than one correct answer.)

toiln Hu Bovrentnt Q'
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One-to-one functions are precisely those for which one can define a
(unique) inverse function according to the following definition.

-l ( )f——x : f(X) = y

If f takes x to y,
then f~! takes y back to x.

l.e.. f~1 undoes what f does.
NOTE: .

f~1 does NOT mean 1
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The Inverse of a Function

Suppose f(x) is a one-to-one function.
If f(2) =7, f(3)=-1, f(5)=18, f}(2)=6 find:

(7)) = & f(6)= 2
Fl-1)= 3 F(r(18) = | &

If g(x) =9 —3x, then g7!(3) = &

Sw\g‘;au - 32 = 3(1) 3

-3% = - 6 —
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| Let f(x) bve a one to one functlon w'tndemaln A and range B

{‘ZfThe |nverse functlon f 1(X) satlsfles

the follownng cancellatlon |

f““l (f(X)) -

- /,c(,c—-i( = .

X foreve ry x 6

giConverse y, any functlon =
»y’the lnverse of f(x)
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Show that the functions f(x) = x> and g(x) = x*/° are inverses of

each other. .
Peawy= [qw]” =« [=7] = =

(-?(1)): 1?(’6)]',”'-'- " zgq ,/r.-: X
o& L
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The Inverse of a Func

1+ 3x and (x)—S;/&z_lre
5 _ox 0 EVIT 53

Show that the functions f(x) =

inverses of each other.
wt Oo ome rt W M%’ws : ?(%(")) = x ...
X = |

P L1380 e 3 ()

S - 23 5__,_(9:-: -
(2Qx+3) + 3(5%-) ixts
- Tx+3 . FEx 2 -2

6 (2x+3) — 2 (Sx-1) a3 ¥

w

2x+3
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The In

1 Witey=f6) © ,, ,
2 'Solve tms equatlon for x m terms of y (lf p055|b|e)

3 Interchange x and y The resultlng equatlon |s y — f
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Find the inverse of y = 4x — 7.
O y= bx-?

-1
@ H-)cza'l‘?-——’ X='&y""‘;’

| )

3 - L1 2
1T Ty
— - )
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The Inverse of a Function

1

Find the i fy=——.
ind the inverse of y 0

|
4% x+2
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The Inverse of a Function

The principle of interchanging x and y to find the inverse function
also gives us a method for obtaining the graph of f~1 from the
graph of f. The graph of f~! is obtained by reflecting the
graph of f in the line y = x. Vo

The picture on the right hand side shows the graphs of:

f(x) =+v/x+4

and
fl(x) =x%—4, x> 0.
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The Inverse of a Function

Find the inverse of the function f(x) =1+ /1 + x. |
Find the domain and range of f and f~1. Graph f and f~! on the

same cartesian plane.
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