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Direction fields of differential equations

m Many differential equations cannot be solved conveniently by
analytical methods, so it is important to consider what qualitative
information can be obtained about their solutions without actually

solving the equations.

m A direction field (or slope field) is a graphical representation of the
solutions of a first-order differential equation of the form

dy

— = f(x,y).

5~ (%)

m Imagine that you are standing at a point P(«, 3) in the xy-plane and
that the above differential equation determines your future location.
Where should you go next? You move along a curve whose tangent
line at the point P(«, ) has slope dy/dx|, = f(«, 3).
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m We (or, better, a computer) can construct a direction field (or slope
field) by evaluating the function f(x, y) at each point of a rectangular
grid consisting of at least a few hundred points. Then, at each point
of the grid, a short line segment is drawn whose slope is the value of f
at that point.

m Thus each line segment is tangent to the graph of the solution
passing through that point.

m A direction field drawn on a fairly fine grid gives a good picture of the
overall behavior of solutions of a given differential equation.

m The graph of a solution to the given differential equation is a curve in
the xy-plane. It is often useful to regard this curve as the path, or
trajectory traversed by a moving particle.

m The xy-plane is called the phase plane and a representative set of
trajectories is referred to as a phase portrait.
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Direction fields of differential equations...with Sage

m Sage is a free open-source mathematics software system:
www.sagemath.org/

To try Sage online follow the appropriate links at the above address.

For example, the SageMathCell project is an easy-to-use web
interface. Just type some Sage code in the provided box and then
press Evaluate:

https://sagecell.sagemath.org/
It is easy to plot direction (slope) fields of a differential equation
using Sage. For this we use the command:

plot_slope_field

Sample Sage codes will be provided in the following examples.
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The picture below shows you a snapshot of a session in SAGE with the
direction field of the differential equation  dy/dx = sin(x)sin(y).

SDGE The Sage Notebook albertotcorso Togeie | Home | Publshed | Log | Settngs | Help | ReportaProviem | Sigmout
test [ e——
Fie. [5][Adion. [s][wa. [5][ssgs 5] B Typeset  Print | Worksheet | Edit | Text | Revisions |
Xy = var('x y')
plot_slope_field(sin(x)*sin(y), (x,-5,5), (y,-5,5), headaxislength=3, headlength=3)
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Example 1

Consider the differential equation
dy 2 dy /x2
= % ~ = dx.

The general solution is ]
y= B+ C
where Cis a constant. If we make the constant equal to 6, —3, and 0.3,
respectively, we obtain the three solutions below
-3 -3 -3
NT8re T3 PT343
which correspond to the initial conditions

y1(0) = =05  y»(0)=1  y3(0) = —10

respectively.
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Below are the commands to plot the direction field of the given differential

equation as well as the graphs of those three particular solutions.

)

plot_slope_field(x"2%y~2, (x,-5,5),(y,-10,10),

6

=var('x,y"'

X,Y
v

3, headlength=3)
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direction field of dy/dy

and some particular solutions.

Phase Portrait 1:
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S
(about Example 1)

If you compute the limit as x tends to infinity of
3
Y=+ c¢
you see that for any choice of C the limit is 0.

This seems inconsistent with the behavior of y» in the previous phase
portrait. (It seems very different from the behavior of y; and y3.) This

difference is due to the fact that
-3
lim ——— = +o0,
X%(%)* x3—-3

that is, the solution y» has a discontinuity at x = 3.
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Example 2

Consider the differential equation

a7t~ [oaein

Using the method of partial fractions, we saw that the general solution is

1+ Ce¥* e >4+ C

A T i e o
where Cis a constant. If we make the constant equal to 2, —1, and 0.1,
respectively, we obtain the three solutions

_, 1+ 2e¥ 5 1—e™ 5 1+0.1e™
M=y pedx 2791 e BT g1

which correspond to the initial conditions
y1(0) = —6 y2(0) =0 y3(0) = 9~ 2.4,

respectively.
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Below are the commands to plot the direction field of the given differential
equation as well as the graphs of those three particular solutions.

x,y=var('x,y")
v=plot_slope_field((y~2-4), (x,-5,5),(y,-5,5) ,headaxislength=3, headlength=3)

a=2 .
b=-1
c=0.1 ttrtt iyttt ottt
d1=plot (2% (1+a%e” (4%x))/ (1-a*e” (4+x)), (x,0,4) , ; ; ; ; ; ; ; ; ; ; i ; ; } ; ; ; ; ; ;
d2=plot (2*(1+b¥e” (4+x))/(1-b¥e™(4¥x)),(x,0,4) {4 4 t t t t t t f ¢ tt ottt
d3=plot (2% (1+cxe” (4*x))/(1-cxe” (4%x)),(x,0,0. (f f f f t # f F F rYt ¢t + t t t t t I}
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Phase Portrait 2: direction field of dy/dy = y?> — 4

and some particular solutions.
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S
(about Example 2)

If you compute the limit as x tends to infinity of
o, 1+ Ce™ B e+ C

1_Cex T e _(C

you see that for any choice of C the limit is —2.

This seems inconsistent with the behavior of y3 in the previous phase
portrait. (It seems very different from the behavior of y; and y».) This
difference is due to the fact that

, 1+0.1e¥

I 2. ————— = 400,
x—>(|n(|{g)/4)— 1—0.1e¥ >

that is, the solution y3 has a discontinuity at x = In(10)/4.
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Example 3| (Logistic Growth Model)
This is an example with r = 0.2 (= 20% growth rate) and K = 10.
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Phase Portrait 3: direction field of dN/dt = 0.2 N(1 — N/10)

and some particular solutions.
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