e Spring 2024 Name:
Calculus Il with Life Science Applications 03/05/2024
THIRD MIDTERM

Sect. #:

Do not remove this answer page — you will return the whole exam. No books or notes may be used. Use
the backs of the question papers for scratch paper. You may use a graphing calculator during the exam, but
NO calculator with a Computer Algebra System (CAS) or a QWERTY keyboard is permitted. Absolutely no
cell phone use during the exam is allowed.

The first part of the exam consists of 10 multiple choice questions, each worth 5 points. Record your
answers on this page by filling in the box corresponding to the correct answer. For example, if (a) is correct,

you must write
& [o] [<] [a] [e]

Do not circle answers on this page, but please do circle the letter of each correct response in the body of the
exam. It is your responsibility to make it CLEAR which response has been chosen. You will not get credit
unless the correct answer has been marked on both this page and in the body of the exam.

The second part of the exam consists of five open-response questions and one bonus question. When
answering these questions, check your answers when possible. Clearly indicate your answer and the reasoning
used to arrive at that answer. Unsupported answers may receive NO credit.

1. [a] [b] [d] [¢] GOOD LUCK!

2. [3] [0 [<] [@] [&]
3. [a] [b] (4] [£] QUESTION | SCORE | OUT OF
o [ &) [ [@ [ Multple Choice o
5. [a] [b] [<] [a] [e] 1. 10 pts
o. [2] [o] [<] [@] [&] 11 ii
7. 3] [&) [ [@ [&] . -
s. [=] [&] [<] [@] [&] 15 o
o. [=] [¢] [<] [@] [=]

w. [ [6] [€] [ [€]




Please make sure to list the correct section number on the front page of your exam. In case you forgot your
section number, consult the following table:

Sections # Lecturer Time/Location
001-004 Alberto Corso MWEF 10:00 am - 10:50 am, CB 212
Section # | Recitation Instructor Time/Location
001 lan Robinson TR 09:00 am - 09:50 am, CB 307
002 lan Robinson TR 10:00 am - 10:50 am, CB 307




1. Suppose a linear map T'(x) transforms the unit square depicted on the left into the shape on the right.

20 2+ .
14i ”””” 14i/
0 fl 2 0 1 2

Which of the following is the 2 x 2 matrix A such that T'(x) = Ax for any 2 x 1 vector x = [xl] ?

T2
Possibilities:
o iy
o il
o a1t
o a-[t)
o a=[10

2. Let A be the 3 x 3 matrix

9 14 -2
A= -8 —-13 2
-16 —-28 5

Only one of the following vectors is an eigenvector for A. Which one? And what is its eigenvalue?

-2 2 3
V] = 2 Vo = -1 V3 = -1
3 1 -2

Which of the following statement is correct?

v1 is an eigenvector of A, with eigenvalue 1

v1 is an eigenvector of A, with eigenvalue —1

(a)

(b)

(c)  wvois an eigenvector of A, with eigenvalue 1
(d) vy is an eigenvector of A, with eigenvalue —1
(¢)

v3 is an eigenvector of A, with eigenvalue 1




3. Let B be the 2 x 2 matrix

sy
I

6 3
-3 —4

What are the eigenvalues of B?

Possibilities:

(a) The eigenvalues of B are 5 and 3

(b) The eigenvalues of B are 5 and —3
(c) The eigenvalues of B are —6 and 4
(d) The eigenvalues of B are 6 and —4
(e) The eigenvalues of B are 6 and —3

4. The 2 x 2 matrix A has eigenvectors vi = E] and vo = [ﬂ with corresponding eigenvalues A\; = 1

and A2 = 1/7. Choose the most accurate way to complete the sentence

1
“The vector A1000. [J will be closest to ..."

Possibilities:

(a) the vector v,
(b) the vector vo
(c) a very large multiple of the vector vy
(d) a very large multiple of the vector vy

(e) the vector [8}




5. Which of the following shaded regions shows (part of) the domain of the function

f(z,y) = Vzln(y — )

6. Choose the most accurate description of the level curves of the function

flz,y) = ilz

a)  The level curves are lines through the origin

The level curves are circles centered at the origin

The level curves are hyperbolas

d)  The level curves are parabolas that open in the positive y direction

e)  The level curves are parabolas that open in the positive x direction




7. Which of these pictures shows the level curves for the function

flay) =y*+a

i

(a) (b)

8. Evaluate the limit

Possibilities:
(@) 1
(b) -1
() 0
(d) 2/3
(e)  The limit doe




9. Consider the function g(z,y) = 2° + 2y + y°. What is the value of

0%g B 0%g
Oxdy  Oyox

at the point (2,3)?

Possibilities:

(a) —20
(b) 15
(c) -—10
(d) 25
(e) O

10. Let f(z,y) = /8 — 322 —4y?. Find the linear approximation L(z,y) to this function at the point
xozlandyozl.

Possibilities:

(a) L(z,y)=-3z—4y+1
(b) L(z,y)=—-4z—-3y+1
(¢) L(xz,y)=—6x—8y+38
(d) L(z,y)=—-3z—4y+38
(e) L(zx,y)=—-6x—8y+15




1
3 2

EIRE

(a) Find values ¢; and ¢y such that [ le ] =c [ _1 ] +c2 [ g ]

11. It is given that the matrix A = [ ] has eigenvalues Ay = —1 and A9 = 4, with corresponding

eigenvectors

(b) Use part (a) and the properties of eigenvalues and eigenvectors to compute  A'C . [ 4 }

pts: /10




12. Suppose a scientist has four colonies of the same bacteria. She wants to estimate the growth rate of
this species of bacteria. To do this, she measures the population of each colony at time ¢ = 0 and one
day later at time t = 1. The data from her measurements are listed below:

Colony P() Py
A 9 17
B 2 45
C 4 9
D 5 7
Find the least squares approximation of the form
Pr=mPy+b

that expresses the population P; at time ¢t = 1 as a function of the population Py at ¢t = 0.

pts: /10




13. Compute the partial derivatives g, and g, for the function

g(w,y) =

x2y
:13+y3'

pts:

/10




14. The number of prey encounters per predator is a function of
the prey density IV, the time available for searching for prey T'

and the handling time of each prey item per predator T},. 5f

Experimentally, it has been observed that for some predators the
graph of the above functional response, as a function of the prey
density N, is sigmoidal (that is, S-shaped). See the picture on
the side. 10 20 30 10 50

One possible function for the number of prey encounters per Figore: Graph of £(N. T, 2s 2 function of N when

predator is T = 2.4 hours, Ty, = 0.2 hours, b = 0.8, and ¢ = 0.5.
b2N2T Thatis, f(N,2.4,0.2) = %
f(Nv T Th) = . .
)

14 ¢N + b} N2’

where b and ¢ are positive constants. Notice that T', T}, and N are also always positive.

(a) Compute f/ON and show that it is always positive. How does an increase in the prey density
N affect the number of prey encounters per predator?

(b) Compute 0f/0T and show that it is always positive. How does an increase in the time 7" available
for search affect the number of prey encounters per predator?

(¢) Compute Of/IT}, and show that it is always negative. How does an increase in the handling
time T}, affect the number of prey encounters per predator?

pts: /10




15. What is the linear approximation to the function

at the point 9 = 1 and yp = 07 Use your result to approximate the value of f(1.1,0.1).

(a) L(z,y) =

(b) f(1.1,0.1) ~ L(1.1,0.1) =

f(z,y) =In(z* + *)

pts:

/10




Bonus. For a square matrix A, an eigenvector of A is a non-zero column vector v that satisfies an equation of

the form
Av = v

for some number A\. The number X is called the eigenvalue corresponding to the eigenvector v. Find
a 2 x 2 matrix A that has eigenvectors

|1 and ~ |2

1
and so that the eigenvalue of vy is Ay = —1, and the eigenvalue of vy is Ay = 3

pts: /10




