- 9.2 Simple Interest and Discount i

Simple Interest:

@ It costs money to borrow money. The cost one pays for the
use of money is called interest.

@ The money being borrowed or loaned is called the principal
or present value.

@ When interest is only paid on the original amount borrowed, it
Is called simple interest.

@ The interest is charged for the amount of time the money is
borrowed. The interest rate is set by the lender and is often
specified for a year, it may be specified for a week, an month,
or a quarter. |
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If an amount P is borrowed for a time t at an interest rate of r per
time period, then the interest is given by

| =P-r-t

L= - el = = Y

The total amount of the transaction A is called the accumulated
value or the future value and is thg¢ sum of the principal and
Interest.

A=P+ =P+ Prt
or

A= P(1l+rt)
where the rate r is expressed as a decimal.
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~ Simple Interest : e =

Example 1: Sam borrows $800 for 7 months at a simple interest
rate of 7% per year. Find the interest and the accumulated value.

I= ‘800( oq—)( n) = §322.6%

Pet ~.|ear & ¥ OC \(QOU'S

Py =A- P+ = 300+ 3363 F332.63

[/
—OF -

N () = s00( 1+ (M)
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Simple Interest | S

Example 2: Tina deposits $2000 into and account that pays 7%
simple interest per year. How much money will be in the account
after 5 years? How much did Tina earn in interest?

Eve A = P(1+rd) = aooo( | + -o’c(s'\)
= § 2200

< A-P = at00-2000 = 3300
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~ Simple Interest | ol

Example 3: Steve owes an accumulated value of $5500 which
includes the 7% annual simple interest over the 4 years he has
borrowed the money. How much did Steve originally borrow?

A P(\-\-rk)
5500 = P 14 (-0PX))

5500= P( 1.3%)
D. 559 . § 429633

. &%
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~ Simple Interest

Example 4: Find the length of a loan in months if $300 is

borrowed with an annual simple interest rate of 7% and $345 is

- repaid at the end of the loan.

3 A
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J15 = .03t

-(:' _ ...nggélil:. ;2. l"* ;I.¢1 \1{E¢hl“f>. ::=%;>, .l:’¢=:' E;lfif. 3\

" £t

I W

O
O
/N
s
+

v -
) @

O O
» Y
&~

4

™o n‘\'h.S

7/49



Example 5: Find the annual simple interest rate of a loan where
$400 is borrowed and $é0 is repaid at the end of 15 months.

P ( v -\,\ =t

4so = qoo(l'”( )

430 = \"' %V
00

1.0%5 - \)= B)%

Db = C = % annua( §lmpk
’ 'ntere st

8/49



- Discounts and Proc
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Discounts: Banks often deduct the simple interest from the loan
amount at the time the loan is made. When this happens, we say
the loan has been discounted.

Proceeds: The interest that is deducted is called the discount and
the actual amount given to the borrower is called the proceeds.

The amount the borrower is obligated to repay is called the
maturity value.




Discounts anc
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If an amount M is borrowed for a time t at a discount rate of r per
year, then the discount is

D=M-.-r-t

The proceeds P, the actual amount the borrower gets, is given by

P=M-—D=M— Mrt
or

P = M(1-rt)

Where r is the interest rate expressed as a decimal.
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- Discounts and Proceeds

_ " | ?.p_:-. <

Example 6: Helen borrows $1000 for 18 months at a simple
interest rate of %% per year. Find the discount and proceeds.

C=.\2
D= M-c-k = \DOO(. \7.X‘T3{
= $\130

P= M-D = 1000-1%0 - $ 820
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- Discounts and Proceeds

=\t 4,/? k= \’1,
: \
Example 7: Helen want receive $1000 for 18ﬁonths at a

simple interest rate of 12% per year. What amount of loan should

she apply for? P = M ( \ _v‘%B
1000 = M ( | - (v 2Y( %\)
oo = M (.83)

\000 _ § \a\a. 5|
L
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- Accumulation and Discount Factors e

@ To convert an earlier time to a later time, you multiply by an
accumulation factor.

@ To convert a later time to an earlier time, you multiply by a
discount factor.

@ Accumulation factors and discount factors are reciprocals of
each other.
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Example 8: You are to receive $1000 one year from now, and
another $1500 three years from now. How much is this money
worth right now? Assume that money increases in value by 3%

every year.

Now | year HNear

- |
1ooo(1.0%) «—— 1000

c H. %%
9% 500

Tedal <¥3343, 55
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~ Accumulation and Discount Factors .

@ To convert an earlier time to a later time, you multiply by an
accumulation factor.

@ To convert a later time to an earlier time, you multiply by a
discount factor.

@ Accumulation factors and discount factors are reciprocals of
each other.

13/49



~ Discount Factor e

e

Example 8: You are to receive $1000 one year from now, and
another $1500 three years from now. How much is this money
worth right now? Assume that money increases in value by 3%

every year.

Now \ ) bl a_‘-iﬂ
\000(\-0“33‘6 — 1000
- &%
o 3% o0
1500 ( 110%)
= 133a.%|

Tedal <¥3343. 55
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- Accumulation Factor .

Example 9: You are to receive $1000 one year from now, and
another $1500 three years from now. How much is this money
worth three years from now? Assume that money increases in

value by 3% every year.

Nows _\ yeor LL

15 /49

\ 000 —— |ooco(1+.0%)
= 06090

4 1500

H560.90
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9.3 Compound Interest - g

Accumulation and discount factors allow us to push the value of
money forward and backward in time.

Suppose you invest $600 into an account that earns 4% simple
annual interest. In 3 years, the value of your investment is

A = 600(1 + .04)(1 + .04)(1 + .04) = 600(1.04)°

For each year you keep the money in the account, you investment
increases by an accumulation factor of 1.04 which is 104% of the
prior year's worth.
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9.3 Compound Interest e

Now suppose you invest $600 in an account that earns 4% simple
annual interest. However, the interest is applied to your investment
biannually (2 times a year).

Every six months, half of 4% interest will be applied to your
investment. So after 3 years, the value of your money will be

A:soo(w%) (1+'074) (H%ﬂ) <1+%> (H%ﬂ <l+9’;>

04\° 04\ 23
600(1+%> —600(1+—02—>



- 9.3 Compound Interest | ‘ 2

In general, if we invest a lump-sum amount of P dollars at an
annual interest rate r, compounded n times per year, then after t
years the accumulated value A is

FV (1_|_ )nt
t ('0/0

Example 1: How much is($2000 worth |n|f it earn

annual interest compounded weekly? (5& wuks W\ G \(Qar

N (54(4)
obas

A = 2000
(ca\co\“k() = 3 ased.bd
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9_3 Compound Interest \ 2

Example 2: How much should be invested in an account earning
nnual interest compounded dm&so that the value of the

account is $3000 in four years? 205
Fv=A 365 (1)

2,000 = Y (\“' 365
2000 = P (1.43326531)

P= ¥ 204314
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- 9.3 Compound Interest | e

Example 3: If you make a deposit into gpsdccount, at what
annual interest rate_ compoundea hould you invest if you

would like to{double your investment=n 1‘mb
/A P( \ » %)“

12(13)

®  ax’: *T-'z: G

(Q 9’\%(\ \7, )‘/\1

1.034354 = |+

rax 4%\ o
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9.3 Compound | Hel e a0 _ |
oo 4o o o S0 it gl

) o lf(i-\-é—%@fq%
WO 2y Pl e

'. (@)l 100 )

la(2)= 4t In(lo0)

\n(i\ _ 'L
4 \n(lod = += 13.4a years
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9.3 Continuous Compounding | |

When interest is compounded “infinitely many times” per year, we
say that the interest is compounded continuously.

In the table below, we can see what happens to $1 at a annual rate
of 100% interest compounded at different time periods.

Frequency of Compounds Formula Value After 1 year
Annually 1(1+1) $2
Semiannually 1(1+ %)2 $2.25

Quarterly 1(1+ )" $2.44140625
Monthly 1(14+ )" $2.61303529
Daily 1(14 %) | $2.71456748
Hourly 1(1+5)° | $2.71812699

The value of $1 earning 100% annual interest compounded
continuously is $2.718281828... = e.



9.3 Continuous Compounding | .

As the number of compounds become sufficiently large, the

expression
1 n
(1+3)
n

approaches the value e ~ 2.71828.

Therefore, the accumulated value

A:P(lJr%)nt

approaches

A= Pe"
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9.3 Continuous Compounding w

0
-v? { /0
Example 5: Ifs invested annual interest

compounded continuously, what is the future value in four years?
[ e e e ) S

LY €=
Aebe N ()
Fu=A = 3000 e T
= #4a344.41
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9.3 Continuous Compounding s

A2F
Example 6: How long doei|"t take for an i@ment to doubleat

an annual interest rate of ompounded continuously?

A< Pet t
a?,_; ?/e.oq

D=l **)
\n(a\ < . Oq 't

\'\('L\___..E = -kk a 13.%3
oM \(cars
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9.3 Effective Interest Rate | R

Example 7: If a bank pays 8.3% interest compounded monthly,
e,

what is the(ezfectlve interest rate>) (2 zn
Acku a.‘ 3*0“"“" cove

‘adecest toke = \.ORb 2D - \
- — L0363 = 36239,
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* 9.4 Annuities and Sinking Funds Sae e
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In the last two sections we covered simple interest and compound
interest. In both cases, the amount of money deposited was a
lump sum and was left to accumulate interest.

Now we will do problems were payments are made on a regular
basis into an account. |

When a sequence of payments of equal amount are made into an
account at equal intervals of time, the account is called an
annuity.
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Annuiti

|
N e e e L e e R s S B R D e

An annuity is a sequence of payments made at regular time
intervals. We will focus on ordinary simple level-payment annuity
certains. This means:

@ the payments will be made at the end of each period
oré'u_\,w\.‘
@ the frequency of payments is the same as the frequency of
interest compounding 5{.!\(\?\{

@ the cash flows are of equal sizes &'
\eve\ - paymen

- @ there are a fixed number of cash flows

Ce!r-‘m.tr\



Future Value Annmty ‘ TR

Example 1: On December 1st you decide to deposit $300 into a
savings account that earns 3% APR compounded monthly at the
end of every month for the next three months. How much money
do you have in the account at the end of these three months?

N oo | monthn Amontns BW\,on%s
— ?DOO 500(\ P -}

200 — %oo(\f'—?%
+ 300

# 402.25
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Future Value Annwty " | 5

Example 2: On December 1st you decide to deposit $300 into a
savings account that earns 3% APR compounded monthly at the
end of every month for the next three years. How much money do
you have in the account at the end of these three years?

25
o « 300(|+°2Y + 300(\+ 2+ -+ 2001+

(J\eom\r‘\g Dert e,:;_

N \ _ XM\

\+X+ \L‘L+\L',+xq+ v Y

\l
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- Future Value of an Annuity S

e F denotes the future value of the annuity (or loan)

@ R denotes the payment size

o t denotes the number of years (the term of the annuity/loan)
@ r is the nominal interest rate per year

@ m is the number of conversion periods per year

@ Then
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~ Future Value of an Annuity =

33/49

Example 3: Aaron recently decided to setupﬁ@ement fund to
plan for the future. He plans to deposit $1700 into the account at
the end of every 6 months until he retires 45 years from now. The
retirement fund Will earn 8% APR compoundad semi-annually.

How much mongy will be ikthe account when

za \J




- Annuities and Sinking Funds o =

Example 4: Eric needs -three years. If the annual interest
rate is 9%, how much should he deposit at the end of each month

== to have $5000 at the end of three years?
y - W=\1

£=3 R
Ei'c)‘:)t:D ) 'iE:L\ (: \ 5 ‘-S%;;L \2(%) _ \
(&

X3
\T A

R - #1350
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~ Annuities and Sinking Funds
Example 5: Erin can save $100 per month. How long will it take

to accumulate $10000 in an ordinary annuity earning 2.7% annual

ST T T

interest compount;gd monthly? 1= 7 = o
1\ '
F " 12t (‘W

T
oy
,-\O

Y
b

oca¥ [9)
( t /=
(29_.4 |00 =+ . T
|t .0
(=
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- 9.5 Loan Payments '.

Example 1: Jack borrows $2000 today. He will repay the loan by
making two equal payments over the next year. The payments will
be made at the end of every six months. The interest is 4.1% APR
compounded semi-annually. Determine the size of Jack's

payments.
Now b tnontns | year
\ N
R(1+ )«
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Example 2: Bllly takes out a home loan worth $175 000 today

He will repay the loan by making equal payments at the end of
each month for the next 30 years. The interest is 5% APR
compounded monthly. Determine the size of Billy's payments.

R<\+‘%‘{S‘+ K(\-"'%Sl-\r e *R(I'F%%
= |4S5000
\Lsz /5 SQ)ON\Q\"'\Q Dexies

Yo oot Xe i & c,om?a-z-\
{3grnn.

=360
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mputing Loan Payments Formula , | nas

@ P denotes the principal of a loan (how much was borrowed)
@ R denotes the size of the payment

@ t denotes the number of years (the term of the loan)

@ r is the nominal interest rate per year

@ m is the number of conversion periods

@ Then
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an Payments Formula e b

TSR

@ P denotes the principal of a loan (how much was borrowed)
@ R denotes the size of the payment

@ t denotes the number of years (the term of the loan)

@ r is the nominal interest rate per year

@ m is the number of conversion periods

@ [hen

4

- {1—(1+#)—mf}

m
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Rev15|t|ng the _PreVIOUS Examples | | *

Example 3: Jack borrows $2000 today He will repay the loan by

making two equal payments over the next year. The payments will
be made at the end of every six months. The interest is 4.1% APR
compounded semi-annually. Determine the size ofJ ck's

payments. P _ P\\ \ - (\+ M}

2000 = R\ | - | + ‘72'.'
%W
dooo = R\ 144015 c‘qqﬂ




Rewsn:lng the Prewous Examples e o

He will repay the loan by making equal payments gf-the end of
each month for_the nexears The interest -%-‘ PR
compoundee ermine the size of Bllly s payments.
i (1425 -12( 20\
135000 = R \ -
!

| C ‘.’-f
Caleolator = R 4 939 .44 *o‘;.a

oyl Vi Me \ocun = (QSﬂ """)(560)
e Bl % 22%14%.40

323148 Uo - 115000

\ I 3\' ms-\ Pau\ =
T = $ 163\4%.40
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- Valuing a Loan at Different Times |

Example 5: Recall that Billy's home loan was for $175,000 over
30 years compounded monthly at 5% APR. Exactly 5 years after
Billy takes out this loan he wins the lottery. Billy would like to pay
off his home loan at this point. How much money would this cost?

Moo moch of Yhe locn i \eft Yo P ofk

fYer S yenrs?
Cl\na& is:}w badance of Hhe loan aﬂa 5 years!

Know (\\’Om Ex 4 ) R': B A%9.44
5 Yems from Now ‘there are 300 f‘yw\ﬁd‘s

lef} over the A5 \fear PerioJ.
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@ The total amount paid by Billy is

60($939.44) + $160700.65 = $217067.05

@ He borrowed $175000 so the total interest charge is ' Mé
e(;\“°

$217067.05 — $175000 = $42067.05

@ Had he continued to make regular payments for the full term

of his loan, his total interest expense would have been
$163198.40.

@ By paying off his loan early, Billy saved

$163198.40 — $42067.05 = $121131.35
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Example 6: Kelsey takes out a home loan with $250000 principal.
She makes payments at the end of each month for 30 years. The
interest is 7.2% APR compounded monthly. Ten years into the
loan, Kelsey considers refinancing her loan because interest rates
have dropped to 6% APR compounded monthly. How much will
Kelsey save on interest charges if she refinances?

@ sz\ Yae ow(l%'\m\ ?au‘m-ew\.
® Find e or'\%im\ werest charaes

@ F(‘\A Yne Yoo\ ance o-c the \oan afder \O

\{QMS.

@Finc( H\l Faqm-ew" on ¢ -F(M.v\cet‘ |oan,
@ Flﬂt‘ -qu l‘ﬂ"’él&S"‘ on r'efmanc,eJ loqn.

Ah$00€!/ = @"'@



O Ta \:ene_s\— (\‘aq lo °\‘0(‘7)(3°) 3'50000
=} 20404, 29



® Volonce ot '\MQ \5‘“" ofter 10 eas
P = \646. Q'-\ \ (|+ o’«t -12(20)
* )

.0}
\ v

!
j’l&\"S sa9.%50




@ Iw‘(aexes‘r on m?iv\.c.a ca\ \00,“.

Total Emk 1696.9H 1)

+ 544 12(20)(12
________.——-—___——_—

53¢ a5 20
Ampmst Scved = bl0909.20 53I{aas.20
"3
x(o_\? - = ¥ bt 7‘
{4)( o\ Hotal Fau&
\00-(\ on Ve w\cu\cecl



L Loang_aymentan_d,__._Eqw_ty e

Example 7: A couple has deoded to purchase. ‘ .
using a down payment of §20000. )They can pay off the balance at
12% annual interest compounded monthly over 25 years.

P=120000
a. What is their monthly payment? - 1202%)
(‘+ AZ
130000 = R\ | - g53
AT
T

b. What is the total interest paid? "2 o 3 \%C( S .% O

In\-ece.s-\- (\‘6‘:\‘5’ 30)( \'&X&‘S) - \QOOOO
loan ?oa(mw\._;_or—‘o\ew\'s Efnﬁ-a“ 1

= § 338 34\. 04
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~ Example 7 continued

c. What is their equity in the house after 5 years?

Eg\m\u\ = amounk pot Yovoard purchase price .

Fiad e oalance of e \ocan a.“-tr S \esrs
mml. 5o\o\w-.c\ Q\'OM y \N\-& ‘QUV‘C.\?\&% ?ricg .

2 -— TS
iy 2

P=1845.%0| | - (
| ._l_E L
\2 o

P-= \42,\4s-ﬂ§?og}?f\ A
.\ - &OOOOO_ \"‘a :\'§~ S
By = T 2392455

45/49



47/49

I\/Iultlple Annumes e - |

Example 1: Helen plans to invest $1000 at the end of every
month for the next five years into an account which earns 4% APR
compounded monthly. After these five years Helen plans to invest
$2500 at the end of every year for the next 30 years into an account
which earns 3% APR compounded yearly. How much money does
Helen have combined in the two accounts 35 years from now?

Fiesk 5 Jews - 5\
E = \OOOK‘(\FT{) ~
o4

(2

.005 30(1) l

yous %8 E = 500 (15

L




% boaas-as (| 5 years)
4 \\34‘6%-6‘1 (\{ears (a-’)‘S)

Saikk Yoe valve ot Yhe |** accowmk

'c‘(‘ow\ \14‘”( 5 Yo \{ea-( 5.
oY 30(12

Leal1%. 1% (I"’ Tz

+ |1$9%%. 54
———
$ 238 020.0%



' Investing to receive regular payments il

Example 2: Ruth is planning ahead to finance a return to school.
To pay for school, Ruth wants to invest money at the end of every
6 months for the next five years into a savings account that earns
8% APR compounded semiannually. Ruth expects to withdraw
$5000 semiannually during the following 4 years out the account to
pay for her schooling. How much should she deposit every 6

months during the first five years?
Sedt FN= PV ?4\\01\(‘\“ (U"IW\CLS -
PERIPY $

.08
Rl U+5) -V 2 s0e0 |- (I+%)
5"/&{50 L/‘/\-{n

Saving withdrows
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