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ABSTRACT OF DISSERTATION

Geometry of Pipe Dream Complexes

In this dissertation we study the geometry of pipe dream complexes with the goal of
gaining a deeper understanding of Schubert polynomials. Given a pipe dream com-
plex PD(w) for w a permutation in the symmetric group, we show its boundary is
Whitney stratified by the set of all pipe dream complexes PD(v) where v > w in
the strong Bruhat order. For permutations w in the symmetric group on n elements,
we introduce the pipe dream complex poset Z(n). The dual of this graded poset
naturally corresponds to the poset of strata associated to the Whitney stratification
of the boundary of the pipe dream complex of the identity element. We examine
pipe dream complexes in the case a permutation is a product of commuting adjacent
transpositions. Finally, we consider pattern avoidance results. For 132-avoiding per-
mutations, the Rothe diagram forms a Young diagram. In the case a permutation w
has exactly one 132-pattern, the associated pipe dream complex is an m-dimensional
simplex, where m = () — {(w) — 1 and ¢(w) is the length of w. In the case of exactly
two 132 patterns, there are three possible configurations. We include generalizations
of these cases.
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Chapter 1 Introduction

The setting of this dissertation lies within the intersection of algebraic geometry, rep-
resentation theory and combinatorics. Let F¥¢, be the manifold of complete flags in
the vector space C". The cohomology ring H*(F/,) is equivalent to the polynomial
ring Z[z1, ..., x,| modulo the ideal generated by all nonconstant homogeneous func-
tions invariant under permutation of the indices [27]. An algebraic basis is given by
factors of the monomial z} 'z 2--- . |, but does not provide a basis reflecting the
geometry of the group. Instead, the Schubert classes, which are cohomology classes of
Schubert varieties X,, indexed by permutations w € &,,, accommodate the geometry
of these structures along with their representative polynomials, known as the Schu-
bert polynomials. Lascoux and Schiitzenberger developed the Schubert polynomials
as a generalization of the Schur polynomials to represent the Schubert classes. It is
precisely this object, the Schubert polynomials, that this dissertation will focus upon.

In this chapter we introduce the Schubert polynomial and three methods to com-
pute it: via Rothe diagrams and RC-graphs, a-compatible sequences, and orthodontic
sequences. We then recall classical pattern avoidance results. We will see that the
occurrence of the 132-pattern will play an important role in inequalities for bounding
the sum of the coefficients of a given Schubert polynomial, and more generally, in the
geometry of the associated pipe dream complex. We end this chapter with a review
of the notions of Whitney stratifications and shelling orders.

1.1 The Schubert polynomial

In order to define the Schubert polynomial, we begin by defining the divided difference
operator on a multivariate polynomial. For f = f(xy,...,x,) € Z[x1,...,x,] and for
i€{l,...,n— 1}, define the divided difference operators

az(f) _ f(xly---7xn>—Sif(.fl,...,iCn),

Ty — Tit+1

where s; = (i,i 4+ 1) denotes the ith simple reflection in the symmetric group &,,.
The reflection s; acts on a polynomial by replacing the variable x; with z;,; and vice
versa. For a permutation w € &,,, where w = s;,---s;, is a reduced word for w
read right to left, we denote the operator d,, to be the sequence of divided difference
operators

Ou(f) = Oy -+ 05 (f)-

The operator 9,, is well-defined because the divided difference operators satisfy the
braid relations

0} =0, (1.1.1)
8i8j = 8j8i, for |Z — j| Z 2, (112)
@i@ﬂ@- == &H@@H. (113)
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Figure 1.1: Rothe’s picture of a diagram for the permutation © =

(8,10,1,6,3,7,9,2,5,4) appearing in [40, page 279] of his 1800 publication, “X. Uber
Permutationen”. This diagram is now known as the Rothe diagram of a permutation,
where the X’s are replaced with +’s and the dots are suppressed.

For a permutation w € &,,, the Schubert polynomial &,, is

o n—1_n—2 1
6w — 8w—1w0$1 xz A n—1s

where wg = n--- 321 is the longest word in G,,.
For example, consider w = 132 € &3. We have w™lwy = 59525152 = 5152. The
Schubert polynomial for w is

6w = 8182(1’%372) = 81(x%) = X1 + Za.

There are other ways to compute Schubert polyonomials. We will visit these in the
next sections.

1.2 Rothe diagrams and RC-graphs

In 1800 Rothe introduced the Rothe diagram for a permutation w € &,, [40]. The
Rothe Diagram D(w) for w is the set of ordered pairs

D(w) ={(i,j) € [n]* - i <w(j),j <w'(i)}.

We construct the Rothe Diagram D(w) on an n X n matrix as follows: Given a
permutation w € &, plot a point at each of the locations (7,w(i)) for i = 1,... n.
Cross out all of the elements of the hook (i, w(7)), that is, the boxes (i, j) for w(i) <
j <mnand (k,w(i)) for i <k < n. Finally, place a cross in each of the remaining empty
boxes. The set of crosses is the Rothe diagram D(w). See Rothe’s example from his
1800 publication in Figure[L.1] It is straightforward to check that D(w™) = D(w)?.

In 1993 Fomin and Kirillov introduced objects to study double Schubert polyno-
mials [I5]. These specialize to Schubert polynomials when y; = yo = -+ = y,, = 0.
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Figure 1.2: The five reduced pipe dreams for the permutation w = 1432

Figure 1.3: Dot-cross diagrams for the reduced pipe dreams of the permuta-
tion w = 1432

Bergeron and Billey called the resulting diagrams RC-graphs and further studied
their properties [3].

For w € G&,, a pipe dream is a tiling of the order n triangular array with two tiles,
namely the cross tile HH and the elbow tile @, so that if one labels the rows on the
left with 1 through n and follow the strands, this gives the one line notation for the
permutation w. Furthermore, a pipe dream is reduced if no two strands cross more
than once. See Figure for an example. If some pair of pipes cross more than once,
we say the pipe dream is non-reduced, and we ignore extra crossings as we follow the
strands. See Figure for the non-reduced pipe dreams for w = 1432.

Bergeron and Billey developed another presentation for pipe dreams where a dot
represents a non-crossing tile and a “+” represents a crossing tile [3]. See Figure
for an example. These are the same five pipe dreams from Figure |1.2] using their
notation.
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Figure 1.4: The six non-reduced pipe dreams for the permutation w = 1432

1.3 Other methods to compute Schubert polynomials

There are other ways to compute Schubert polynomials. We now review three of
them.
1.3.1 a-compatible sequences

In 1993 Billey, Jockusch, and Stanley defined Schubert polynomials in terms of
a-compatible sequences [0]. A reduced decomposition of w € &, is a sequence

a = (ay,...,ap) such that w = s, ---5,, is a reduced word for w. Let R(w)
denote the set of reduced decompositions of w.

Given a reduced decomposition a € R(w), define a sequence a = (iy,...,1,) of

positive integers to be an a-compatible sequence if it obeys the following conditions:

iy <ig < -0 <y, (1.3.1)

i; <ay; forj=1,...,p, (1.3.2)

i; < ij+1 whenever a; < aj41. (1.3.3)

Billey—Jockusch—Stanley [0, Theorem 1.1] showed the Schubert polynomial for w can
be expressed in the following manner.

Theorem 1.3.1 (Billey—Jockusch—Stanley). Let w € &,,. Then the Schubert polyno-

maal for w is given by
6w = Z Z L1 Loy = ill'l'p, (134)

acR(w) a€K(a)
where K (a) is the set of all a-compatible sequences generated by a € R(w).

Billey, Jockusch, and Stanley used this method to show that the Schubert polynomials
for permutations avoiding 321 are flag skew Schur functions [0, Theorem 2.1].



1.3.2 Orthodontic sequences.

In 1998 Magyar developed a method to compute the Schubert polynomial for a word
using the orthodontic sequence of its Rothe diagram [32].

Let D = (C4y,...C,) be the columns of the Rothe diagram D(w). We view a
column Cj as a subset of {1,...,n}, where crosses appear at the matrix coordinates
(a,i) for each element a € C;. We will construct the orthodontic sequence for D by
applying the following algorithm and recording our actions.

First we consider all columns of the form C' = [i| = {1,...,i}. We define
Multp([i]) to be the number of columns in D with the form [i]. We set k; = multp([¢])
for v =1,...,n and obtain a new diagram D_ by removing all columns of this form.

For a column C not of the form C' = [i], we define a missing tooth to be a positive
integer 7 such that i € C but i +1 € C. We swap the rows i and ¢+ 1 in the diagram
D_ to construct a new diagram D' = {s;,C},...s;,C;}. Our objective is to swap rows
to tighten the orthodontia so that we obtain columns of the form C = [i].

We repeat the above steps for D', letting my; = multp/([i;]). We then remove
these columns to make a diagram D’ . We find a missing tooth of D’ | namely iy
and perform the row swap s;, so that D” = s;,D’ . Repeat until all columns have
been removed. We obtain a reduced word i = (iy,...,%,) and a multiplicity list
m = (k1,...,kn,mq,...,my). This sequence (i,m) is called the orthodontic sequence
of D = D;m, Magyar then showed that the orthodontic sequence can be used to
compute the Schubert polynomials for a word w € &,, [32, Proposition 15]. Magyar
defines an operator A; on polynomials where A;(f) = 0;(x; f).

Theorem 1.3.2 (Magyar). If (4, m) is the orthodontic sequence for the Rothe diagram
of w, then
Sy =@y Ay (@ A (@)L,
where W; = x1X2 . .. T;.
For example, Figure demonstrates the orthodontia algorithm applied to the
permutation w = 1432. The orthodontic sequence for w is given by

i=(1,2),m=(0,0,0,0,1,1).
Therefore the Schubert polynomial for w is given by
Gy = Ai(21 Ao (2172)) = 23wy + 2325 + 1105 + 212973 + T3

Note that Magyar’s arrangement of a Rothe diagram is the transpose of Rothe’s ar-
rangement. Applying this algorithm to a Rothe diagram in Rothe’s notation involves
performing orthodontia on the rows instead of the columns.

1.3.3 RC-graphs.

As previously mentioned, pipe dreams and Schubert polynomials are intimately re-
lated. In 1993 Bergeron and Billey showed that the Schubert polynomials for a



D=D_ D’ D"

Figure 1.5: Magyar’s orthodontic sequence for the permutation 1432. See [32], pp. 27-
28] for an example with w = 24153.

permutation w is given by the set of crosses in RP(w) according to the following for-
mula [3, Corollary 3.3]. See Fomin and Kirillov for related results [15, Proposition 6.2,
Proposition 6.4].

Theorem 1.3.3 (Bergeron—Billey). The Schubert polynomial for w € &,, is given by

= > aftafeay, (1.3.5)

PERP(w)

where e; is the number of crosses in column i of a reduced RC-graph.

1.4 Pattern occurrence and pattern avoidance

Let w € G,, and 7 € G,,, be two permutations with m < n, and let v = vy,..., v,
be a subsequence of w with m letters. We say v has the pattern 7 if the letters in v
have the same relative order as those in 7. If w contains a subsequence v that has
the pattern 7, we say w contains the pattern . If w contains no such subsequence,
we say w avoids the pattern m, that is w is w-avoiding. Moreover, we denote p,(w)
to be the number of times the pattern m appears in the permutation w.

An application of pattern avoidance is found in the study of Schubert varieties.
Denote B to be the group of upper triangular matrices in GL,(C). The flag variety
FL,, that is, the set complete flags in C", is in bijection with the left cosets of
B\GL,. We see this bijection by encoding a complete flag with a set of row vectors
v; € V;\ Vg for i = 1,...,n and forming an n x n matrix. The flag represented by
this matrix is invariant under left multiplication by an element of B. Let P, be the
permutation matrix for w € &,. Acting on B\GL, by the right cosets of B yields
the decomposition of double cosets

B\GL,/B = U

wen



The Schubert variety associated to w is the closure of the space BP, B.
In 1990 Lakshmibai and Sandhya showed a pattern avoidance criteria for the
smoothness of the Schubert variety associated to w [29, Theorem 1].

Theorem 1.4.1 (Lakshmibai-Sandhya). For w € &, the Schubert variety X, is
smooth if and only if w avoids the patterns 4231 and 3412.

The Poincaré polynomial of a topological space X is the generating function of its
Betti numbers, i.e., the coefficient of ™ is the Betti number b,,(X). Gasharov proved
that the same pattern avoidance criteria allows the Poincaré polynomial of the Bruhat
order on the symmetric group to factor [I8, Theorems 1.1 and 1.2].

Theorem 1.4.2 (Gasharov). The Poincaré polynomial for w € &,, factors into poly-
nomials of the form 1+t + 12+ --- + " if and only if w avoids the patterns 4231
and 3412. Equivalently, a type A Schubert variety is smooth if and only if the Poincaré
polynomial of its cohomology ring factors into polynomials of the form Y ;_,t*.

Billey proved a pattern avoidance criteria for rational smoothness for Schubert va-
rieties of type B and C [5, Theorem 4.2]. This involved 26 patterns for signed
permutations to avoid.

1.5 132-avoidance and Rothe diagrams

We will see in Chapter 2 that the occurrence of the 132 pattern is integral to under-
standing the structure of pipe dream complexes. We first consider the case of 132
pattern avoidance.

The following result appears to be folklore.

Theorem 1.5.1. A permutation w € &,, is 132-avoiding if and only if its Rothe
diagram D(w) is a Young diagram.

This follows from Krathenthaler’s stated bijection [28], Section 2| between 132-avoiding
permutations in &,, and Dyck paths from the origin to (2n,0). Krattenhaler did not
realize the connection between the Dyck path he mapped to a 132-avoiding word w
and the Young diagram corresponding to the Rothe diagram D(w). Namely, given a
Dyck path, look at the partition between it and the path from the origin to (2n,0)
consisting of n northeast steps followed by n southeast steps. See Figure|l.7]for an ex-
ample. Rotating this region by 7 /2 radians counterclockwise and filling it with crosses
gives the desired Young diagram. This construction is easily seen to be invertible.
We provide a second proof in Section [3.2]

1.6 Coefficients of Schubert polynomials

1.6.1 Bounds on coefficient values

Fink, Mészaros and St. Dizier used Rothe diagrams and Magyar’s theory of orthodon-
tic sequences [32] to prove there is a pattern avoidance criteria for Schubert polyno-
mials having coefficients that are only zeros and ones. Namely, they showed if a
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Figure 1.6: Rothe diagram for the 132-avoiding permutation w = 74352681. Note
that the formation of +'s is a Young diagram.

Figure 1.7: Dyck path for the permutation w = 74352681 according to Krathen-
thaler’s bijection with 132-avoiding permutations. Note that the grid between the
path and the upper triangle is the Young diagram for w rotated clockwise by /4.

permutation avoids a set of twelve patterns then the coefficients are only zeros and
ones [14, Theorem 1]. They defined a condition known as “multiplicity free” on a
Rothe diagram and its orthodontic sequence and then showed that &,, has zero-one
coefficients if and only if this condition holds [I14, Theorem 3.6]. The “multiplicity
free” condition is then shown to be equivalent to a permutation w avoiding a set
of twelve patterns [14, Theorem 4.8]. Observe each of these patterns contains the
pattern 132 at least once.

Theorem 1.6.1 (Fink-Mészaros—St. Dizier). The Schubert polynomial S,, is zero-
one if and only if w avoids the patterns 12543, 13254, 13524, 13542, 21543, 12536/,
125634, 2153064, 215634, 315264, 315624, and 315642.

Finding a criteria that determines whether the upper bound for Schubert polyno-
mial coefficients is 2, 3, etc. is an open problem. See Conjecture in Chapter 3.
There exist permutations in &g that have coefficients exceeding 2. For example,
the permutations 124653, 126543, 134265, 134652, 136254, 136524, 136542, 142653,



143265, 143652, 214653, 216543, and 241653 have coefficients up to 3, and the per-
mutation w = 132654 has coefficients up to 4.

Conjecture 1.6.2. The Schubert polynomial S,, has a maximum coefficient of k for
k > 2 if and only if the permutation w avoids a set of patterns.

1.6.2 The principle specialization

Let w € G,, and &,, be its Schubert polynomial. We define the principle specialization
to be 6,(1,...,1).

In 2017 Weigandt showed a lower bound for the principle specialization based on
the number of 132 pattern occurrences [44, Theorem 1.1].

Theorem 1.6.3 (Weigandt). The following inequality holds:
6w(17 P ].) Z plgz(w) + 1,

where p, 1s the number of times the pattern m appears in w.

In 2019 Gao refined Weigandt’s lower bound to involve the number of 132 and 1432
occurrences [I7, Theorem 2.1].

Theorem 1.6.4 (Gao). The following inequality holds:

Su(l, ..., 1) = pisa(w) + praga(w) + 1.

Gao also proved that all of the pipe dreams of a permutation w can be connected
using simple ladder moves if and only if w avoids the pattern 1432 [I7, Theorem 4.1].
See Chapter 2 for a description of ladder moves and simple ladder moves.

In 2020 Fan and Guo showed an upper bound for Schubert polynomials given
by a Rothe diagram dominance formula. For a diagram D we denote D; to be the
set of x coordinates in column ¢ of D and D;; to be the k-th smallest element
of D;. We say for two diagrams D and C that D dominates C, or D > C, if
|D;| = |Cy] for alli € [n], and D;; > C; for all i,k € [n]. Fan and Guo’s upper
bound is given by the coefficientwise inequality

G, < Max, = Z 9307

where

They then showed a pattern avoidance criteria for when the Schubert polynomial
equals this upper bound [13, Theorem 1.1].

Theorem 1.6.5 (Fan—Guo). The equality &, = Max,, holds if and only if w avoids
the patterns 1432 and 14235.



The layered permutation w(by, ..., b;) is defined as the permutation
w(bk,...,bl) = (bk,bk—17...,1,bk+bk_1,...,bk—|—1,...71,...,71—()1—|—1),

where by 4+ -+ + by = n. In 2019, Morales, Pak, and Panova showed the maximum
value for the principle specialization for w € &, is found at layered permutations
w(...,by,by), where b; ~ o'~1(1 — a)n for every fixed i and o ~ 0.43381818312 is
a universal constant [38]. The value of &,(1,...,1) for these layered permutations
approaches e as n — oo, where v &~ 0.2032558981 is a universal constant [38,
Theorem 1.3].

1.7 The Demazure product

Let (W, S) be a Coxeter system, and let S = {s1,..., s} be its generators. Let v be
a word, not necessarily reduced, from S. We define the length of v, denoted £(v), to
be the length of a minimal word that represents the same group element as v. We
define the Demazure product recursively as follows.

0: 5" =W,
6(1) =1, (1.7.2)
_ sio(v), if l(s;v) > L(v),
Osiv) = { d(v), if £(s;v) < L(v). (1.7.3)
In essence, the Demazure product considers a word one letter at a time. If adding
the letter increase the word’s length, we include it. If adding the letter decreases the
word’s length, we omit it.
Note that pipe dream can be read as a word in &,, according to the following
triangular diagram read right to left and top to bottom, and that the permutation
represented by the pipe dream is the Demazure product of the word.

S1 52 53 0 Sp—2 Sp-1
S2 53 ttt Sp—2 Sp—1
53 *tt Sp—2 Sp—1

Spn—2 Sn—1

Sp—1

1.8 The pipe dream complex

Let W be a Coxeter group and S = {s1,..., s} be its generators. Let @) be a word
using letters from S and v € W. The subword complez A(Q,v) is the set of subwords
of () such that their complement with respect to () contains a reduced expression
for v. In particular, the facets of () are the maximal such subwords.

Pipe dream complexes are a special case of subword complexes, where the Coxeter
group W is the symmetric group &,,, S = {s; : ¢ = 1,...,n—1} is the set of adjacent
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transpositions s; = (7,7 + 1), Q@ = Qo is the triangular word

Qo,n = Sp—1"""52518p—1" 5352 Sp—-15n—-25n—1,

and v € G,,.

We denote the pipe dream complex for w € &,, to be PD(w). It is known by
the definition of subword complexes that facets for two reduced pipe dreams P; and
P, intersect in a face of codimension 1 if and only if P, — P, is a single cross. More
generally, the codimension of their intersection is equal to the number of crosses
iHPl—PQ {26]

1.9 The topological structure of pipe dream complexes

Knutson and Miller proved that the subword complex A(Q, 7) is homeomorphic to a
ball or a sphere [20, Theorem 3.7], where @ is a sequence of reflections in a Coxeter
group and 7 is a reduced word for said Coxeter group. Moreover, if the Demazure
product D(Q) = 7, then A is homeomorphic to a sphere. Otherwise it is homeomor-
phic to a ball [26, Theorem 3.8].

Theorem 1.9.1 (Knutson—Miller). The subword complex A(Q, ) is homeomorphic
to a ball or sphere of dimension {(w)—1. If the Demazure product satisfies D(Q) = m,
then A(Q, ) is homeomorphic to a sphere. Otherwise it is homeomorphic to a ball.

In particular, the word @)y, generating the pipe dream complex has Demazure prod-
uct D(Qon) = wp, which implies that the pipe dream complex for any word besides
the longest word is homeomorphic to a ball. The complex PD(wy) is the empty set,
that is the —1-sphere.

1.10 Whitney stratification

In Chapter 2 we will be giving a Whitney stratification of the boundary of any
pipe dream complex. In order to do this, we now review the notion of a Whitney
stratification.

Let W be a compact topological space. We say that W has a Whitney strati-
fication X if W has a finite decomposition into locally closed subsets X = |J,.p S;
where the strata .S; are each smooth manifolds. We further assume this decomposition
satisfies the condition of the frontier,

S;NS; # 0 if and only if S; C S,
and that this decomposition satisfies two additional conditions:

1. Each S; € P is a locally closed, not necessarily connected, smooth manifold

of M,

2. If S; <p S; then Whitney’s conditions (A) and (B) hold: Suppose y;, € S; is
a sequence of points converging to some s € S; and that s;; converges to s.

11



Also assume that the secant lines ¢, =5, ;y; converge to some limiting line ¢
and the tangent planes T, .S; converge to some limiting plane 7. Then the
following hold:

(A) T,,,Si €7 and (B) LCT.

An example of a Whitney stratified space is to take the boundary of the n-
dimensional simplex and decompose it into its open ¢-dimensional faces for ¢ =
0,...,n—1.

1.11 Shelling
For a simplicial complex A with face F', the deletion and the link of F are respectively

AFA) = {GeA : FNG=0}
link(F,A) = {G€A : FNG=0and FUG € A},

A d-dimensional simplicial complex A is vertex decomposable if it is pure and either
it isomorphic to the d-dimensional simplex A, or there exists a vertex v € A such that
both d(v,A) and link(v, A) are each vertex decomposable. The distinguished vertex
is called the shedding vertez. Provan introduced this notion in his dissertation [39]
and with Billera showed it implies shellability [4].

Theorem 1.11.1 (Billera—Provan). If A is a vertex decomposable simplicial complex
then A is shellable.

Their argument is simply that if v is a shedding vertex, the shelling order o4, ..., o,
of O(A,v) and that of 7,..., 7 for link(A,v) produce a shelling oy,...,0,, 7 U
v,...,Ts Jv of the original complex A.

In his dissertation Provan considered the more general setting of shedding faces [39).

Informally speaking, a simplicial complex is vertex decomposable if there exists
some order in which you can remove the vertices one by one. Strongly vertex decom-
posability says that you can choose any vertex in the first step to remove, and the
remaining simplicial complex is itself vertex decomposable.

Knutson and Miller proved that any subword complex A(Q), w) is vertex-decompos-
able. See [27, Theorem E| and [26] Theorem 2.8]. Furthermore, a subword complex
A(Q,w) is homeomorphic to a ball or sphere of dimension |Q| — ¢(w) — 1 of the given
word w [26, Theorem 3.7].

Theorem 1.11.2 (Knutson—Miller).
(i) The subword complex A(Q,w) is vertex decomposable, and hence, a shellable

CW complez.

(ii) The subword compler A(Q,w) is homeomorphic to an either an m-dimensional
sphere or an m-dimensional ball, where m = |Q| — {(w) — 1. Furthermore, a
face Q — P of A(Q,w) is on the boundary OA(Q, w) if and only if its Demazure
product satisfies §(P) # w.

12



1.12 A known result for the pipe dream complexes of a class of permu-
tations

The pipe dream complexes for permutations of the form 1n---32 have a predictable
structure, namely the dual of the associahedron of dimension n — 3. In 2018 Escobar
and Mészaros showed that these pipe dreams are the vertex figures of root polytopes
of type A, [12, Theorem 5.3].

Theorem 1.12.1 (Escobar-Mészéros). The canonical triangulation of the vertex fig-
ure of the root polytope of type A,, that is, V(P,), is a geometric realization of the
pipe dream complex PD(1n ---32).

The proved this realization by establishing an equivalence between root polytopes
and flow polytopes and by constructing a bijection between the triangulation of V(FP,)
and noncrossing alternating spanning trees of the graph with vertex set [n].

Copyright© R. Benjamin Reese, 2023.
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Chapter 2 A geometric study of pipe dream complexes and Schubert
polynomials

Schubert polynomials were introduced by Lascoux and Schiitzenberger to generalize
Schur polynomials [30]. They are representatives of Schubert cycles in flag varieties
and provide a basis for Z[z1, ..., x,]/I, where I,, = (e, ..., e,) is the ideal generated
by the elementary symmetric functions e; for e =1,...,n.

In this chapter, we will study the geometric structures of pipe dream complexes
in order to gain a better understanding of Schubert polynomials. In Section [2.1]
we introduce the ladder moves of Billey-Bergeron and discuss how to construct the
pipe dreams of a permutation using Rothe diagrams and these ladder moves. In Sec-
tion we recall how pipe dream complexes are a subclass of subword complexes and
review Knutson and Miller’s geometric results for subword complexes. In Section [2.3]
we introduce the pipe dream complex poset. We give a natural stratification for a
given pipe dream complex (Theorem and show the dual of the pipe dream com-
plex corresponds to the poset of strata of the boundary of the pipe dream complex
of the identity permutation. See Theorem [2.3.3] In Section [2.4, we study the pipe
dream complexes of permutations that are a single adjacent transposition, or simple
reflection. We extend our results to permutations that are a product of multiple
commuting simple reflections in Section [2.5]

2.1 Ladder Moves

Given the Rothe diagram D(w) of a permutation w, we form its set RC(w) of RC'-
graphs, short for “reduced-word compatible sequence graph”, as follows [3,[15]. Let B,
be the triangular diagram formed by left-justifying all of the crosses in D(w) and plac-
ing dots in the complementary locations. This is known as the bottom diagram. See
Figures and The top diagram T,,, where there are no more ladder moves
possible, is formed by column-justifying all of the crosses in D(w) upwards. Further-
more, the number of crosses in a given RC-graph equals the length ¢(w). There are
algebraic moves between these diagrams known as ladder moves and slide moves due
to Bergeron and Billey that generate all of the reduced pipe dreams [3, Section 3|. For
an example of the RC-graphs for the permutation w = 12534 and the corresponding
ladder moves, refer to Figure [2.3]

Theorem 2.1.1. For a permutation w € &, its Schubert polynomial is given by
Z xil$§2 R
GERC(w

where e; counts the number of crosses in column i of an RC-graph G.

14



J Jj+1 Jj J+1

t—m . 1—m +
+  + +  +

+  + — +  +

+  + +  +

i + : { :

Figure 2.1: The ladder move on RC-graphs due to Bergeron and Billey.

2.2 Subword complexes and pipe dreams

Subword complexes were introduced by Knutson and Miller [27]. Within the setting
of subword complexes, they show Schubert polynomials occur naturally as recording
algebraic data of geometric objects. Although the main focus in this dissertation will
be on these geometric manifestations of Schubert polynomials, for completeness we
review the notion of subword complexes, and the special case of pipe dream complexes.

Given a Coxeter system (W, S) with Coxeter group W and simple reflections S
minimally generating W, let @ = (¢i,...,q,) be an ordered sequence of elements
from S. For w € W, the subword complex A(Q,w) is the simplicial complex whose
facets consist of subwords P of () for which the complement () — P contains a reduced
expression of w; see [27, Definition 1.1.8].

Example 2.2.1. Let Q = q = (s3, S2, 51, S3, 82, 83) and w = 2143 € &4. The per-
mutation w has two reduced expressions, namely, s1s3 and ss3s1. The facets of the
complexr A(Q,w) are {q1, 42,95, 96}, {q1,92, 94,05} and {q2,q4,q5,q6}. Geometrically
this complex consists of three tetrahedra identified along a common edge. See Fig-
ure for a geometric realization.

Given a commutative ring R and Coxeter system (W.S), let & be a free R-
module with generators {e,, : w € W} indexed by the Coxeter groups W. Define a

J—m J
i -+ 4+ 4+ o+
i+1 + 4+ +
Jj—m J
i : + 4+ +

i+1  + o+ + +

Figure 2.2: The chute move on RC-graphs due to Bergeron and Billey.
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{9,10}° {6,10}° (2,10}

| |

{6,8} {2,8}° {2,5}°

|
|

Figure 2.3: RC-graphs for the permutation w = 12534 and the corresponding ladder
moves. The Schubert polynomial is &, = x? + x1T9 + T173 + 3 + Tox3 + T3

2 1 4 3 2 1 4 3 2 1 4 3
H7 7D H7 7D 17
2P 2P A 2P I
Nany, 3P st

Figure 2.4: The three reduced pipe dreams for the permutation m = 2143.
multiplication on Z by

o e — {ews if L(ws) > ((w), (22.1)

ey if l(ws) < L(w),

where s € S. This gives the Demazure algebra of (W,S) over R. The Demazure

product of the word v = s;, -+ s;, is

6(v) = €siy 7" Csiy = CS(v)- (2.2.2)
In the case W = &,,, the Demazure operators are defined on f € R|xy,...,z,| by

aig) = L —nlsi J)

Tit1 — T4

wherei =1,...,n—1and s; = (i,i+1). See historical comments in [26, Remark 3.3].
As noted in [26] if a word is reduced then the ordered product of the word equals its
Demazure product.

In what follows, the symbol > denotes the Bruhat order on the given Coxeter
group W.
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Figure 2.5: The pipe dream complex of the permutation 7 = 2143, that is, the
subword complex A(Q, w) with Q = q = (s3, s2, $1, 3, S2, $3). Here A(Q, 7) = AxCj.

Lemma 2.2.2. (Knutson-Miller) For a Coxeter system (W, S) let P be a word in
the minimal generating set S of W and let v € W.

(a) The Demazure product satisfies §(P) > v if and only if P contains a subword
whose product is v.

(b) If 6(P) = v then every subword of P containing v has Demazure product equal
to v.

(c) If 6(P) > v then P contains a word T representing an element T > v satisfying
|T| =4(1) =L(v) + 1.

Recall that a d-dimensional simplicial complex A is vertex decomposable if it is
pure and either it isomorphic to the d-dimensional simplex A, or there exists a vertex
v € A such that both the vertex deletion d(v,A) = {F € A : FNov =0} and the
link of A at the vertex link(v,A) ={F € A : FNv=0and FUv € A} are each
vertex decomposable. Also recall that the distinguished vertex is called the shedding
vertex. Provan introduced this notion in his dissertation [39] and with Billera showed
it implies shellability [4]. In his dissertation Provan also considered the more general
setting of shedding faces [39).

Theorem 2.2.3 (Billera—Provan). If A is a vertex decomposable simplicial complex
then A is shellable.

Their argument is simply that if v is a shedding vertex, the shelling order o4, ..., o,
of O(A,v) and that of 7,...,7 for link(A,v) produce a shelling oy,...,0,,7 U
v,...,Ts Jv of the original complex A.

Informally speaking, a simplicial complex is vertex decomposable if there exists
some order in which you can remove the vertices one by one. Strongly vertex decom-
posability says that you can choose any vertex to remove in the first step, and then
the remaining simplicial complex is itself vertex decomposable.
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Knutson and Miller proved that any subword complex A(Q,w) is vertex decom-
posable; see [27, Theorem E| and [26, Theorem 2.8]. Furthermore, a subword complex
A(Q,w) is homeomorphic to a ball or sphere of dimension |Q|—¢(w)—1 [26] Theorem
3.7].

Theorem 2.2.4 (Knutson—Miller).
(i) The subword complex A(Q,w) is vertex decomposable, and hence, a shellable
CW complex.

(i) The subword complex A(Q,w) is homeomorphic to an either an m-dimensional
sphere or an m-dimensional ball, where m = |Q| — {(w) — 1. Furthermore, a
face Q — P of A(Q,w) is on the boundary OA(Q,w) if and only if its Demazure
product satisfies §(P) > w.

Example 2.2.5. In the case W = G,,, let

Cgmn ::(Sn—la--'a32>$178n—17--'a337327"'7$n—1a3n—275n—1)

Here the facets of A(Qon,w), where w € &, are the complements of the reduced pipe
dreams PD(w), that is, RC-graphs for w. See [27, Example 1.8.3/(RC-graphs) and
[41, Section 3.2].

Note if one labels a triangular array with

S1 59 53 0 Sp—2 Sp-1
S92 53 e Sp—2 Sp—1
S3 Tt Sp—2 Sp—1

Spn—2 Sn—1

Sn—1

(read from right to left and top to bottom) then a reduced pipe dream corresponds
to a reduced word for w where a crossing corresponds to selecting a particular s; and
the number of crossings in a reduced pipe dream for w equals the length ¢(w).

Example 2.2.6. Let w = 12534. The siz facets in the pipe dream complex &, are
{9,10}¢, {6,10}¢, {2,10}¢, {6,8}¢, {2,8}¢ and {2,5}, where the complement is taken
with respect to the set [1,10]. See Figure for the corresponding ladder moves of
Billey—Bergeron.

For S and T simplicial complexes with disjoint vertex sets V(S) and V(7T'), the
join S x T is defined as

SxT={cUr : ceSandTeT}

For example, we have PD(2143) = A; « Cj is the simplicial complex in Figure [2.4]
where A,, denotes the n-dimensional simplex and C,, denotes the n-cycle.

Given d-dimensional simplexes A and A’, the connected sum A#A’ is the simpli-
cial complex formed by identifying one facet of A with one facet of A'.

See Appendix A for an atlas of pipe dream complexes.
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Figure 2.6: The pipe dream complex poset &, for the symmetric group &,. Dotted
lines indicate covers via the weak Bruhat order on the symmetric group, whereas
the solid lines indicate covers in the strong Bruhat order that are not in the weak
Bruhat order. Here C; is the cycle on 7 elements, P; is the length ¢ path and A; is
the i-dimensional simplex, and # is the connected sum along two facets.
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2.3 The pipe dream complex poset

Recall the symmetric group &,, is generated by simple transpositions s; = (4,7 + 1)
fori=1,...,n—1 with s? = id, s;5; = s;s; for |i — j| > 2 and $;8,418; = Si4+15iSi+1-
The length ¢(x) of a permutation w is the minimum number of simple transpositions
needed to write w as a product. The symmetric group is partially ordered by the
(strong) Bruhat order: v < w if w = sj, --- s, is a reduced expression for w and v
has a reduced expression that is a subword of s; ---s;,.

We define the pipe dream complex poset &2, to be the poset whose elements
consists of the pipe dreams complexes PD(w) for w € &,, partially ordered with
respect to the (strong) Bruhat order on the permutations w € &,,, that is, PD(v) <
PD(w) if v < w with respect to the strong Bruhat order. See Figure for the
example when n = 4.

There is a natural geometry built into the set of pipe dreams for the symmetric
group G,,.

Theorem 2.3.1. For the pipe dreams complex poset &, the following holds:

(1) The pipe dreams complex poset &, is graded of rank (Z) . The minimal element 0
is the simplex A,, where m = (72‘) — 1, and the maximal element is the empty
set.

(i1) The boundary of the pipe dream complex PD(v) satisfies

H(PD()) = | J PD(w). (2.3.1)

v<w

(11i) The boundary of the pipe dream complex PD(v) is stratified by the pipe dream
complexes PD(w) for w € (v, wy] where wy is the longest word in &,,.

Proof. For (i) the Rothe diagram of the identity element w = id is the empty n x n
array. This gives the empty order n triangular RC-graph with (g) dots corresponding
to the ((Z) — 1)-dimensional simplex. The Rothe diagram of the longest element wy
consists of the left-justified triangular array with n — ¢ crosses in the ¢th row. The
RC-graph is the order n — 1 triangular array completely filled with crosses, yielding

The pipe dreams complex poset &7, inherits its rank function and grading from
the strong Bruhat order on the symmetric group &,,, where the rank function p is
the length function ¢(w), that is, p(PD(w)) = ¢(w).

To show (ii), we first claim that the non-empty intersection of any two facets A
and A, of the pipe dream complex PD(v) gives a non-reduced pipe dream for v. The
pipe dream of the intersection A; N Ay is formed by superimposing the two reduced
pipe dreams representing A; and A, to form the pipe dream P(A;NA,). By reading
off the crosses in this pipe dream, one can form the resulting subword 7 of Q.
By Theorem the Demazure product §(7) = v with the number of crosses in
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P(A; M Ay) > ¢(v). This implies P(A; N Ay) is a non-reduced pipe dream complex
for v, as claimed.

To show holds, suppose w > v. Then w = sv for some adjacent trans-
position s. By definition of the subword complex, each facet of PD(w) corresponds
to a subword w’ of @)y, that is, a reduced subword for w. Since w' is reduced, its
Demazure product satisfies §(w’) = w. By Lemma|2.2.2} since §(w’) > v, the word w’
contains v as a subword. Since ¢(w') = {(v) + 1, it is a codimension 1 face of PD(v)
contained in exactly one facet of PD(v), that is, it lies on the boundary 9(PD(v)).
Hence |J,_,, PD(w) C 9(PD(v)).

Conversely, we claim that every facet of the boundary 9(PD(v) appears as a
reduced pipe dream in PD(w) for some w > v. Let F' be a facet of 9(PD(v)). By
Theorem a face P is on the boundary of PD(v) if and only if its Demazure
product satisfies §(P) > v. Since F' only intersects one facet F’ of PD(v), its pipe
dream P(F') has one more cross than the reduced pipe dream PD(F"), implying P(F)
is a reduced pipe dream with its subword representation w satisfying w = v. Hence
d(PD(v)) € U, PD(w), giving the desired equality .

Finally, part (iii), follows from iterating (7). O

Example 2.3.2. For the permutation v = 2143, the facets of PD(v) are {1,2,5,6},
{1,2,4,5} and {2,4,5,6}. The permutation v = 2143 is covered by the permuta-
tions 4123, 2413, 3142 and 2341. The pipe dream complexes are PD(v) = Ay x P,
PD(4123) = A,, PD(2413) = Ao#A,, PD(3142) = Ag#As and PD(2341) = A,.
The facet of PD(4123) is {1,2,4}, the facets of PD(2413) are {1,5,6} and {1,4,5},
the facets of PD(3142) are {1,2,6} and {2,4,6}, and the facet of PD(2341) is {4, 5,6}.
One can check these facets decompose the boundary (PD(v)). See Figure[2.5

Recall a compact topological space W has a Whitney stratification X if W has a
decomposition into finitely many smooth manifolds satisfying Whitney’s conditions
A and B. For details, see [I1, Section 6] and the references therein. The strata
X = U;ep Si of a Whitney stratified space form a poset P where the partial order
relation S <p T holds if and only if S C T, and this poset of strata is graded by
dimension, that is, p(S) = dim(S) + 1. Examples of Whitney stratifications include
the (open) faces of a convex polytope, the cells of regular cell complex, real or complex
algebraic sets, analytic sets, semi-analytic sets and quotients of smooth manifolds by
compact group actions [10, 20} 22], 35], 45].

For a brief history of Whitney stratified spaces, see Goresky’s introductory arti-
cle [2I]. The same volume includes a reprint of Mather’s proof of Thom’s conjec-
ture [35]. For recent work extending the theory of face incidence enumeration to the
Whitney stratified and quasi-graded poset settings, see [11].

Theorem 2.3.3. The dual poset P (n)* naturally corresponds to the poset of strata
associated to a Whitney stratification of the boundary of the pipe dream complex of
the identity element, that is, O(PD(id)). Furthermore, for w € &,,, the boundary of
its pipe dream complex O(PD(w)) is Whitney stratified by the set of all pipe dream
complezes PD(v) where v > w with respect to the strong Bruhat order.
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Proof. Let A° denote the interior of a simplicial complex A. By Theorem [2.3.1], we
have

H(PD() = | JPD(w)
— | &(PD(w))uPD(w)’

— |JPD(w).

v<w

This gives a stratification of the boundary of PD(v) via the interiors of all pipe dream
complexes PD(w) with w > v. Since PD(v) = (PD(v))UPD(v)°, we have

PD(v) = | ) PD(w)"

v<w

There is a natural correspondence between a given pipe dream PD(w) and this strat-
ification, namely mapping PD(w) to its interior PD(w)°. Under this correspondence,
note that PD(v) < PD(v') in the pipe dream complex poset &(n) if and only if
v < v in the strong Bruhat order if and only if PD(v")° C PD(v)° if and only if
PD(v")° € PD(v)°. Since all of the pipe dream complexes under consideration are
homeomorphic to a sphere in the case of v = id and a ball otherwise, Whitney’s

conditions A and B hold, so we have a Whitney stratification. [

2.4 The pipe dream complex PD(sy)

Given a pure simplicial complex A, the cone, denoted cone(A), is the set of vertices
that appear in all of its facets, while the core, denoted core(A), is the simplicial com-
plex formed by restricting A to the set of vertices of A not in the cone. By definition
the simplicial complex PD(w) is formed by successively coning over core(PD(w)) by
the vertices in cone(PD(w)).

Theorem 2.4.1. For s, € &,, the pipe dream complex is of the form
PD(Sk) = Am * 8Ak_1,
where m = (g) —k—1.

Proof. The Rothe diagram consists of one cross in the entry (k,k + 1). The bottom
RC-graph B, is the triangular array consisting of (’;) entries with one cross in the
entry (k,1). Using ladder moves, there are k total facets in PD(sy), with the inter-
section of these facets, that is, the cone being a simplex on (72‘) — k vertices. The
remaining vertices of each facet are a k — 1 subset of the elements in the triangular
array corresponding to the adjacent transposition s. O
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Corollary 2.4.2. The Schubert polynomial &, for w = s, € &,, is the elementary
symmetric function

6w:$1+“‘+$k:ek(l'l,...,ﬂjk;),

with principal specialization

2.5 The pipe dream complex PD(s;s;) with |i — j| > 2

In this section we consider the case when w is the product of simple transpositions
that commute. In section 2.5, we will study when w is a product of adjacent simple
transpositions.

Theorem 2.5.1. Let 1 <i<j<n—1andj—1i>2. Then the pipe dream complex
of w = s;s; is of the form

PD(S,L'SJ') = Am * 8Ai,1 * 8Aj,1,
where m = (g) — 1 — 7 — 1. Furthermore, the Schubert polynomial is given by
Gw = 61(%’1, Ce 7-%'1') . €1<£L'1, Ce 7$j>7

and has principle specialization

Proof. The bottom RC-graph B, consists of two crosses, one in the entry (i + 1,1)
and the other in the entry (j + 1,7). The i + 1st and j + 1st antidiagonals are
separated by j — ¢ antidiagonals that are empty. Hence the two crosses can perform
independent ladder moves, with the cross at entry (i+ 1, 4) having ¢ possible locations
on its antidiagonal, and the cross at entry (j + 1, j) having j possible locations on its
antidiagonal. The core thus has dimension m = () — (i + j) — 1 and the pipe dream
complex is PD(w) = A, x 0A;_1 * 0A;_1, as claimed. O

Recall that a subset S C {1,...,n} is sparse if the elements i and i + 1 are not
both in the set S. By iterating Theorem [2.5.1] we have the immediate corollary.

Corollary 2.5.2. Let w = [[;cqsi where S = {iy,..., i} is a sparse subset of
{1,...,n—1}. Then

PD('U)) = Am * 8A¢1,1 koeee ok 8Aik,1,

where m = (”) —1—=>"..qi. Furthermore, the Schubert polynomial is given by

2
Gw = H€1($1, . ,xi),
€S

and has principle specialization
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Chapter 3 The geometry of pattern avoidance

We shift gears in this chapter to return to pattern avoidance. Section focuses
on the importance of pattern avoidance in the study of Schubert polynomials and
pipe dream complexes where the avoidance or occurrence of the pattern 132 plays a
particularly important role. In section [3.2| we show that a permutation avoiding the
pattern 132 is equivalent to its Rothe diagram is a Young diagram; see Theorem [3.2.2]
We furthermore give an explicit description of its Rothe diagram in Corollary
and its pipe dream complex in Corollary [3.2.3] In Section [3.3] we study the case
when a permutation contains exactly one occurrence of the 132 pattern. We look at
permutations with exactly two occurrences of 132 in Section [3.4] which yields several
subcases that generalize to larger but similar patterns. In both sections we classify the
homeomorphism type of the pipe dream complex as well as the Schubert polynomial.

3.1 Pattern avoidance and the principle specialization

Recall that, given permutations w = wy---w, € &, and 1 = 7 --- M, € G, we
say that w contains the pattern m if there is a sequence 1 < 4y < --- < 4 < n such
that the elements of the subword w;, w;, - - -w;, of w are in the same relative order
as 7 - - - m. If this is not the case, we say that w avoids the pattern m or that w is
T-avoiding.

Following [44], for a pattern = and a permutation w € &, let p,(w) denote the
number of occurrences of a pattern 7 in a permutation w.

Theorem 3.1.1. Let w € G,,.
(a) If prs2(w) =1 then &,(1,...,1) =2.
(b) The following inequality holds:

Suw(l,...,1) > pga(w) + 1. (3.1.1)

(c) The following inequality holds:

Sy(l, ..., 1) > piga(w) + prage(w) + 1. (3.1.2)

(d) A permutation w € S,, is 1432-avoiding if and only if any two RC-graphs of w
are connected with simple ladder mowves.

Parts (a) and (b) of Theorem are due to Weigandt [44, Corollary 1.3, The-
orem 1.2, and parts (¢) and (d) are due to Gao [I7, Theorem 2.1, Theorem 4.1].
Although the inequality improves the bound in , it is still quite weak.
The following example illustrates this.
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Example 3.1.2. When w = 15432, we have pys2(w) = 6 and p1yz2(w) = 4, giving the
lower bounds 7 and 11, respectively, whereas S,(1,...,1) = 14. As another example,
p132(126543) = 20, p1432(126543) = 8, whereas 6126543(1, ey 1) = &4.

For further work regarding principal specializations of the Schubert polynomial,
see Morales—Pak—Panova’s asymptotic extremal results for layered permutations [3§].

3.2 132-avoiding permutations

Lemma 3.2.1. There is a bijection between permutations w € S, and the set of
Rothe diagrams D(6,,) = {D(w) : w € &,}.

Proof. Given a permutation w € &,,, the Rothe diagram D(w) is formed by placing
crosses in the complement of the hooks at (i,w(i)) for 1 < i < n. Conversely, given
an n X n Rothe diagram D(w), we wish to reconstruct the permutation w € &,,.
Reading from right to left, look at row 1 for the smallest entry j so that the entry
(1,4) is not a cross. This implies w(j) = 1. Cross off the elements in the hook at
(1,7). Repeat this process for each row, looking for the smallest j so that all of the
crosses in row ¢ occur to the left of the entry (4, j;) and this entry has not been crossed
off from the hooks in the ¢ — 1 rows preceding it. Again, cross out the elements in
the hook at (i, j;), record w(j;) = ¢, and repeat this process. ]

A similar proof of Lemma [3.2.1] follows if one were to instead read column by col-
umn in increasing order, or along diagonals, starting from the northwestmost diago-
nal. In the case of the diagonal argument, the argument requires a slight modification
as one may have to select more than one open entry and cross out the elements in
each hook.

A Rothe diagram is a Young diagram if its crosses form a Ferrers diagram of a
partition A = (Ay, ..., Ag) with Ay > --- > X\g, that is, in the ith row the crosses occur
in positions (i,7) for j =1,..., \;.

The following result is folklore. For completeness we provide a proof.

Theorem 3.2.2. A permutation w € &, is 132-avoiding if and only if the Rothe
diagram R(w) of w is a Young diagram.

Proof. Let w be a permutation containing a 132-pattern and suppose w,w;wy is a
subword of w that has a 132-pattern. In the Rothe diagram D(w), we claim there is
an isolated cross in the entry (k,w;). Observe the entries (k,m) for m = wy,...,n
are crossed off due to the hook at (k,wy). Similarly, the entries (m, w;) at and below
(k,w;) for m = j,...,n are crossed off due to the hook at (j,w;). Finally, all of
the entries in the hook at (i, w;) are crossed off, preventing the cross at (k,w;) from
being adjacent to any crosses above and to the left of this entry, implying the Rothe
diagram R(w) is not a Young diagram.

Conversely, suppose R(w) is not a Young diagram. Then there is an entry (b, e)
containing a cross and an entry (a,e) not containing a cross, with a < b. (See
Figure [3.1]) This implies w(a) = d for some d < e. Since w is a permutation, we
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(1, w;) (a,d) (a,e)

(k; w;) (K, wg) (bf) (b, f)
(4, wy) (¢, e)

Figure 3.1: Schematic pictures for the proof of Theorem m

must have a hook occurring in the bth row to the right of the entry (b, e), otherwise the
entry (b, e) would have been crossed out at a hook to its right in row b, contradicting
the fact there is a cross at (b,e). This implies w(b) = f for some f > e. Similarly,
we must have a hook occurring at an entry (c,e) below the entry (b,e) in the eth
column, implying w(c) = e for some ¢ > a. Since a < b < ¢ with d < e < f, this
implies the subword wqw.w; = acb forms a 132-pattern, as claimed. O

We have the immediate corollary.

Corollary 3.2.3. Ifw € &,, is 132-avoiding then its pipe dream complexr S,, consists
of exactly one simplex, that is,

I

PD(w) = A,

where m = (3) — {(w) — 1.

Proof. Since the Rothe diagram of w is a Young diagram, there are no further slide
moves to perform. The pipe dream complex PD(w) consists of the simplex generated
by vertices labeled by the entries that do not have a plus, that is, the simplex on
(5) — £(w) vertices, as claimed. O

Recall that (i,7) is an inversion pair in the permutation w € &, if i < 7 and
w; > wj. Let 7(w) = (71 ..., 7,) be the inversion word for w, where 7, = 7;(w) =
I{(i,7) : (i,7) is an inversion pair of w}| for ¢ = 1,...,n. When the permutation w
is understood, we will suppress the w in the notation.

The following result will be used in the next section.

Corollary 3.2.4. Ifw € 6, is 132-avoiding then the ith column of the Rothe diagram
D(w) consists of 7; crosses in locations (1,i) through (7;,i1). The Rothe diagram
D(w) corresponds to the partition X\ = (A1,...,\,) where X is the dual partition to
T=(T1,...,Tn)-

Proof. Since the permutation is 132-avoiding, by Theorem the Rothe diagram
D(w) is a Young diagram, that is, the row lengths A = (Aq,...,\,) form a weakly
decreasing sequence. Since D(w™!) = D(w)? and w™! is also a 132-avoiding permu-
tation, the column lengths of D(w) also form a weakly decreasing sequence.
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We claim the length of the ith column of the Rothe diagram D(w) equals 7;(w).
This follows since if an element j forms an inversion pair of the form (7, 7), the elements
in the w;th row are crossed off at the hook at (w;, j) occurring to the northeast of the
hook at (wj, ). Furthermore, the column lengths of D(w) satisfy 7, > -+ > 7, since
otherwise if 7; < 7;,1 for some 7 this would imply w;,; > w; and thereisa 7 > i+ 1
with w41 > w; > w;. This would imply the subword w;w;w; forms a 132-pattern,
contrary to our assumption on the permutation w. 0

3.3 The case pj3(w) =1
Following [33, Section 2.1.1] the rank function of w € &,, is
ro(t,7) ={k: 1<k <iand w(k) <j}

Observe the rank function of a coordinate (7, j) equals the number of hooks between
it and the northwest corner (0,0) of its Rothe diagram D(w). In essence, if there is a
cross in location (i, j) of a given Rothe diagram, this statistic gives a rough indication
of the number of degrees of freedom this cross can make via ladder moves.

Proposition 3.3.1. Let w € &,, be a permutation with exactly one occurrence of the
132 pattern, that is, piz2(w) = 1.

(a) The 132 pattern in w occurs at the subword wyw;w; with 1 <i <i4+1<j
and w; = w; + 1.

(b) wp >wj fork=1,...,i—1.
(c) wp <w; fork=1i+2,...,5—1.
(d) w, < w; orwy, > w;q fork=j7+1,...,n.

(e) The Rothe diagram of w consists of the disjoint union of a northwest justified
Young diagram of crosses and ezxactly one isolated cross in the entry (w;+1,i+1)
of rank ry(w; + 1,1+ 1) = 1.

Proof. For (a) suppose on the contrary that the subword w;wjw; forms the 132-
pattern with ¢ < k < j and k > 7 4 1. If the inequality w;y; > w; holds then the
subword w;w;;1w; would form a new 132 pattern. Likewise if w;;; < wj; then the
subword w; wiw; would form a new 132 pattern. Finally, suppose on the contrary
that w; # w; + 1, that is, suppose wy, = w; + 1. If £ < i then wjw;;w; would form a
new 132-pattern. Likewise, if £ > ¢ 4+ 1 with k # j then w;w; 1w would form a new
would form a new 132-pattern. Hence the assertion holds.

For (b) if there is an index k& < ¢ — 1 with wy < w; then the subword wyw;1w;
would form another 132 pattern in w, contradicting the fact pig(w) = 1.

For (c) if there is an index k with k € [i + 2,7 — 1] and w; > w;, we have two
cases. If we also have wy < w;1 then the subword w;w;. 1w, forms a new 132-pattern.
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Wi ‘3

SLwy =w; + 1 X

wl 417

i+ 1
Figure 3.2: Schematic figure for the proof of Proposition where pigo(w) = 1.

Similarly, if wy, > w;4+4 then the subword w;wiw,; forms a new 132-pattern. Hence (c)
holds.

For (d) if there is an index k > j with w; < wy, < w;;; then the subword w;w; 1wy
would form another 132-pattern.

See Figure [3.2| for a schematic diagram for parts (a) through (d).

For part (e), by part (a) assume the 132-pattern occurs at the subword w;w; 1w;.
Consider the subword w’' = wy---wj - - - wy,, that is, the word w without the ele-
ment w;. This is 132-avoiding, so by Theorem the associated Rothe diagram
D(w') forms a Young diagram. Here we have decreased each of the elements in w’
that were greater than w; by one.

By part (a) we have the vertical condition w; = w; + 1. Reinserting the element
w; back into the permutation w’ and shifting entries back to form w now inserts a
hook at the entry (w;,i) and creates a cross at position (w; + 1,7+ 1). This cross is
an isolated cross, since all of the values x with w; + 1 < x < w;;1 occur in the initial
subword wy - - - w;_; of w. Thus the hooks have eliminated all possible locations for
a cross to occur disjoint from the main Young diagram except for the single cross at
(w; + 1,7 4+ 1). The rank of this isolated cross is one due to the hook at the entry
(w;, ). Furthermore, reinserting the element w; results in a new w;th row in D(w)
that repeats the previous row w; since its insertion increases the inversion number of
all of the elements in w that satisfy satisfy w;, > w; for h < 1. O]

Theorem 3.3.2. Let w € S, be a permutation with pis2(w) = 1. Then the pipe
dream complex Pipe(w) is formed by taking two simplices of dimension (g) —l(w)—1
and identifying them along a facet, that is,

Cuw X ALH#A, Z A, x0(A),

where m = (3) — {(w) — 1.
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Proof. By Proposition , the Rothe diagram D(w) consists of a disjoint union of
a northwest justified Young diagram and exactly one isolated cross of rank one in
position (w; + 1,7+ 1). There are two possible pipe dreams, namely B,,, where this
cross is left justified to the (w; + 1,17) position, and T,,, where this cross is column
justified up to the position (w;, i+ 1). These two pipe dreams share a facet, that is,
the cone corresponding to the complement of the locations of the crosses appearing
in the Young diagram and the two locations (w; + 1,7) and (w;,i + 1). The core is
the two vertices corresponding to the locations (w; + 1,7) and (w;,i + 1). ]

Corollary 3.3.3. Let w € &, be a permutation with piz(w) = 1. If the 132-
pattern in w occurs at the subword w;w;1w; then the Schubert polynomial of the
permutation w s given by
T; + x; "
&, = BT
Tit1 5

where T = (71, ...,T,) is the inversion vector of w.

3.4 The case piz(w) =2

In this section we study when a permutation has exactly two occurrences of the
132-pattern. We will show there are two general types of configurations that can
occur, namely, the star product of a simplex with a path of length three and the
star product of a simplex with the boundary of a 2-dimensional simplex. We include
generalizations of these cases yielding the star product of a simplex with a path of
length &k (Corollary , the boundary of a k-dimensional simplex (Corollary
and Corollary and the boundary of the kth iterated prism (Corollary [3.4.13)).

Proposition 3.4.1. Let w € &,, with p132(w) = 2. If p1yes(w) = 1 then the following
occurs:

(a) The 1423-pattern occurs at the subword w;w;1wiw; where w;, wy, w; are three
consecutive integers.

(b) For h <i the entries wy, satisfy wy > wy, with wy, # Wiyq.
(c) Fori+1<h <l with h # k the entries wy, satisfy wy, < w;.
(d) The entries {wy, : | <h<n}C{l,...,w; — 1} U{wy1+1,...,n}.

(e) The Rothe diagram D(w) consists of a disjoint union of a northwest justified
Young diagram and two isolated crosses in positions (w; + 1,7 + 1) and (w; +
2,1+ 1), each of rank 1. Furthermore, the column lengths of the northwest
Justified Young diagram are given by (Ti, ..., T, Tiv1 — 2, Tiz2y - -+, Tn)-
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Figure 3.3: Schematic picture for the proof of Proposition when pig(w) = 2
and pigo3(w) = 1.

Proof. Since pyae3(w) = 1, we have py3o(w) = 2. Performing a similar analysis as the
proof of Proposition , the 1423-pattern occurs at the subword w;w; 1wiw; with
w;, wy, w; three consecutive integers. See Figure This gives (a), (b) and (c).

Consider the subword w’ = wy - --wj - - - wy, that is, the word w without the ele-
ment w; and with all of the elements w;, > w; shifted down by one. This permutation
satisfies pigo(w’) = 1. By the proof of Theorem [3.3.2] the Rothe diagram D(w') con-
sists of a northwest justified Young diagram of crosses and exactly one isolated cross
in the entry (w; + 1,74 1) of rank r,s(w; + 1,7+ 1) = 1. Reinserting the element w;
back into the permutation w’ and shifting entries back to form w now inserts a hook
at the entry (wy, j) and an isolated cross at position (w; + 1,5+ 1). The rank of this
new isolated cross is one due to the hook at the entry (w;;1,7 4 1).

Furthermore, the two isolated crosses in column ¢ + 1 in R(w) reduce the length
of column 7 4+ 1 of the northwest justified Young by 2, that is, its length is instead
tir1 — 2, as claimed. O

Theorem 3.4.2. Let w € &,, with pi32(w) = 2 and prass(w) = 1. Then
(a) The pipe dream complex PD(w) is of the form
PD(w) & A,, * Ps,
where m = (Z) — l(w) — 3 and Ps is the path of length 3.

(b) The Schubert polynomial is given by

n

2 2
€; + TiTi41 + Tiyq 75 (w)
G, = 5 . x;"
Tit1 i=1
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where the 1423-pattern occurs at the subword w;w;  wiwy.

(c) The principal specialization of the Schubert polynomial is given by

Proof. By Proposition [3.4.1] part (e) the Rothe Diagram D(w) consists of a disjoint
union of a northwest justified Young diagram and two isolated crosses in column
i+ 1 at positions (w; + 1,4 + 1) and (w; + 2,7 + 1). There are three possible pipe
dreams, namely B,,, where the two crosses are left justified to positions (w; + 1,1)
and (w; 4 2,1), T,,, where the two crosses are column justified to positions (w;, i+ 1)
and (w1 — 1,14+ 1) = (w; + 1,4 + 1), and the pipe dream arising from the ladder
move with the two crosses at positions (w;,i + 1) and (w; 4+ 2,4). This shows parts
(b) and (c).

To show part (a), observe these three pipe dreams share a face, that is, the
cone corresponding to the complement of the Young diagram and the four locations
(w; + 1,9), (w; + 2,4), (w;, 7 + 1) and (w; + 1,7+ 1). This determines a simplex on
(g) — l(w) — 2 vertices. The core is the length 3 path P; whose edges correspond to
(a,b),(b,c) and (c,d) where a = (w; + 2,4),b = (w; + 1,i),¢ = (w; + 1,7 + 1), and
d = (w;, i+ 1). Hence PD(w) = A, x Py, with m = (}) — ¢(w) — 3, verifying part
(a).

O

In order to represent longer permutation patterns, let v = (vq,...,v;) and let
pyv(w) denote the number of occurrences of the pattern vy - - - vy in the permutation w.

Corollary 3.4.3. Let w € 6,, with p1s2(w) = k and py,(w) = 1, where v = (1,k +
2,2,3,...,k+1). Then the pipe dream complex PD(w) is of the form

PD(w) = A, * Py,

where Py, is the length k path and m = (3) — l(w) — k — 1.

Proposition 3.4.4. Let w € &,, with pi32(w) = 2. If p1oaz(w) = 1 then the following
occurs:

(a) The 1243-pattern occurs at the subword w;w; 1 w;ow; where w;, w11 and w;io
are three consecutive integers.

(b) For h <'i the entries wy, satisfy wy, > w; with wy, # Wits.
(c) Fori+1 < h < j the entries wy, satisfy wy, < w;.

(d) The entries {wy, : j<h<n}C{l,...,w; —1}U{wio+1,...,n}.
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Figure 3.4: Schematic picture for the proof of Theorem when pgo(w) = 2 and
praaz(w) = 1.

(e) The Rothe diagram D(w) consists of a disjoint union of a northwest justified
Young diagram and one isolated cross in position (w; + 2,1 + 1) of rank 2.
Furthermore, this isolated cross has two hooks directly above it emanating from
(w;, 1) and w;yq1,7+ 1).

Proof. We refer to Figure for our analysis. Statements (a) through (d) are
straightforward. The 1243-pattern occurs at the subword w;w; 41w, ow; with w;, w;qq
and w; three consecutive integers. Also note that all of the elements wy, for i4+-2 < k <
j satisfy wy < w;, so the resulting Rothe diagram of D(w) has no crosses occurring
in these columns in rows w; through n.

As in the proof of Proposition [3.4.1 consider the word w without the element wj,
that is, let w’ = w; ---wj; - --w, with the appropriate shift down by one unit of all
elements greater than w; so that v’ € &,,_;. The permutation w' is now 132-avoiding,
so its Rothe diagram D(w’) is a northwest justified Young diagram. Reinserting w;
into w’ to form w, the resulting diagram D(w) the same Young diagram as for D(w’)
except there is now an inserted row w; consisting of crosses in positions (w;, k) for
k=1,...,i—1 plus an isolated cross in the (w;,i + 2) entry.

O

Theorem 3.4.5. Let w € S,, with pisa(w) = 2 and piaaz(w) = 1. Then the pipe
dream complex PD(w) is of the form

PD(w) 22 A, * O(As),

where m = (3) — {(w) — 2.
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Figure 3.5: Schematic picture for the proof of Theorem when py3o(w) = 2 and
paraz(w) = 1.

Proof. The intersection of all of the facets of PD(w) consists of a simplex on (}) —
l(w) + 1 vertices. The isolated cross in D(w) has three possible locations in the
reduced pipe dreams, namely in positions (wj, ), (w; — 1,7+ 1) and (w; — 2,7+ 2).
In PD(w) these correspond to the boundary of the triangle 9(A,). O

[terating the proof of Theorem gives the following immediate corollary.

Corollary 3.4.6. Letw € &,, with pis2(w) = k and py(w) = 1, where v=(1,2,3, ...k, k+
2,k +1). Then the pipe dream complex PD(w) is of the form

PD(w) = A, * 0(Ay),
where m = () — {(w) — k.

Proposition 3.4.7. Let w € S,, with pis2(w) = 2. If pargz(w) = 1 then the following
occurs:

(a) The 2143-pattern occurs at the subword w;w;41w;row; where w;, wip1,w; are
three consecutive integers.

(b) For h <i the entries wy, satisfy wy, > w; with wy, # wits.
(c) Fori+ 2 < h < j the entries wy, satisfy wy, < w;.

(d) The entries {wy, : j<h<n} C{l,...,w; — 1} U{w;a+1,...,n}.
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(e) The Rothe diagram D(w) consists of a disjoint union of a northwest justified
Young diagram and one isolated cross in position (w; + 2,1 + 2) of rank 2.
Furthermore, this isolated cross has two hooks directly above it emanating from
positions (w;y1,1) and (w;, 1+ 1).

Proof. We refer to Figure for our analysis. Statements (a) through (d) are
straightforward to verify.

Similar to Proposition [3.4.4] we consider the word w without the element w .
Using a similar analysis, we see that the Rothe diagram D(w) consists of a northwest

justified Young diagram with an isolated cross in the entry (wj, i+ 2) of rank 2.
O

Theorem 3.4.8. Let w € &, with pis2(w) = 2 and poy3(w) = 1. Then the pipe
dream complex PD(w) is of the form

PD(w) = A, x 9(Ay),
where m = () — {(w) — 3.

Proof. The intersection of all of the facets of PD(w) consists of a simplex on (}) —
¢(w) — 2 vertices. The isolated cross in D(w) has three possible locations in the
reduced pipe dreams, namely in positions (wj, ), (w; — 1,7+ 1) and (w; — 2,7 + 2).
In PD(w) these pairs of positions determine the boundary of a triangle, that is,

J(Ay). O
We iterate this result to obtain the following corollary.

Corollary 3.4.9. Let w € 6,, with p1g2(w) = k and p,(w) = 1, where v = (k, k —
1,...,2,1,k+2,k+1). Then the pipe dream complex PD(w) is of the form

PD(w) 2 A, x 0(Ay),
where m = () — {(w) — k — 1.

Proposition 3.4.10. Letw € S,, with p132(w) = 2. If p13sa(w) = 1 then the following
occurs:

(a) The 1342 pattern occurs at the subword w;w;{1w;iow; where w; and w; are
consecutive integers.

(b) For h < the entries wy, satisfy wy, > w; with wy, ¢ {wit1, w2}
(c) Fori+2 < h < j the entries wy, satisfy wy, < w;.
(d) The entries {wy, : j<h<n}C{l,...,w; — 1} U{wio+1,...,n}.

(e) The Rothe diagram D(w) consists of a disjoint union of a northwest justified
Young diagram and two crosses occurring in positions (w;,i+1) and (w;,i+2),
each of rank 1. Furthermore, the hook emanating from position (w;, 1) is directly
above these two crosses.
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(f) The column lengths of the northwest justified Young diagram are given by

(T1,y oo Ty Tiv1 — L, Tino — L Tigs, oo Th)-

Proof. Using Figure [3.6] statements (a) through (d) are straightforward to check.
Notice that there cannot be any entry w, between the entries w; and w;, satisfying
i <i' <i+1with w; < w} < wj, for otherwise the subword w;w;w;,w; would form
a second 1342-pattern.

To show (e), first observe that since the values wy, satisfying w; < w;, < wito
with wy, # w;;; (informally, “2” < w, < “4” with wy, # “3”) all occur when h < i,
all of the rows w; through w;ys (“1” through “4”) have been struck out from the
hooks occurring in this region of the Rothe diagram of w. By duality, the elements
occurring in columns ¢ + 3 through j — 1 have struck out all of the elements in the
rectangular region of D(w) occurring below the hook emanating from (w;,7). Next
consider the permutation w’ = w; - - - w41 Witz - - - w, with the element w;,, removed
and with all of the elements w; > w;,o shifted down by one. This permutation
satisfies piz2(w’) = 1. By the proof of Theorem [3.3.2] the Rothe diagram D(w’)
consists of a northwest justified Young diagram of crosses and exactly one isolated
cross in the entry (wj, + 1) of rank r,/(w;,7 4+ 1) = 1. Reinserting the element w; 4,
back into the permutation w’ after the element w; and shifting entries back to form
w creates an extra cross at the entry (wj,¢ + 2). The rank of this new cross is one
due to the hook at the entry (wj, ).

Finally, part (f) follows from the fact that the permutation w’ has exactly one
occurrence of the 132-pattern. Notice the subword w; 3---w, is 132-avoiding, so
its contribution to D(w) occurs as part of the northwest justified Young diagram.
Thus the column lengths of the northwest justified Young diagram are given by
(Tl,...,Ti,TZ'+1—1,7'1'4_2—].,7'1'_;,_3"' ,Tn). ]

Theorem 3.4.11. Let w € &,, with p13s(w) = 2 and pize2(w) = 1. Then
(a) The pipe dream complex PD(w) is of the form
PD(w) = 0(A,,) * Ps,
where m = () — {(w) — 5 and P; is the length 3 path.

(b) The Schubert polynomial is given by

n
TiTit1 + TiTiyo + Tit1Tiy2 i (w)
Gw = . H €.

7 )
Li+1Li42

i=1
where the 1342-pattern occurs at the subword w;w; 1 w;ow;.
(c) The principal specialization of the Schubert polynomial is given by

Su(1,...,1) =3
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Wit R
Wit1 ¢
... w] — wi + 1 427
w'l 417
Pt v

Figure 3.6: Schematic picture for the proof of Theorem |3.4.11| when py32(w) = 2 and
pi3az(w) = 1.

Proof. The intersection of all of the facets of PD(w) consists of a simplex on (}) —
((w) — 4 vertices. The two isolated crosses in the Rothe diagram D(w) have three
possible configurations in the RC-graphs, namely the pairs {(w;+1,4), (w;+1,i+1)},
{(w; +1,7), (w;, 1+ 2)} and {(w;,i+ 1), (w;, i+ 2)}. The complement of each of these
vertex pairs is an edge, and together these three edges form a length 3 path. In turn,
these are the core of PD(w), as asserted.

The expression for the Schubert polynomial and its principal specialization follows
from the three aforementioned configurations of the vertex pairs. O]

The last case of exactly two occurrences of the 132 pattern is when the two
occurrences are independent.

Theorem 3.4.12. Let w € S,, with p1se(w) = 2 and pagsiz2(w) = 1. Then
(a) The pipe dream complex PD(w) is of the form
PD(w) 2 A,, * C4,

where Cy s the cycle on 4 elements, that is, the boundary of the square, and

m = (}) — {(w) — 3.

(b) The Schubert polynomial is given by

S, = (zi + 1) (T + T 41) ngi(w)7

Lit1Li'+1 i1

where the 465132-pattern occurs at the subword w;w; 1 WKWy W; 11 W .
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(c) The principle specialization of the Schubert polynomial is given by

Gu(l,...,1) = 4.

Proof. Let w;w;wywywjwy be the subword corresponding to the 465132 pattern.
This follows from observing that the Rothe diagram consists of a Young diagram
with two isolated crosses, one at the entry (w; + 1, ) and the other at (wy + 1, 7).
Each has rank 1. Furthermore, by Proposition [3.3.1, j =i+ 1 and j' = ¢’ + 1. The
intersection of all of the facets in PD(w) is a simplex on (}) — ¢(w) — 2 vertices.
The remaining 4 vertices determine the boundary of a square. Since the two isolated

crosses act independently, part (b) follows from Corollary O

Corollary 3.4.13. Let w € &,, with pis2(w) = k and p, = 1, where v = (3k —
2)3k (3k—1) 465132 . Then

PD(w) = 9(Prism*(Ag)) * Ay,
where m = (3) — l(w) — (k + 1). Furthermore &,(1,...,1) = 2*

Proof. The result follows from iterating Theorem [3.4.12 and again noting the occur-
rences of the 132 pattern are independent. O

Copyright© R. Benjamin Reese, 2023.
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Chapter 4 Concluding remarks and further research

This dissertation opens a number of avenues for future research.

1. Establishing an upper bound for Schubert polynomial coefficients.

Fink, Mészaros, and St. Dizier proved a pattern avoidance condition for when
the Schubert polynomial coefficients do not exceed one [14].

While a condition that determines whether the Schubert polynomial coefficients
do not exceed 2, 3, or some higher upper bound is unknown, we conjecture
that there is a similar pattern avoidance condition equivalent to the Schubert
polynomial’s coefficients not exceeding k for £ > 2, and that the proof of said
condition lies in the observation of Rothe diagrams and orthodontic sequences.

Conjecture 4.0.1. Let k > 2 be a positive integer. The Schubert polynomial
Gy for w € G, has no coefficients exceeding k if and only if w avoids a set of
patterns.

Should this conjecture be true, in the case k = 2, the permutation w must avoid
14 patterns in Gg, namely 124653, 126543, 132654, 134265, 134652, 136254,
136524, 136542, 142653, 143265, 143652, 214653, 216543, 24165. There are
likely many patterns of length 7 or more that w would have to avoid also. In
the case k = 3, there is one pattern of length 6, namely 132654, that w must
avoid, with the remainder of patterns having length of at least 7. When £ > 4,
all relevant patterns have a minimum length of 7.

2. Gao’s conjecture: improving the lower bound for the principle specialization.
In 2019, Gao strengthened Weigandt’s lower bound for the principle specializa-
tion of the Schubert polynomial with the formula

Guw(l,...;1) > 1+ pisa(w) + prase(w).

He then considered how the appearance of more complex patterns in a permuta-
tion influences the principle specialization and proposed a conjecture involving
patterns up to length 8.

Conjecture 4.0.2 (Gau). The lower bound for the principle specialization of
the Schubert polynomial S, for w € &,, is given by

Gu(l, ..., 1) >1 + piga(w) + praga(w) + Bp1asaz(w) + Sparsas(w)+
37p126543 (W) + 3Tpatesas(w) + 342p1327654(w) + 5820p13287654 (W).

Studying the influence of these patterns that are rich in 132-containment, in
particular the precise values of the coefficients, as well as other patterns of
length 5 or more, is a viable topic for future research.
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3. Griinbaum and Sreedharon’s polytope and w = 12543. We first exhibit a pipe
dream complex whose core is a 4-dimensional polytope.

Example 4.0.3. Consider the pipe dream complexr &,, for w = 12543. Taking
complements with respect to the set [10], the facets are:

{1,2,5),{1,2,8}°,{1,2,10}°,{1,6,8}°,{1,6, 10}, {1,9,10}°, {2, 5, 6}°,
{2,5,9}°,{2,8,9}°, {5,6,81, {5,9,10}°, {5,6,10}°, {6,8,9}¢, {8,9, 10}°.

FEach facet contains the triangle cone(PD(w)) = conv{3,4,7}. Thus, the core
of the pipe dream complex consists of the facets

{6,8,9,10},{5,6,9,10}, {5,6,8,9},{2,5,9,10},{2,5,8,9},{2,5,6, 8},
{6,8,9,10},{5,6,9,10}, {5,6,8,9}, {2,5,9,10},{2,5,8,9},{2,5,6, 8},
{1,8,9,10}, {1,6,8,10}, {1,5,6, 10}, {1,2,9, 10}, {1,2,6, 8}, {1,2,8,9},
{1,2,5,10},{1,2,5,6}.

The core in this example corresponds to the 4-dimensional polytope P in Griin-
baum and Sreedharon [23, Table 1, page 448]. This can be seen by relabeling the
vertices of their example via the map 1 — 1,2 — 2,3 — 5,4+ 6,5+ 8,6 —
9,7 + 10. Briicker (1909) was interested in counting simplicial 4-dimensional
polytopes with 8 vertices.

The task of categorizing permutations w € &,, for which the core of the pipe
dream complex is a polytope is an open problem.

Copyright© R. Benjamin Reese, 2023.
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Appendices

Appendix A: Schubert polynomials, principle specializations, and pipe
dream complexes for symmetric groups up to five elements

Table 1: Schubert polynomials for the symmetric groups &; through &;

w | Sy(x) | Su(l,...,1) | PD(w)
1 1
12 |1

123 | 1

182 \ay o

312 | a3

231 | wqmy

1234 | 1

BA |\mte

3124 | af

2314 xlscg S

3214 'x%xg S

W23 et t e tad

4123 | o3

4B\ deytaey

4213 | zixy
1342 | vywy + w2y + 2003

3142 | ey +afey
1432 | @iy + 2125 + 2173 + 212275 + 2373

4132 | adey oty

3412 | x3a2

3241 | ajwoxy
2431 | wfwows + wyx3es

431\ aiwpry
3421 | aywors

4321 | ziadrs

)
*
s
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w

‘ Sy()

12345

21345
13245
31245
23145
32145

1

T N
1+ To e

i

T1T2 R

JZ%Z‘Q

12435

21435
14235
41235
24135
42135

Ty + To + T3

$%+$1$2+$1$3 o
ttmreta

3
1

o
vy +ras

3T

13425

31425
14325
41325
34125
43125

T1To + T1T3 + Tox3 T

] L2
21Ty + 2173

g
x%xz%—xlxg%—x%xg%—x1x2$3{5x2$3 N
ey +afes

2.9
T1T,

T1Ts

23415

32415
24315
42315
34215
43215

T1T2T3 T A

21215

2

l’?[[’gl‘g

LT
LITaT3

3,2

41

, T
Tiloly + 21253 |




w | &y(x) | Su(1,...,1) | PD(w)

12354 T1+ T+ a3+ 24 4 0A3 * Aj
21354 x1+m1x2+x1x3+x1x4” N OA3 % Ay
13254 xl—|—2:131a:2+x2+x1x3+x2x3+x1x4+x2x4 8 'Blpyr(ﬁAg)*Ag
31254 | o} + 2ty + 2iws + lay 4 OA; * Ag
23154 x1x2+x1x2+x1x2x3+x1x2x4 4 0Ny x Ay
32154 x1x2+x1x2+x1x2x3+xlxgx4 4 A3 x ANy
12534 $1+x1x2+x2—|—x1x3—|—x2x3—|—x3 6 core Aj
21534 x1+x1x2+x1$2—|—x :U3+:U1x2x3—|—x'1x3 6 core Ay
15234 | a8 + afwy + 2123 + 23 4 PixAy
51234 | 24 e e N,
25134 931932+a:1x2+a71x§ 3 Pyx Ay
52134 | zjzo 1 Ay
13594 x%xg+x1x%+x%x3+2x1x2x3+x§x3+ g core A,

R a2 S R R
31524 | 23w + 2303 + 2373 + TIW0W3 + T3 5 —>
15394 xlxg—l—x x2+x1x§+x§x3+$%x2x3+ - /]

x1x2x3 + :c2x3 % A
51324 e v S R R VA VE 7\ VAR
35124 $1IE2+£B1IB2”” 2 A4#A4' -
53124 | zjx3 1 As
23514 TIToT3 + 117573 + T1T75 3 Cs * Ag
32514 | wizows + aiades + xiwexy | 3 Cyx Ny
25314 $?71?2$3+51? r3ry + mades |3 Pyxldy
52314 | xiwoms 1 As
35214 x§m§x3+x1:p2x3 2 ANs#AN,
53214 | ziziws 1 Ay R
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w | &y(x) | Su(1,...,1) | PD(w)
12453 | 122+ 2103+ Xa%3 + 2124 + T2y + 2324 | 6 ,Cofe,As, -
91453 xlxg+x1x3+x1x2x3+xlx4+x1x2x4+ 6 core Ay
7””$1!E3ZL"4
14953 xlatg+$1x2+x1x3+x1x2x3+x2x3+ N core A,
- x1x4+x1x2x4+x2x4” R T
41253 | afwy +afrg + ey |3 CsxlAy
24153 | ziri+airers+a1 2523+ w0n s+ 11757y ) @ A
* Ao
42153 | 2372 + wimows + Tiw0my 3 Cy % Ay
22w + 1175 + 2223 + 22103 + TIT3 +
12543 xixz + xlgxz + xl ;4 + xllx;xj—k xgxi + 14 P7 * Ag [23, To-
3 30 2 ble 1, page 448]
7 x1x3x4+x2x3x4+x3x4 S 7
x3x +xx+xx+2xxx +rixirs+
21543 xle—i—xllxja: +1m 3x4—|—:p xei—l—xixzmi—i— 14 P7 * Al [23 Ta-
13 30 ! 2 ble 1, page 448]
7 x1x3$4+x1$2x3x4+x1x3$4 I
x1x2+x1x2+$1x2+w1x3—|—x atgmg—l—
15243 | myxirs+asrs+aioy+alrery+ o v, + 11 core /\y
51243 x1x2+x1x3—|—x1x47 3 Cg*Ag o
95143 x§x2+x1x2+x x2x3+x3x2x3+x1$2x3+ N %
T1%2T4 + x1$2x4 + T1T3Ts x Ay
52143 Ill’Q + $1$2l’3 + $1I2I4 3 Cg * Al
2 2
14523 x%x%+$1x2x3+x1x2x3+x1x3+x1x2x3+ 6 ZI
41523 x1x2+x1:p2x3+x1x37 3 7 7P3>|<A1 77777
15493 x1x2+x1$2+x m2x3+x1x2x3+wlx2m3+ 9 @
T el afwend + mpdp gy | T NS kA
51423 | zfa3 + afwprs + 2y | 3 Py Ay
45123 | 2fey |1 Ay
54123 :v‘llxg 1 A,
24513 | wiasws + wivexs + myxzes |3 P3x Ay
42513 $?$2ZL’3 + l’lfL'Ql’g 2 Ag#Ag
B ) 9,0
95413 .I'l{Lgl'?, + 22 xng + x1x2x3 + x1x2a73 + 5 Cs % Ay
52413 $%903$3+9€1$2373 2 FAVEAY
54213 | ziadzs 1 Ay
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w | &y(x) | Su(1,...,1) | PD(w)
13452 | z1x9x3 + X1T2T4 + T1X32T4 + T2T3Ty 4 Pyx Ay
31452 | a?wows + 22womy + XT3y 3 PyxAs
14352 Izl’gﬂf:g + xy2iws + :1:%:(;2:1:4 + xy2iwy + - /]

T{X3T4 + T1T2X3T4 + T5T3X4 % Ay
01352 | 2339wy + 200ms + 2iwams 3 | Ben,
34152 | a2adey + a2ade, 9 A,
43152 | eu2es + 2dade, 9| AgAs
l’%l‘gl'?, + xlx%xg + JfllL'Qng + x%xgu +
13542 | 212324+ 230304 + 201 Tow374 + T334 + 11 core A,
T1TET4 + 75Ty
23x9ws + 222225 + 222002 + T3T074 +
31542 | T17ATS T IR T U1REs e 8
T{T53T4 + TIT3T4 + T{T2T3T4 + T]X3T4 * A\q
sty + Bales + rraies + By + o
15342 | 23xdxy + v 23wy + 232304 + 23007374 + 10 core A\
11230374 + T334
51342 | xlwows + xlwowy + viwswy 3 Pyx Ay
35142 | 220y + w2ades + 2dadn, + 2udn, PR RN
53142 | zizdes + 2ta22y, 2 No#HN,
TirsTs + Tirexs + ;asas + xiawsr, +
14532 | 2iwoxszy + xixirsxry + x3ximg + 9 @
T19T5T + T3TITy * Ay
oo | B30+ 2Bl + adaday + Brwsny + o
41532 | “1'2 19283 T 12 ! 5 Csx A,
TIX5Ty
| aBa2ag ks 4 admen? + otala? 4 o
15439 x;x%x% +zirszy +3x%x§x4 + x:fsxg;cgm + 14 Assocs + As
T{T3T3T4 + T1THT3T4 + TIT3T4 +
P2xoriny + My2inin, + v3rin,
51432 x;f:pgxg + x‘f:pgx?) + xi‘x%m + x‘fatgxgm + 5 Cs Ay
T1X5T4
45132 | 2uizs + 29ades o AEA,
54132 | alades + 2lade, o AN,
34512 | xizizs 1 As
43512 | wixda? 1 A,
35412 | 2222 4 adal o AEA,
53412 | xlxdz? 1 A
45312 | wlaxda? 1 Ay
54312 | ziadz? 1 A
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w
G}
§3451‘xw(95)
2451 1z
24 ol x2x2x3x4
351 172237 o
42 ,x2x 4
351 17223 S
34951 3 4+ R |
251 L1T2% Iwe . Sl
4 .’172'2'3234 23531» ”LU17.
3251',171’2x 4 1)
2 x3'2735€4 - 8 1 | PD
3541 Su2rary (w)
3 x? sy 1 A
32541 éxmw 25
25341 i%xzxgxii%xﬂ o o ? 24
22341 xi$2x3x4+$1x2$3x4+xw2x B A4#A4
5241 :1))1'2x3x r2riz 4+ 7T 324 R 7A3' '
53241 le?ini 3x4+x1x§$3x4 o 1 As
24531 x%x2x3x4 + l'lxgx , 2‘7:32547 R S 3 , 02
42531 x1x3x3x 3$4 R I ’ 3 S*A
o x?w2x3x4+x1x 3 Cox A
131 | T ++ o Y N
3 2T 1z ol .

45231 x%xgdfgx' +$1x§; 3Ty + o 1 —,A2#A
54231 $1x3“ —4+.1134" 314 qu o _3 A, 2
31 4 ,23:33; : ,1x2$2 - 21‘31‘ . 1
34521 o A oawETa 4+2 Py A
2L i s
3521 | o i R o 2D

5421 e .
5 x3 3754 9 - x A
5321 agrie, +otadade, . e Al#Al
5432137193% 4 20304 1 =1 o
w%xgw?’% . Ao
i Lo |4
2 Ay
1 Ny,
AuftA
1 Ay 1
1 Ao
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Appendix B: Schubert polynomials and principle specializations for the
symmetric group on six elements

Table 2: Schubert polynomials for the symmetric group Sg

w | Sy(x)
123456 | 1
213456 |y
132456 | 2y +20
312456 | 22
231456 | xy20
321456 | 22z,
124356 X1+ To + T3
214356 | 22 + vyxo + 20203 |
142356 | 23 + 220 +23
412356 | 3
241356 | xixy + w22
421356 | 232y
134256 | x129 + 2123 + X223
314256 | xiwy + 2225
143256 | x3xq + 2102 + 2wy + 920003 + W23 |
413256 | 23zy + 282 |
341256 | 2222
431256 | 32
234156 T1T2T3
324156 | z?xexs
243156 | xixox3 + 192325 |
423156 | 23woxs
342156 | z2xdxs
432156 | rirsTs

&
S
—~
=
\;—‘
N
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w | &y(x) | Su(1,...,1)
123546 | 1 + 22+ 23+ 24 4
213546 'x1+a:1x2+x1x3+x1x4”m e
132546 'x1+2x1x2+x2+x1$3 +':172x3+a:1x4+m2x4 8
312546 | 23 + 22wy + 22w3 + 2214 4
231546 7$1$2+$1$2+I1$2$3+$’1Q32$4 4
321546 7$1I2+$1$2+x11’2$3+l’1$2$4 4
125346 x1+x1x2+x2—|—x1x3—l—x2x3+x3 6
215346 'x1+x x2+x1x2+x $3+x1x2x3+x1x3 6
152346 'x1+:c1x2+:c1x2—|—x2 4
512346 | zt 1
251346 'x1x2+a:1x2—|—$1x§ 3
521346 'xlxg e
135246 xlxg + x1x2 + xlxg + 2x1x2x3 + x2x3 + x1x3 + x2x§ 8
315246 | 28wy + w323 + 2313 + 22 a:2x3—|—x1x3 | 5
153246 ':171932—|—:E1932+x1x2+.r1:v3+x1x2x3+x1x2x3+x2x3" T
513246 | xixy + xias 2
351246 | {23 +2fxy 2
531246 ':c;*xg e e
235146 x1x2$3+x1x2x3+x1x2x3 3
325146 'x3:c2x3+xx2x3+x x2x3”” 3
253146 71’?1’2%3—}-(131[)325(734—‘@117%1‘37”7 -
523146 | ziaoxs e
352146 | wiadzs + wlades N
532146 | a4ales N
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w | &y(x) | Su(1,...,1)
124536 | x1x9 + 123 + Tox3 + T1X4 + Toxy + X374 6
214536 V.TICL’Q+ZL’11’3+ZL’1I2$3+l’1x4+l’1$2$4+$1$31}4 . 6
142536 'xlxg+x1x2+x1x3+$1x2x3+x2x3+x x4+x1m2x4+x2x4 8
412536 | zixs + wis + 232y 3
241536 ':1:1:62+:1:1x2x3—|—:c1x2x3—|—x x2x4—|—x1x2x4' | 5
421536 'x1x2—|—x1x2x3+xlxgx4 3
195436 xlxg + xle + 22 1T3 4+ 2x170903 + x2x3 + x1x3 + x2x§ + 14
- 7:1:1:154—%:51:1:2:1:4+x2x4+x1x3x4~l—az2x3x4+x3x4
915436 1’11'2 +$1x2+x1:ﬂ3+2x1x2$3+x1x2$3+x1x3+x1$2x3+ 14
- 7x1x4+w1x2334+x13:2:c4+:c x3x4+x1x2x3x4+x1x3x4 -
152436 1’11132 + mlxz + 173 ~|— 373 ~|— 22r9xs + 10303 + Tiws + 11

x1x4 + x1x2$4 + x1x2x4 + x2x4
512436 'xlxg—l—xlxg%—xl:m 3
2'5'14'36 il:cg—|—:L“1:c2+x1x2x3+x1x2x3+:c1:c2:v3—|—:c1x2x4—|—x :c2x4+ ' 8
1924
521436 '¢1'¢é+¢1¢2¢3'+”m2x4'””' e -
145236 x1x2+x1x2x3+x1x2x3+x ng—f—xlxgxg—l—xzx% 6
415236 'x1x2+x1x2x3+x1m3 3
1'542'36 'xlel—xl:cz—l—:zc x2x3+x1x2:c3+x1x2x3+$1x3+x1x2x3+ ' 9
12303 + 2]
514236 | zi23 + aiwexs + 222 | 3
451236 | xd23 |1
541236 ';rfa'c;" e
245136 x1x2$3+x1x2x3+$1x2x3 3
425136 'xi”wag—i—xlazgx;s 2
254136 | aia3ws + viwdes + wiwawd + afadad + viadal 5
524136 'x‘ll:v2m3—|—x1xga:3 2
452136 | wisxs e
542136 | xfwdxs 1
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w | &y(x) | Su(1,...,1)
1734526 T1T2%3 + T1X2Ty + T1T3T4 + T2X3Ty 4
314526 | Bwpws + ety + 2wazs 3
143526 xéxzwg+x1x§:€3+x§xzx4+x1x§x4+ﬁxsw4+x1x2x3i4+ ' 7 -

ToT3T4
413526 | wizoxs + 2iwomy + w92y 3
341526 | vizixs + 22222y 2
431526 | wiates + adade, 2
135426 TiTox3 + xlxgxg + xlxgxg + 17%1'21'4 + xlx%m + ZE%CL’?,ZLZ; + 11
| 20Ty + T3TT + DT5T + 02Ty
315496 x%xgxg + afx%x;; + xfmgxg + x§x2x4 -+ x%x%u + x:fxgm —|— ' N
T1T2X3T4 T1T3T4
153496 T\ Tox3 + I%[E%l’g + xlmgxg + x‘i’xgm + m%x%m + xlrgx@' + 10
U | adwswy + wTwowsny + 21250374 + 23731y
513426 | zizoxs + viavoxy + 2tege, 3
851426 | afwdey + wiwgey + afafes + afwdes 4
531426 | xirsxs + xirin, S 2
2.2 2, .2 2.2, .22 2 2
145326 x%x%xg—l—xlxgx:;;l—xlxﬂg—lex2x4+x1x2x3x4+x1x2x3x4+ 9
| TLTET4 + T1ToT3Ty + ToT3Ty
415326 7 x%x%xg + rx‘{f:);gxg + xi’x%m + I’?IQ[E3I4+ x‘i’x%m """ 5
w3xdrs + 22wdns + 23wox? + 222222 + wyadad + wlvdv, + o
154326 | 2323wy + Tiwomsry + vivisry + TTIT3Ty + X3TIT4 + 14
| TmarEma o+ @saies + Thrs
514326 | atales + xleoxd + aladey + tlwgrswy + 2lade, 5
451326 | o3xdws + 23wl S S 2
541326 | vixdas + atade, S S 2
345126 | zizsxs 1
85126 | alekel .
26 | pheket 4 oteled >
534126 x%x%x% S S S 1
453126 | o3x3s2 S S S 1
543196 | wlade? .
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w

| Su(2)

@
g
=

—_
~—

234516
324516
243516
423516

342516 |
432516

21T T374
3
L1L2T3L4

ZE?I%ZE3I4

T1X2X3T4
- S (R
T{T2X3T4 + T1T503T4

e B

235416
325416
253416
523416
352416

2 2 2
T{TT3T4 + T1T5T3T4 + T1T2T3T4

I%nggxgl

532416 | x{x3

rirsrsry

TYTTy + TIT5T3Ty + AT
TT3Ty + TTRT3Ty + Ty

TIr3TsTy + TT5T32y

245316

425316 |

254316

524316 |

452316

542316 |

2,.2 2

3,.2 3.2
T1T5T3L4 + TIT2T5T4

R T R i

A2 A
T1THT3T4 + T{T2T3Ty

R T R b R

I‘ZIIL’L'%I?,I'Z;

T2 )
TIToT3Ty + T1TaT3T4 + D12523%4
TIT5T3Ty + TIXST3T4 + T3Wox3Ty + XITITET, + Ty TR TITy

L3TolXy

345216

15216 |
354216

534216
453216

543216 |

2,.2,.2

3.,.2,.2

3,..2 3,..2
4,22
LT3l

3,..3,.2

4,..3,.2

20

TITRTITA
TITRXZTs + XYToT3T4

D S R I

P ERIERIN R R R RN OUN W EIN =W W W N =
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w | Su(x) | Su(1,...,1)
123465 | 21 + Ty + X3+ 24 + 5 5
213465 | 22 + 2120 + 113 + 1924 2005 | 5
7 132465 .171+2ZE1$2+$27+ZVL'717I737—7|—7¢72;’L;37+ZL‘11‘4+I’2$4+ZE1I’5+£L’2I5 7777777 10 o
1312465 x1 +afzy + ates + iy +afes 5
7 231465 wll’g + 1’11’2 + .T1562I3+ $1$2$4 + $1$2135 7777777 5 77777
1321465 | 1]1.1'2 + 22zd + ;fl@scg; r2roxy + 22 i S 5
124365 T3+ 20119 + T3 + 27173 + 2T9T3 + X3 + 1174 + ToTy + 15
T3Ty + T1T5 + T2l 7—17-7233{1?5 77777777777777777
914365 ':1:1 + 2:v1$2 + 951552 + 2:1:11'3 + 22 w913 + :L'1$3 + 3:1554 + 15
$11’2$4 + T12374 + 37371796’757 + $1$2$5 + T113T5 I
142365 ' :Bl + 2x1x2 + Q:tij:é'—i— $2 + $1:U3 + :vla;g:xg + SB2933 + x1x4 + 15
x1x2x4 + x2x4 + .771.1'5 + T1ZT2x5 + x2x5
419365 | ot 4 oty + adns + o + e | 5
:1:'1962—1—2:1:1902—i—xla:Q—i—xlxga:g+x1x2x3+x1x2x4+x1x2x4+
241365 I%@% + x1x§x5 10
421365 | a? 1T2 + :17 + x 'x'gj:g# 3 j}jm + 23 LU2£C5 """" 5
134965 xlxg + x1x2 + .Tll’g + 3x1x223 + x2x3 + mw% + x2x§ + 15
7$1$2$4 + !E1$3$4 7+77I2{1773xr4 jﬁ?ﬁxﬂs + $1$3!E5 + $2$3$5 7777777777777
r3x0+ x1x2 + 2323+ 202 913 + 1323 4 wixomy + 22 T34 +
314265 x%xgxg) 4 x1x3x5 10
' xlxg + 222152 —|—x1x2—|— x1x3 + 3221913 + 3x1x2x3 + T35+
143965 $1$3 + x1x2x3 + x2x3 + x1x2x4 + x1w2x4 + x1x3x4 + o5
x1x2x3x4+$2x3x4+x1:vga:5+931:z:23:5~|—x1x33:5+3:1x2x3x5+
513'2.%'3.1'5
413265 iéiz +x1x2 +.:1:13:3 + 2x1x2w3 + x1x3 + x1$2x4 —|— x1w3x4 —|— 10
2T5 + x3 10375
1341265 ':clrzzz + x1x2 + 22xkzs + 2adx, + 12 :U2x5 """" 5
431265 | 2tal + 23 +:¢"'¢3+’¢"”x4+x cdes | 5
234165 I’%IL‘Q(L’?) + x1x2x3 + x1x2x3 + 129374 + x1x2x3x5 5
1324165 ':lezxg + :)51382565 '+77$'1£t27355 +Vi’1$21'3334 + TIToT3T5 . 5
'2743'165' 71'?.1’2.1'34‘233 xﬁé%ﬁbixéicg'—l'—d}l'a:gx;;+x1x2x3+xlx2x3x4+ 10
x1x2x3x4 + x1x2x3x5 + x1x2x3x5
423165 | wlxows + mle:té, + 23072 + Bwowazy + TT0W3Ts | 5
1342165 | w3adws + plxdas + 22wdnd 4+ vladvswy + x1x§x3x5 R 5
432165 | wiadrs + wirdas +x3x§x§ + olrdarswy + w0drsxs 0 | 5



w | &y(x) | Su(1,...,1)
123645 7:cl—|—:c1:z:2—|—:L'2+:c1x3—|—x2x3+x3+x1x4+x2x4+x3x4+x4 10
913645 xl—i-xlxg—i-lexQ +x1x3+x1x2x3+x1x3+x Ty+T120904 + 10

R S

[E?—f—?l’%l‘g + 22123 4 13 + 2313 + 221 o3 + T3T3 + 1173 + -
132645 x2z3 + x%m + 221704 + x%m + 12324 + Tox3T4 + xlmi + 20
,,,,,5”2934
312645 il;i4x_i—fg;a‘;lx2+xlx3—l—x x2x3+x1x3—l—m x4+x1x2x4+ 10
T 1
- 2 4 o
391645 a:lx2+xla:2+x1x2+x1x2x3+x1$2x3+x1x2x3+w1x2$4+ 10

Ti3xy + 2309T374 + TITLT
126345 :1:1+x1x2+x1$§+x§+z%x3+$1x2$3+x§x3+x1x§+
- 7x2x3+x3 10

:171+:E1:v2+:v1932+931x2+$1x3+x1x2x3+:E1x2x3+931x3+' R
216345 rxlxgxg—kxla:% 10
162345 | 2} + 2y + 2323 4+ 1125 + 2 5
612345 | o 1
261345 | ximy + xia] + aiad 4+ xy23 R
621345 l’?l‘g 1
136045 T3To + TIT5 + 1175 + X33 + 2050013 + 2010573 + Taw3 + 15
o rxlscS+2x1x2x3+x2x3+x1x3+x2x§
316245 ilizx—i— 1152;; rirs + xivs + virers + .1'1]}2$3 + x1x3 + 9
e e
163945 xlxg —|—x1x2 + 22 :L‘2 +x1x2 + xg, +x1x2x3 + 22 3:2303 + 9
- 7$1x2$3+$2$37” S
6132745”371@—1—3711'3 2
361245 7x1x2+x1x2+x1x§‘7 - 3
631245 | x93 e
236145 7.T?Z’2$3+Z'1$2333+$1ZL‘2$3+$1$2$3+$1$2x3+$1$2$§ |6
326145 | aiwows 4+ afairs + viwiws + aireas + atwsal + afwexy | 6
263145 | xiwows + wiases + aiwdes + apxprs | 4
623145 | afryr, L
360005 | aladey 4 ey ke, |3
632145 | xix3xs e
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w

| Su(2)

| Su(1,...

1)

124635

214635

142635

412635

241635

421635

2Ty + 1175 + X373 + 2210073 + TIT3 + T1X35 + ToTs +
T34+ 201 Lol g+ T304+ 201 0304 + 2000374+ TIT 4+ T T3+

x‘;’m—f—2x1x2x4+x1x2x4+2x1x3x4—|—2x112x3x4+x1x3x4+
z%x4 + 12575 + x1$3x4

xlxg +:B1x2553 + x2zr3 + azlzx4 + 2:r1x2$4 + 2:le2x4 + x2zv4 +
x1x3334 + x1$2x3x4 + :U2x3x4 + 22 x4 + x1x2x4 + ngﬁ

B T
x1x2x3 + 23 x2x4 + 222 x2:r;4 + $1x2x4 + x1x2x3x4 +
x1x2x3x4 + a3 x2x4 + x1x2:c4

B3rox31y + T3T023

w3y + 2323+ 1323+ 2020013 + 112573 + 2202 + 117072 +

1'11'2 + 22322 + m1x2 + a:lxg + 2223973 + 23, 7273 + x2x3 +

TiTe + SL‘1£L‘2 + rirs + 230w3 + rird + wiay + 23xomy +

x1x2 + a:lQO —|— xlxgxg + 2:51332333 + :1:13:2;103 —|— xlmgxg +

x1x2+x1x2+x1x2x3+x1x2x3 +x1x2x3+x1x2x4 +a3 Sr3T4+

20

20

25

16

126435

216435

162435
612435
261435
621435

xi{’:cg +zixs + 175 —|— a:':{’:cg + foxgxg + Qxlschg - .T%.fl'g -
xlxg + 2x1x2x3 + x2x3 + x1x3 + x2x3 + x1x4 + 22 x2x4 +
x1x2x4 + a:2x4 + x1x3x4 + T1X9T3T4 + x2x3x4 + x1x3x4 +
, ?2?53@4 + 953,9?4 ,,,,,,,,,,,,,,,,,,,,,
:Elxg—1—2x1x21:3+x1x2$3+x1x3+x1$2x3~|—x1x4+:£1x2$4+
xlx2x4+x1x2x4+x1x3x4+x1x2x3x4+$1x2.fc3:v4—|—xla:3x4—|—
x1x2x§x4 + x1x§x4

rixs + leQ + a:lmQ + xlxgxg + a3 x2x3 + xlexg + x1x2x3 +
x‘llargm —|— x1x2x4 —|— x x2x4 + xlx%m

a3 + 2iwows + x1x2x4

23

iz adad + el +aleg 4+ 208 ryws 4 222 x2x3 + 232+

xlxg + wle + 7 + x1x2 + 1 33'3 + 3 xng + a:lx2x3 +
x1x2x3 + :1:2563 + x1x4 + a3 1T2Ty + x1x2x4 + x1x2x4 + x2x4

25

25

14

11




w \Gw(x)
e mwre | Su(l,...,1)
146235 21 2 21T $2x3+21’1x25’73+3€1$25€3+$ 1r3+2a s+
416235 | x1x2x3+x2x3+$ +$1x21’3+f€%x§ 15
£L0299 7£U1$L’2+ZL’1$2+I1$2$3+x1x2x3—|—x x3+5’51$2£€3+x1x§' SRR
164235 vird+aded+atad+ ot + dndas + iy oty + |
g 71‘11'3+l‘1$2$3+l’%$%$§+x11}21‘3+x2x§ 12
,,2,35,,x1952+$11’2$3+x1x3
161235 | 2t} + rirt B -
641235 | ziz} PP
23020 + 223 3.2 72
246135 xiﬂéw% T3 T3 + TVTox3 + 2070575 + T 2505 + 11 T205 + <
c1ar | 4
42,617357 7$i$2x3+l’1l‘2I3+1‘ I2$3+‘T1x2$3+1’1$21’§ . 5
264135 riviws + x3riws + x3rhws + vivew 32,2 3 R
o 7:r1x§$3, i o 3+x1x2x3+x$2x3+ 7
62413 as+ j B IEEEEEEEE RS
642135 x?x§x3 AL AR EETETT R P EPRPEREERERES RREY ?
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w ‘ Su(x) G
2
TiTox3 + 2rs + + + +x + ‘
134625 120223 T L1T5X3 iCll'zx% :c%x2;c4 T125 ] el
3x1x2x3x4—|—x%x3x4+x1x2x + 2 —I—l o + 1x3x4+
R Do 3T4+ToT50y Ill’gxi I1Z‘3$Z 15
TR ,
T3oxs + 220205 + 2200x2 + T3xomy + + 7374 +
314695 122x3 T1T5T3 %IQZ‘% B3Tomy + 220204 + 231374 - '
o 2a71x2x3x4—|—x2x2 + 2?2 21—1—2 o F
| 2zqa T3Tq + TT304 + TIT2T 22372
x1x2x3+2x2 2 e T+ * 2 e B
g 175 3+x1x2x3+x1x2x§+x1x2x2+ 3roxy +
143695 T1T5T4 + :le%u + ZL‘?.I’3£L‘4 + 322 +2 A +
l’g$3$4—|—$%$§7}4+l’1$21‘2$ +a22 %x2x+3x31: jﬁ??i‘l +
a3l 3T4+X50304+ X 2 22 26
o TIT3TE + T 2422 s
R '411' 34 T ;@5-’?3{”4 , 5?25”3333 o
413625 132 3 1723 ? 2 g ”4727 + @iTy + T)was - |
i Pt s~ 1T2%y + T]T524 + X{X3T
B 7773’1’2’2737 4+x1x3x4+x?x2x2+x3x 2 e 1
X T T1reta e 4 T XT3Ty
341625 1332$3 .17121?2.233 $2$2$2 :1?3 2 : 727 3 4 JJ; 2002 - V
A2 8,8, .3,.2, '
431625 x1x2$3+$1w3$ +a3riad+ ateie, +adria, + +
5T3 +X[T505+ X x2 B3+ ad sy - '
xil’%%xi 3 1T5T4 +T7T5T4 a::fx%xgm
| 7
T3x0xs + 220235 + + + + +
» 3 13252553 T1X5T3 x%xgwg rx2at o 3
136425 12224 L1ToT4 1T 3 ) 7 s
:L‘Qxl ! + ; + 5T4 + T{T3T4 + 207T2T3%4 +
T34 To3Xy I%I2Z‘4 2 2 1 2 9
| xlxgx4 x:—xgm + 304 + 201200574 + x2x§x4 + 21
S o ,
2iroms + 23020, + a0y + r3rex2 + + s+
1 2 3 (L’l xr 3 3 VVVVVV : V
5T3 Tox 2 2 220013 -
! 1T5%3 + TT2T 202 '
316425 x1x2x4—|—x3x2x +aladr,+at 1 2—1—3 xl%xi x%mz 3—|—
142 1TS54+ TITHT4+T]T3T x3x 222 ;
e L34} ot 1 T34 +TTT5T3Ty 1
7 ZE ' ZL‘ :L‘ i l‘ ;:EQQ:L‘ 3.:64 11711'31'4 5
TiTox3 + + 220305 + xyaies + T4+ +
1T2X3 + T]T5T 31s 4 rades + 2ty  +
5T3 +x{T5T3 + T 4 4 302, - '
163425 x%x%u + :Ula:%:m +la:i:1:3 —{—1%?3 a:xx1$2+4$ xxim%:z:m%—
1T3%4 7T 232
613425 '%,"’,”237355’4"‘374211’3954 e e K
5 2500w 4+ 2P doms + Tovaza
361425 ‘113 3—1—' ';2'4'—1—' ? i 4—i— s R
yuepm ,??;),5?3373 : ;L'lzvg:cg :C%:b%gtgr ' 75713'411;%21'47 - Sadny 4+ aladiny :
17573 T{THT3 + 2 5 T 6
T1T5T3 + xlxgm S ;
2

95




w | &y(x) | Su(1,...,1)
TITIT3 + XT3 + T ToTE + 205153 + T LTS + TIwexs +
146395 xlxéxg + xi’xg%x; + 2ixdxy + 23:0m3wy + 203037374 + 93
T1T5T3%4 + TIT3T4 + 2x%x2x§x4 + 2x1x%x§x4 + x%x%m +
x%x%m + x1x2x§x4 + x%x%m
aiades + 23wdes + atroxd + 2wdnd + wivead + aladg +
416325 | x3xiry + iwexsTy + X337374 + i34 + BIW223T4 + 12
r3riT,
atrdny + atadny + 2vdny + aiwond + aiadad + adadal +
164395 xéx%lx%—x‘l‘x%mj—x?x%m—inx%m+§%w2§*3$4+x§’x2§a:23x4+ 19
TITHT3T4 + T1T5T3T4 + T]T3T4 + T{ToT3T4 + XTX5X304 +
T35, + T3TiT,
614325 | abxies + 1iw0w? + piaday + 23wowszy + 230204 5
461325 | zixdes + aiwdes + vivde, + 2lade, . 4
641325 | 2frdes + jadey N 2
346125 | ziwias; + wivses + wivsey 3
436125 | wtade? + wiwded + afades 3
364125 | zixde? + aiwda? + 220822 3
634125 | xbx2s2 S 1
463125 | aiada? 4 adad2 2
643125 | 282322 1

26




w | &y(x) | Su(1,...,1)
2
234615 | 2Twox324 + L1257 3Ly + T1T9T3Ly + T ToT3T) 4
TN SRR SULRIN SRR SO )
32615 | 27525y T+ T1THT5T4 F LTTHT5T4 + T1L2T5T4 4
2.2 I SRR S0 SV
243615 x1x2$3x4+2x1x2x3x4—I—x1x2x3x4+m1x2x3x4+x1m%x§x4—|— N
2 2 2. .2
| TiTe®3Ty + T1T5T3Ty o o
423615 | zyxox3rs + TIT3T3Ty + T3 TTETy + T TT3 TS 4
JURNRN - SUNRET Ay S SUERTRN St S S
342615 | wywowswy + T1TpT3Ty + TITXZT, + T1TRV3TE 4.
432615 | wirirswy + vivswsny + ivivdiv, + vivdvsad 4
3 2.2 3 2. 2 2.2
9236415 T{T2T3T4+T{TH03T4 + T1X503T4 + T{ToX3T4 + T1T505T4 + 6
| mraThT
FRE: 20, JSUNRN S SUNDIRNE: SN SURING, S S SO
396415 x%xgxgm—|—m1x2x3x4+x1x2x3x4—|—x1x2x3x4+x1x2x3x4+ 6
TILoXST
I Bt o e .
263415 | 21wow3s + T{TRTsTs + T{THTTs + T1THTTs 4
623415 | 23x92524 - 1
SOl Bt St et S T
362415 | wiwhwgrs + wiwhers + WiGTeTs 3
632415 | 22232524 1
1424344
D SV p: SV P, Do o o 2
246315 % 5 g 4 1T52X3T4+ X7 T2X304+ 2252304+ X1T505T4+ N
2
| TiTa¥3Ta + D1T5T3Tg
) RS S ) RTET: JUR: o
426315 | zix5w3ws + w333y + vivaniny + vixdvdy + pirandny 5
WU SNSRI SOr: SURNERNG S0 SOOI BN SURIRNT: SN0 SO SR '
964315 riadrsry +adadvsry +wivivswy +riwenin, +advivie, + -
2,.3,.2 4,2
| TiToT3T4 + L1 TpTTs
624315 | 2dxirsxy + 2dw0220y 2
462315 | rizdwsry + 2ivdrsey, 2
642315 | 2iz3r374 1
3,22 2,32 2,23
346215 | wyx5x50s + TIXHT5T + TITHTET 3
422 JOT: S S T S0 SOt S
436215 | 71757374 + TITHT3T4 + T{T3T3T4 3
4,22 3,32 2iAL 2 o
364215 | xywow5wy + P\THXETy + XITRTZTL 3
634215 | wiwswrses 1
463215 | 21050500 + 10T, ;
643215 | xixixiz, 1

o7




w | &y(x) | Su(1,...,1)
123564 T1X9 + X103+ ToX3 + 1Ty + ToXy + T3T4 + T1T5 + ToZs + 10
$31}5 + LL’4£L’5
9213564 x? 1T2 + 22 123+ xlxgxg + 22 1T4+ x1x2x4 + x1x3x4 + 22 1Ts + 10
x1x2x5 —l— x1x3x5 —l— T1T4T5
Ill’g + xle + 22 173+ 201 ToTs + x2x3 + 22 1T4 + 20 Toxy +
132564 $2$4+$1ZL’31}4+I2$31}4+Z‘1ZL’5+2(L’1[L’2I5+(L’2[L’5+ZL’1(L’3{E5+ 20
Ty + TATATE T TaTATS g
312564 x%xg + xlxg + xlxgxg + x1x4 + z? x2x4 + 22 x3x4 + xlx;) + 10
TiTats T 901??39?5 +a s
931564 x%xQ + xlxgxg, + x1x2x3 + 22 x2x4 + x1x2x4 —|— x1x2x3x4 + 10
LT - DTGTs + TTgls £ IadaTals
391564 xé% + xlargxg, + x1x2x3 + a3 x2m4 + x1x2x4 + x1x2x3x4 + 10
T1T2%5 + x1x2:175 + m1x2x3x5 + x1x2x4x5
x%xg + mlxg + .T%Ig + 2212973 + x§x3 + xw% + x2x§ +
125364 ZL’%ZL‘4 + 1’11'21'4 + l’%{E4 +x1T3704 + ZE2$3[B4 + ZL‘§$4 + $%ZL‘5 + 20
xlxga:g, + x23:5 + T1T3T5 + T35 + 3:3955
1’11'2 + $1:v2 + 1711'3 + 2361:7621:3 + x1x2x3 + x1z3 —I— xla:g:vg +
215364 x1x4 + w1x2$4 + x1x2x4 +z? x3x4 4+ T1Xox3T4 + $1x3x4 + 20
I1$C5 + x1x2x5 + x1x2x5 + 72 1035 + T1T2T3T5 + :1:1:539(:5
152364 xlxg+x1x2+x1x2+x1x3+x1x2$3+x1x2x3+x2x3+x :U4—|— 15
x? 10224 + :1:1:521:4 + a:2x4 + 23 1T5 + :(: 10275 + x1x2x5 + x2x5
512364 | 'x'l':cz' + xlxg' +ateg+afes ' 4
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153264
513261
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xfxgm+x1x2x4+x1x3x4+2x1x2x3x4+x2x3x4+x1x3x4+
x2x§x4+x%x2x5+x1x%x5—|—x%x3x5+2x1x2x3x5—|—x§x3x5+
xlxgxg, + x2x3a:5

r2rir,+ x1x3x4 + $1$21‘3$4 + 223+ T Tows + 1iwins +
:1:51”:1533:5 + :1:1.:1:23:3.7:5 + riases

Tioxd + madas + x3x3 + piwowy + P33Ty + TX3T, +
a:if:cgm+x%x2x3x4+x1x2x3x4—|—x§:c3x4+x§x2x5+x%x§x5+
x1x2x5 + x1x3x5 —i— ac x2x3x5 + x1x§x3x5 + x2x3x5
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2
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ERTETs FOYITsTs
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xlxg + 2x1x2x3 + x2x3 + x1x3 + x2x3 + x1x4 + 22 x2x4 +
x1x2x4 + a:2x4 + x1x3x4 + T1X9T3T4 + x2x3x4 + x1x3x4 +
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z1x2x3 + 3:2x3 +x1x4 + 1‘11521'4 +$1x2x4 + $1x2x4 + x2x4 +
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2,.2 3 2 2 2,.2
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T3S+ T+ 13 T3+ 20T w53+ T T3+ T+ 20 T+
2r w3+ adri 4+t + vy woxd + a3l v adwony + i, +
112304 + Tw3wy + 20 woxsy + 201230374 + T3374 +
x%x%m + 2x1x2m§x4 + x%w%m -+ xlxgm + .ZEQZE§I4 + xi’xi +
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TIT5T4 + TITHT4 + T]T3%4 + 207T2x3T4 + 207050374 +
123737y + 23037y + 203003 wy + wi2d0ing + P33T, +

3 4,.2 3 2 2.2 ,.2 302 3 2
T1X223T4 + 7Ty + T{X2T5 + TIT52; + X1 2525 + T{T3T) +
2 2 2 2 2.2,.2 2.2 2
TIToT3T3 + 11 T3w372 + TITETT + vy TR IX? + Ty TS

riad + iwend 4+ 23adai + madad + vyxd 4+ xivexy +

T3T3T 4+ T30+ 0 g+ 2 w3 Ty T w3 Ty T T AT T+

2,.3,.2 4.2 | 4,2 3.3 2.4 4
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256134 | xixsws + xixsas + xirsri + vivers + vivivs + riwiwd 6
0138 | airbrs otabed + ol
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TIT2X3T4+ X1 X304+ LT3 4+ T]T2T i+ XXX+ 10505+
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4.2 4 2 3 2 272, .2 3 e 2
T1T5%; + T{X3T] + X{TaX3x; + TIT3T3%; + T1X503T; +
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riedrir,rs + viririvgws + variv,Ts
R DO P VDR S ST S SO R JUSN DU S SV '
614352 TITZT3T4 + X XX304 + X]T5T3T5 + T ToX5T5 + T THT4X5 + 7
T]ToX3X4T5 + x‘r{:z:3x4x5
T (077 % .7 PRy R UY S FUS PR I Sy ot e T
3,4
N 2 o o
641352 | zfairszy + airirsas + virsaw 3
32,2 2,32 2,.2,.3 3,22 2,32
346152 TITHT304 + T{THT3T4 + TIL503T4 + TIT5X3T5 + T THX3T5 + 6
22,3
| Tatatsds L o o ,
42,2 3,32 32,3 4,22 3732
436152 TITHT304 + TITH03T4 + TIT5X3T4 + T]T5X3T5 + T7THX5T5 + 6
3,23
N R S S . e o ,
42,2 3,32 24,2 4,22 3732
364152 TITHT3L4 + TITHX3T4 + TILoX3T4 + T]T5X3T5 + X7 THX3T5 + 6
2.4 .2
| Pttt o
634152 | alxsziny + rixsries 2
463152 | ziririz, + aixviadn, + viviries + vivixixs 4
643152 | aSxsrizy + xiwiries 2
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w

| Su(2)

| Su(1,...

1)

135642

315642

153642

513642

351642

531642

3:2:631:3:64 +2iworiry+ :cla:%x%m + 2{ o] + 12513 +
T1Tox3xs + Al adwsws + x1x2x3x5 + x1x§x3x5 +22x3r,7s+
2x1x2x3x4x5 + 2x1x2x3x4x5 + x1x3x4x5 + 2x1x2x3x4x5 +
x%x§x4x5 + l’%ZEQIZIB + xlxgxixg, + m2x3x3x5 +

2x1$2x3x4x5 + .2:2;1:3934:65 + 9313:3334935 + x2x3x4x5

:E:{’xngm + x1x2x3x4 + x1x2x3x4 + x1x2x3x4 + x1x2x3x4 +
P2xorind + i ndnsrs + xdrerins + wivsries +iriv s+

2:6?:1:2:103:&41'5 + :c%:c%xguxg, + 'T%LC%QMZ'{, + :c%xga:g:cwg) +
3 2,.2 2,.2.2
r3roxirs+ x2x4x5 +x1x3x4x5 +x1x2x3I4x5+x1x3x4x5

230drsr, +a2udvswy + wivonde, +aludndey i wdvie, +
D30w303 + 2303x303 + 123w + 23030375 + 1iwd w375+
x‘;’xgxgarg, + m%x%x%.% + x1x§x§x5 + x?x%m% + x%x%m% +
2039345 + 2030331475 + 201 T3 T3T 4T + T35 T 45 +

Pireriryrs + mririvgms + wivivams + iwaxivs +

pivdnivs + masrivs + 2drsadrs + lmexsrivs +

x1x§x3x4x5 + $2$3x2x5

sy +ateonin, + x1x2x3x4 + x1x2x3x5 + i x2x3x5 +

x‘{‘x%m%+2x1x2x3x4x5+m1x3x4x5+x1x2x4x5+x1x3xix5
JSE I S 3,22, 3,2, 3,2 .2
a:lsc2:1:3:c4 + x1x2x3x4 + x1x2x3x4 + @ x2x3x4 +

2,.3 3,.2..2 3,.2 3
rixdryri+ o x2x3x5+x1x2m3x5 —i—x 2rsrivs+adrdr s+

3,.2 2 2,.3,.2
TATHTRTATs ,+,$1$2$3x4335f %x 9”4"”5 STty

4,3 2 2
rixdrsr, + ] x2x3x4+x1x2x3x4+x rirsrs+af x2x3x5+

4.3 2.2
T{T504T5 + x1x2x3x4:p5 + x1x2x4x5
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w

| Su(1,...

1)

| Su(2)

136542

316542

163542

613542
361542

631542

3.2 2.3 3 2 3.2
TIT5T3L4+TITHT3T4+T]ToT5L4+20]T5T5L4+T1T5T5T 4+

2, 23 2,.3 3 2.4 2,2 .2 3 2
TIXXRTy + X1 XZTZT 4+ T]T2X3X ] + TTXHX3TY + X1 X503 +

2, 2,2 22,2 3.2 1 3,2 2,.3
T{T2T3T4 +T1T503T4 + T1XoX3T ) + TIT5X3T5 + T THT3T5 +

3 2 2,.2,.2 3.2 2. 3
TIT2T5T5 + 2X{T5X3T5 + T1THT3T5 + TIT2T5T5  +

nrsTirs + rirvirars + riadvaws + 223womsrams +
303330405 + 201 T3T3T4T5 + B3T3 T4Ts + BrT xS +

3ririndraws + windivgws + pirdviws + 20 w0wiTiTs +

2.3 3 2 2,.2.2 3,2 3, 2
THL3L4Ls + LI XL L5+ XXX T + X1 X505 05 + T]X3T5X5 +

203 romsrins + 2w xixsrins + rivsrivs + wixvivivs +
201 ZT3GT5 + THTZTLTs + QLT + TyOTs |
x%x§x3x4+x?x§x3x4+x%x2x§m4+2x?x2x§x4+x§x%x§x4+
w3rordng+ 2220203 xy + atrwowsa? + adrdesa? 4+ ladvsad 4
w3xoxir? + 2 a2x20? + o adan? + wiwdvs s + adrdrsws +
rirardrs+20inieies +altedndivs+ ol naadvs+aladadns +

rixdzyzs + p3xdzyzs + 20lwansyns + 20303037475 +

x%x§$3x4x5 + x%m§x4x5 + 2xi’xgx§x4m5 + m%x%x%:al% +
TITITATs + TITwIT4Ts + wimexims + airizixs +

2.3 .2 4 2 3 2 2.2, 2
TITHXITs + XT{X3X3T5 + T{T2X3TIT5 + T{T53X3X5T5 +

3,.2,.2 20 2,2 2
TIXZTLT5 + TT2T5TGTs + TITZTLT5

virdrie, + o vindeg+ alversed + a3 edvsad + wledrsad +
1105733+ w3 ws s + w3 wdvsws + vivywaws + 1] wewins +
x‘i’x%x%xg, + x%m%x%a% + xlxéxgm + x‘llx%m% + x?x§x4x5 +
Y204 1475 + 201003475 + 203030304705 + 20303130475 +
20104345 + T]TAT4T5 + T3TwETHTs + XITIXETHT5 +

Tiwsriraxs + asrivaws + afrerivs + atadzivs +
riedxivs + masrivs + wlrsaivs + xirexsrivs +
$%$%$3IZZE5 + $1$%$3$il’5 + x%x3xix5

33T+ 2 wimy + 1w wsa + 2l wdrsws + i waades +

2 2 2 2
x?x2x4:175+2x§’x2x3x4x5+m?x3x4x5+x§’x2x4x5+x§’$3x4x5

O T S T U D JSSTIpOn: J. S PR J D '
x1x2x3x4+x1x2x3x4+x1x2x3x4+xix2x3x4+x1xix3x4+
4.2 2 4 23,3 2 4 2.4, 02 3 3

T1X503T] +T{T503T] +X{Tox3T] +X{T5X3T5 + X7 ToT3xs +

riedvdes+adadades +iviades + vivivys + dvivaws +

TIT3T3T4T5 + TIXIT3TATs + TTT5T3T475 + xiITITS +

3,.3,.2 2,.4,.2
TITTYT5 + TITHT4T5

e LB2.2 52 2 503 L5202 '
xéxga:gm+:L'1595223:3x4+x1x2§39§4;—x1x2x3x5—|—x1x2x3x5—|—
TITHX4Ls + TITZT3L4T5 + T304 T
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w
‘ 610(.2?)
3.3
x
1$§$3$4—|—x§)x2x2x n >
T 3 2:03-b4 3
1T5% ririas
15 SriTy+aiel 1L2T3T 3 ‘
6342 | 22223 1$2x3x5+x3 5 5 4+x1372:£3;1: T 22 6w<1 ..
125235 + 3 3 1$2x3$5+x2 3 % 4 $1x2x3x T ) .,1)
223 \dades 4+ 2 2rsrivs+ad 34
?1) 2$3x4x5+w3x : 5 x15(7§$4x 53 $1‘r2$§$5+
x}lx§$4x5+$2x1$§x3x4l‘5+x%x%w2; T 1711‘33;31-4335 +
T1THT 5 T1Tol5Tals + T 2?,34x5+351$32 22
516 3xaxy+riririv, 4+ 125237 21304 T
342 | 74 3 1T525%4 + A3 273 4335—|—aj3 3 5+
ix2$3x5 + 3:43:3 4 x1$2m§x4+$4x32$3w4x5
,$1$§$4:€5 1 LT 4T + x%x%xgwl 2$3$5+x411x%x§$+
R SRR 4T 4 5
f”lfl»’%azgx IR T 5 $1x2$2x
i 1+ a5 e 3T4%5 +
2hrors Srdrswy+aivdada, + 1
§x2x3$4+x3x2x3 virdelry+aiaedrieg 4 0
165342 $1x§x3x5+xix§ §x4+x%x3x§$4+xlmix§$4+x%x31’§$+
ﬁﬁ@%+ﬁﬁ%%+ﬁ@ﬁ%+ﬁ%%“+ﬁﬁm;+
ﬁx%%%%i Qf3g5+x1m%x§x5+ }l$§$3$5+$%x2x3x5
231202 TITX3T4T 2 LT3 T4 75+ 13T 35
TiTaT3Tals + 2. ottty + x1m4x24 5 L0504 + 52
2x 3Lals T LlyT3TaT Srirsrs + i
12$3x+52345+x T1T3T
615342 1+ ayrinie oL \edadrgns + rdal 3L4T5 +
561342 ?}ng,st 1ERTATs ¥ 33?1’%;533;413; 2xj$5j$?m%x§$5+
St €T x4x' P 5 o 2
561942 | sfetayas + felayes + ol tesidears +
o '7,1,23$5_|_ Aa 10
§I2x3x4+xi’x4x' . ,1,:13:21’4%5 """"
356 3312 23175—{—1‘5"4”" """""

142 | 73 §$3$4+x§’x§z3x 21x2$4$5 """"
536142 ,?1?1,5’?2333335 S o S
36142 | wfadadey 4+ aiagad, 13735 + 1137 3

S 74+x1x3x3$' e 1220325+
365142 raiein, + alriel 1+ wiadades + iadele 6
o ;I;‘llx3x2x 13 23735154—#1'4;521.3' ’5 T L LT3L5 I
635142 LEs '5+x1$4$2x r2 Seatadrdade, +a2a
£63149 'xll.?ngi—i-'aﬁ%%' 5+$1x%x§x5+1 o 33374—1-95%;3421&;3':6“4_, 4
o | g 2, 125 Rt r3rdad 34
- IEQ;‘? —,_2333'4 x532',,12xx 92

Fa | L Xt G J0 ST Y0 Srs+ 2y

653142 is’ri %x‘l,—i_,fllx%l‘%% - ajaiedes + afriirs 1727378 10
Srirle, t odriries T 37 '

51 (R 4
777777777 -
-
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w | &y(x) | Su(1,...,1)

P2a3757, + 2037373 + 23w a3 xs + 1y wiwiad + riviries +

145632 xix%mx%% + x%xga:%xg% + x;x%x%m% + x%xém%m + 14
T{ToX3THT5 + T1XH3X3T4T5 + TI{TZTLT5 + T1T2T3T4T5 +
r3r3riTs
wdadrivy, + wirdwsxl + wlweada?d + aSxlvins 4+

415632 | 3x3r3m4Ts + TiTTAT4Ts + TIXAXATS + TiwowsTins + 9
r3riries
wdrdvivy + adadadyy, + afndvaa? + pladraa? 4+
e T T 1 B R et 1 B e e A R R P e

154639 x?xém;m% + x%:g%azzgsgz;xg, + x%x%x%mxg) + g%x%x%a;;xg, + 93
T1THT3T4T5 + TIXT4T5 + TITHTLT5 + T{Tox3X4T5 +
J?%I%.ZU3I’?1ZE5 + :L‘lm%xgx?l% + x?m%xi% + {E%JZ2{E§$ZI5 +
TGHTITLTs + LTS o D |
x‘fm%x%m + x‘lla:%xg,a:Z + m‘lla:ﬂgmi + xi‘m%x%xg, +

514632 | wiadwszars + vizerizirs + vivirias + wirsxsaizs + 9
rixizies

151692 | Friosalabonsd ottt alabasrs toleetes | 5

541632 | zixsaiz,+airsrsad +atesrivs + ol edvsr vy +aiwicins 5
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w | &y(x) | Su(1,...,1)
w3yt e, Falvlada, +adrdesa? 4+ aladrsrd 4
pIworiri+20irini e+ vy airini+ alverin+ vy asaiei+
rirsrivs + xiririzs + ririxirs + rirdzamams +

146532 xix%xgmxg, + xi’xgx}?% + 2m%x§x§x§x5 + $1€§%$3§$24I5 + 37
T{T2T3L4X5 + T1X3T3T4X5 + TIX3T3T5 + TITHX,T5 +
T3Tow31aTs + 20303730305 + TSN + viriatns +
23 x9xiains + 2xmasaiaies + advivies + pixdxias +
xg@x%xi% + x%x%xi%

Pa2ele, 23 3nin, 4 S adin s 4 M kesad 4 B3 nd 4
x‘llargxgxi + x?x%x%xi + x?xgxgxi + x%x%x%% + xi”x%x%% +

416532 xixéx%g + Q?ZILI%BQ?:J,{L';%IB + $?$%£3§4ﬂ2§‘5 -+ :E‘llxggxg%x;xg, + 923
TITHL3T4T5 + T{T2T3T4T5 + TITHTIT5 + T{TH05T5 +
Tlrersrivs + vixdwsrizs + wivirivs + xivoxizizs +
w3z,

ha2025, ¥ ek, ol el + oAl snd + 23umard 4
pirdrsri+ wlwonied + el + pivdedad + vy wiriad +
x‘llargxg% + irixivs + x%x%xg% + zirirsTams +

164532 xix%x;mxg, + w%x%£3€4x5 + x‘llxix%xé% + xi’xg%xg%m;% + 39
TITHT3T4X5 + T1X3T3T4%5 + T{X3T3T5 + TITHX,T5 +
rixsrivs + xiwversrivs + vivivsrins + wirdvsaivs +
Tsrarins + rivivivs + drenizins + wirixiaivs +
xla:%xgxi% + x%x%xi%

Padede, + ondrsel 4 dwerlel ¥ tudades +

614532 | 2023233475 + XJTox3T4Ts + TITEXITS + Tiwx3TITS + 9

rixiries
wiadaies+aiesaie, + viedvsed + afriesel +atadaies +

461532 | wixgrins + xiadzsraws + rdxirsvaws + riadxizs + 10
r3xrsries

641532 | afadades +aiadeswl +atadades + i advswaws +aladadies 5
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w | &y(x) | Su(1,...,1)
w3rdnlvgtadeledn, +alwdada, +adrdesa? +adudalad 4
piadeiri+ wdrvonded + wirdaedaed + vy wdedad + e, +
x‘i’x%xg% + .ZTJ%J]%ZE%I’{, + x?x§x3x4x5 + xi’x%x%m% +

156432 | x2xizizszs + vixexizaxs + viviviv,ws + vririv s + 28
r3rsrirs + ririrsrivs + virirsaivs + viroxivivs +
rirjrirics + vaseiries + wivirics + aivoaizies +
xw%x%xi% + x%x%xim

aiadaie, +aloiede, otedvsa? v otedale? atrvaadnd 4+

£ 16432 xix%xé% + xi‘xﬁa;%x; + x‘llf%zxgxg% + xiix%x%xé% + 14

T{T2T3T4T5 + TITHX;T5 + T{X3T3T4T5 + T{T2T3T4T5 +
R L B L o

x‘fm%x%m + xi’xéx%m + x1x2x§m4 + x1x2x§x4 +
pirdrdng+atadesa? +adnivsa? +atedada? + dadadad +
pirinla? v atwoada? +adanlada? + 2adada? 4 vy adada 4
riededes+adwines +aindedes +adadedes + luiades +

165432 xix%x;m% + xix%xgm% -+ xixém%m% + xzx§x§x4x5 + 19
T{THT3L4T5 + T{ToL3T4T5 + TIX3T3L4T5 + TITHXT3T4T5 +
$1$%$§$4I5 + x%x%xim + x?x%xia% + xi‘x%mgaﬁ% +
r3r3r3riTs + virsrsrins + viverinivs + vivsrivins +
rlrdrirics + vasairies + wivirics + aivoaizizs +
pixdedvivs + virdrivies + viaxdvias

wyadaieg +abrivie, +adrdvsa? +adedale? + adwowini 4+

615439 xix%xé% + x‘i’ﬁgﬁgx; + x?§§§3x42x5 + xix%x%xé% + 14
T{T2T3T4T5 + TITHX;T5 + TIX3T3T4T5 + T{T2T3T4T5 +

| mesmgs . o o |

561432 7x‘fm%x%m+x%x%x3xi+x‘fz%x§x5 +riwyrswsTs + 1T ITS 5

651432 | z}rsaie, +aiwsnsa? + adwsndes + 2t wravaws + xlrsndes 5

450132 | wizywsey + ayoprses 2

546132 | ziwyasws + w1zuses o 2

465132 | wiwpwss + 00,0504 + TRT5T5 + T1T3Ts 4

645132 | alxsziwy + riasriTs 2

564132 | pizdadey + alodadas 2

654132 | abwdzde, + 2Swdades 2
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w

| Su(2)

@
g
=

—_
~—

345612

435612 |
354612 |
534612 |
453612 |
543612 |

3 2. 0.0
LIXoT3Ty
3.2 .9 9"

3.2 3,.2,.2

%%%%+m%%%,”””,,ﬂww,,,”m,”,,

x1x2$3x4

3.3
x1x2x3x4

43,2 9
x1x2x3x4

346512

436512 |
364512 |
634512 |
463512 |
643512 |

3.2 3 2..3..2
x1x2x3x4<+ux x2x3144+-x x2x3x4

3

x1x2$3x4-+wt $2$3$4‘+u$ x2x3x4

3

$1x2$3$4+1‘ $2$3I4+$1$2$31’47 R

5.,.2..2,2

4,3

x1x2$3x44—$1x2x3x4

5.3
x1x2x3x4

356412

536412 |
365412 |
635412 |
563412 |
653412 |

3,3 2 332

2
x1x2x314-+-x x2x314-+-x1x2x3x47 R A

4.3 2.3 .2
x1m2x314-+»x x2x3x4

x1x2x3x4%—$1x2x3x4%—$1x2x3x4%—x1x§x3$4%—x1m2x§x4

5.3 3

x x2x314-+-x x2x3x4 e

44,29
Ty ToX3Ty

x1x2x3x4

456312

546312 |
465312 |
645312 |
564312 |
654312 |

3303

x1x2$3x47 N AR

3.3
rixdria?

4,332 3,.4,..3..2

x1x2x3x4+—xlx2x3x4 I A

5.3 .3

3

x1x2$3x47 N AR

54,32
T LT3y
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w

| Su(2)

@
g
=

—_
~—

234561
324561
243561

125561 |
342501 |
432561

7 .T%$21E3I4I5
3
T122T3L4Ts

ZE?I%ZE3I4ZE5

T1T2X3L4T5
! , Y
T{TaT3TAT5 +»x1x2x3x4x5

L R

235461
325461
253461
523461

352161 |
532461

JZ%IQIE3$4ZE5
3

Vx%x2x3x4$5%—I1I2$3$4$54—$1$2$3$4$57777 N
oyt + T34 T5 + ATToTFTATs |
rx?x2x3x4x5-+-x1$2I3x415-+>$1$§$3$4$5777 N

x1x2$3x4$5~+-x1x§x3x4x5

245361

125361 |

254361

524301 |
152361 |
942361

2,.2

3
x1m2x3x413 +—x1m2x3x4x5
3

x1x§x3x4x5

3

ZE%I%ZE3I4ZE5

2 2.2
$1$2$3$4$5'+ir1$2I3$41%'+j$1$2$3$4$5777 R
x1x2x3x4$5<+-x1x§x31415 +—x1x2x3x415-+-x1x2x3x4x5-+

x1x2$3x4$5-+-x1$2x3x4x5
r3rdrsr,as

345261

435261 |
354261 |
534261 |
453261 |
543261 |

2,.2,.2

3.2
3

4,2
3.3
4.3
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w \Gw(x) | Su(1,...,1)
234651 | 2155475 ,+,,~iv,1xzf63w4xs,+ ?vwzfcsws +,xlfczxsx4¢vs, | 4
372467517 T T2T3T4Ts5 ,J,F%%%M%,* x1x2x3x4x5 + 22 x2x3x4x5 4

1727 T TS T PITR s AT TR AT o
243651 x1x2$3x4x5 + 227 x2x3x4x5 + x1x§x3x4x5 + x1x2m3w4x5 —|— N
R 5"571,3?2553554355 ,4,’,5?17372-’”3334%,79 733,1552553%,5?5, ,,,,,,,,, -
42367517 7 xlcpzxgmxg, + x1x2w3x4x5 + x1x2x3m4w5 + 23 x2x3x4x5 4
T O T e A P S s S x
342651 | TCLT17£LV'2$3$4$5 7—|7-717’71$2.T3£L‘4$5 + 22 x2x3a:4:v5 + 2 :U29533:4x5 4
27TATS LT AT T LTS x
432651 | xirsrswars + wirdvsaxs + vivirivirs + virvdvsaias 4
3 2.2 3
9236451 x1x2x3x4x5 + T{X5T32405 + T1X5T32405 + x%x2x§x4x5 + 6
x1x2x3x4x5 + w1x2x§x4x5
CTTRTETATE DRSS
326451 x1x2x3x4x5 + m1x2x3x4x5 + x1x2m3x4x5 + x1x2x3x4x5 —|— 6
3
x2$3x4$5 + x1x2w3x4x5
263451 | T\ TogaTs + TITITATATS + TLTTTTATs + T1TZTTATS 4
623451 x1x2$3x4$5 1
362451 | wiwdwswaws + wiwdwswans + dlwymemazs 3
632451 | x3x5T37475 1
30205745 + T2T3 0345 + 15 2 2x2x27?
246351 1733 3T4T5 175 3245 5E1I2$3$4$5 + 2r{x57050475 + 3
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Appendix C: Facet ridge diagrams for the RC-graphs of permutations up
to five elements.

Table 3: Facet ridge diagrams for the symmetric groups &; through &5

Pernunatknl‘]DhnGHQOD Facet ridge diagram

1 -1
12
21
123
213
132
312
231
321

1234
2134
1324
3124
2314
3214

o~ =L O

I
—_

T T T T

N W W = = Ot

1243

W

2143
1423
4123
2413
4213
1342
3142

DN Wi NN W W

1432
4132
3412
4312
2341
3241
2431
4231
3421
4321

OO = NO = = DN

]
—_
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Permutation

Dimension

Facet Ridge Diagram

12345
21345
13245
31245
23145
32145

9

S 1 N 0o o

12435

21435
14235
41235
24135
42135

oo

13425
31425

14325
41325
34125
43125

S Ot Oy O 1

23415
32415
24315
42315
34215
43215

W s = OOt O Ot Ot O
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Permutation | Dimension ‘ Facet Ridge Diagram

12354 8 A
21354 7 A
13254 7 Prism A
31254 6 A
93154 6 A
32154 5 A
12534 7 &
21534 6 &
15234 6 o—eo—o—o
51234 5 °

25134 5 o—eo—o
52134 4 °

13524 6 m
31524 5 I:I>'
15324 5 I:D
51324 4 *—e

35124 4 *—e

53124 3 °

93514 5 A

32514 4 A

25314 4 o—eo—o
52314 3 °

35214 3 —e

53214 9 °
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Permutation | Dimension | Facet Ridge Diagram

12453 7

AN
21453 6 &
=i
A
8e
A

14253 6
41253 D
24153 5
42153 4
12543 6 Grunbaum-Sreedharon’s P7* [23, Table 1]
21543 5 Grunbaum-Sreedharon’s P7* [23, Table 1]

15243 5 [""&"'"[:"‘A

51243 1 A
25143 4 @
52143 3 A
14523 5 :
41523 4 —eo—o
15423 4

51423 3 —eo—o
45123 3 °

54123 2 °

24513 4 *—eo—o
42513 3 —e
25413 3 Q
52413 2 *—eo
45213 2 °

54213 1 °



Permutation | Dimension ‘ Facet Ridge Diagram

13452 6 —eo—0o—o
31452 5 o—eo—o
14352 5 I:D
41352 4 o—eo—o
34152 4 *—e

43152 3 o—o

13542 5 [”"&“"Z:‘"A
31542 4 @

15342 4

51342 3 —o—o
35142 3 I:I

53142 2 —eo

14532 4 &
41532 3 Q
15432 3 3-dimensional associahedron, Meszaros example
51432 2 Q
45132 2 —eo

04132 1 —o

34512 3 °

43512 2 °

35412 2 —eo

53412 1 °

45312 1 °

54312 0 °



Permutation

Dimension

Facet Ridge Diagram

23451
32451
24351
42351
34251
43251

5

DN W W = =~

23541

32541
25341
52341
35241
03241

W

24531
42531

25431
52431
45231
54231

O Wi NN WW

34521
43521
35421
53421
45321
04321

OO = = NO R~ DN

1
—_
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