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1. INTRODUCTION

The Adams-Novikov spectral sequence based on a connective spectrum E (E-
ANSS) is perhaps the best available tool for computing stable homotopy groups.
For example, HF, and BP give the classical Adams spectral sequence and the
Adams-Novikov spectral sequence respectively.

To begin to compute with the E-ANSS, one needs to know the structure of the
smash powers E/*. When E is one of HF,, MU, or BP, the situation is simpler
than in general, since in this case E A F is an infinite wedge of suspensions of F
itself, which allows for an algebraic description of the Fs-term. This is not the case
for bu, bo, or tmf, in which case the E5 page is harder to describe, and in fact, has
not yet been described in the the case of tmf.

Mahowald and his collaborators have studied the 2-primary bo-ANSS to great
effect: it gives the only known approach to the calculation of the telescopic 2-
primary v;-periodic homotopy in the sphere spectrum [LM8T7,[Mah81]. The starting
input in that calculation is a complete description of bo A bo as an infinite wedge
of spectra, each of which is a smash product of bo with a suitable finite complex
(as in [Mil75] and others). The finite complexes involved are the so-called integral
Brown-Gitler spectra. (See also the related work of [CCWO0Il, [CCW05, BROS].)

Mahowald has worked on a similar description for tmf A tmf, but concluded that
no analogous result could hold. In this paper we use his insights to explore four
different perspectives on 2-primary tmf-cooperations. While we do not arrive at a
complete and closed-form description of tmf A tmf, we believe our results have the
potential to be very useful as a computational tool.

The four perspectives are the following.

(1) The E5 term of the 2-primary Adams spectral sequence for tmf Atmf admits
a splitting in terms of bo-Brown-Gitler modules:

Ext(tmf A tmf) & @ Ext(Z%tmf A bo;).

(2) Modulo torsion, TMF,TMF is isomorphic to a subring of the ring of integral
two variable modular forms.

(3) K(2)-locally, the ring spectrum (TMFATMF) g (9 is given by an equivariant
function spectrum:

(TMF A TMF) g (2) = Map®(Ga/Gas, E2)" .
(4) By our Theorem TMF, TMF injects into a certain product of homotopy

groups of topological modular forms with level structures:

TMF A TMF < [] TMFo(3/) x TMFy(5).
i€Z,
Jj=0
The purpose of this paper is to describe and investigate the relationship between
these different perspectives. As an application of our method, in Theorems
and MWG construct connective covers tmfy(3) and tmfy(5) of the periodic spectra
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TMF((3) and TMFq(5), respectively, recovering and extending previous results of
Davis, Mahowald, and Rezk [MR09], [DM10].

Others have also investigated the ring of cooperations for elliptic cohomology.
Clarke and Johnson [CJ92| conjectured that TMF(2).TMF((2) was given by the
ring of 2-variable modular forms for I'g(2) over Z[1/2]. Versions of this conjecture
were subsequently verified by Baker [Bak95] (in the case of TMF[1/6]) and Laures
[Lau99] (for all TMF(T')[S~1] associated to congruence subgroups, where S is a
large enough set of primes to make the theory Landweber exact). This previous
work clearly feeds into perspective (2) (indeed Laures’ work is cited as an initial
step to establishing perspective (2)). In retrospect, Baker’s work also contains
observations related to perspective (4): in [Bak95] he observes that the ring of 2-
variable modular forms can be regarded as a certain space of functions on a space
of isogenies of elliptic curves.

1.1. A tour of the paper. For the reader’s convenience, we take some time here
to outline the contents of the paper.

Section 2. This section is devoted to the motivating example of bo A bo. Sections
2.1-2.4 are primarily expository, based upon the foundational work of Adams, Lell-
mann, Mahowald, and Milgram. We make an effort to consolidate their theorems
and recast them in modern notation and terminology, and hope that this will prove
a useful resource to those trying to learn the classical theory of bo-cooperations
and vp-periodic stable homotopy. To the best of our knowledge, Sections 2.5-2.6
provide new perspectives on this subject.

In Section 2.1, we review the theory of integral Brown-Gitler spectra HZ; and
the splitting

bo A bo =~ \/ bo vV S4HZ,.
i>0

Section 2.2 is devoted to the homology of the HZ; and certain Ext 4(;), -computations
relevant to the Adams spectral sequence computation of bo,bo.

We shift perspectives in Section 2.3 and recall Adams’s description of KU, KU
in terms of numerical polynomials. This allows us to study the image of bu,bu in
KU,KU as a warm-up for our study of the image of bo,bo in KO,KO.

We undertake this latter study in Section 2.4, where we ultimately describe a
basis of KOgbo in terms of the “9-Mahler basis” for 2-adic numerical polynomials
with domain 2Zs. By studying the Adams filtration of this basis, we are able to
use the above results to fully describe bo,bo mod v;-torsion elements.

In Section 2.5, we link the above two perspectives, studying the image of bo,HZ;
in KO,KO. Theorem [2.8| provides a complete description of this image (mod ;-
torsion) in terms of the 9-Mahler basis.
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We conclude with Section 2.6 which studies a certain map

Ko AKo 1, T ko
kEZ

constructed from Adams operations. We show that this map is an injection after
applying 7, and exhibit how it interacts with the Brown-Gitler decomposition of
bo A bo.

Section 3. In Section 3, we recall certain essential features of TMF and tmf, the
periodic and connective topological modular forms spectra.

Section 3.1 reviews the Goerss-Hopkins-Miller sheaf of E . -ring spectra, O%°P, on
the moduli stack of smooth elliptic curves M. One can use this sheaf to construct
TMF (sections on M itself), TMF;(n) (sections on the moduli stack of I'i(n)-
structures after inverting n), and TMFy(n) (sections on the moduli stack of T'g(n)-
structures after inverting n). We consider the maps

fyq: TMF[1/n] — TMFq(n)

induced by forgetting the level structure and taking the quotient by it, respectively.
We use these maps to produce a TMF[1/n]-module map

U, : TMF[1/n] A TMF[1/n] — TMFq(n)
important in our subsequent studies.
Section 3.2 reviews Lawson and Naumann’s work on the construction of BP(2)

as the Fo-ring spectrum tmf;(3). We use formal group laws and some computer
calculations to compute the maps

We isolate the lowest Adams filtration portion of this map in Section 3.4 via our
computation of m, f : TMF, — TMF;(3). in Section 3.3.

Finally, we review the K (2)-local version of TMF A TMF in Section 3.5.

Section 4. With the stage set, our work begins in earnest in Section 4. Here we
study the Adams spectral sequence for tmf A tmf.

Section 4.1 begins with a review of mod 2, integral, and bo-Brown-Gitler spectra.
Our interest stems from the fact that the Eo-term of the Adams spectral sequence
for tmf A tmf splits as a direct sum of Ext-groups for the bo-Brown-Gitler spectra.

We study the rational behavior of this sequence in Section 4.2, observing that it
collapses after inverting vg. This provides a precise computation of the map

vg P Ext(tmf A X%bo;) — vy Ext(tmf A tmf).

Section 4.3 reviews known exact sequences relating bo-Brown-Gitler modules,
which allows inductive computations of Ext(tmf A X%bo;) relative to Ext(tmf A
bo*). We produce detailed charts for Ext(tmf A 2% bo;) for j < 6.
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Sections 4.4 and 4.5 are concerned with identifying the generators of the lattice
Ext(tmf A ¥¥bo;) /vo-torsion
inside of the “vector space”
vy ' Ext(tmf A 2%bo,).

In Section 4.4, we produce an inductive method compatible with the exact sequences
of Section 4.3. Section 4.5 completes the task of computing said generators.

Section 5. In Section 5, we study the role of 2-variable modular forms in tmf-
cooperations. Laures has proved that, after inverting 6, TMF-cooperations are
precisely the 2-variable I'(1) modular forms (meromorphic at the cusp).

After reviewing his work in Section 5.1, we adapt it to the study of TMF,TMF
modulo torsion in Section 5.2. In particular, we prove that 2-integral 2-variable
I'(1)-modular forms (again meromorphic at the cusp) are exactly the O-line of a
descent spectral sequence for TMF,TMF.

The efficacy of this result becomes apparent in Section 5.3 where we prove that
tmf,tmf modulo torsion injects into the ring of 2-integral 2-variable modular forms
with nonnegative Adams filtration. Moreover, the injection is a rational isomor-
phism; once again we are primed to identify the generators of a lattice inside a
vector space.

Sections 5.4 and 5.5 undertake the task of detecting 2-variable modular forms
in the Adams spectral sequence for tmf A tmf, resulting in a table of 2-variable
modular form generators of Ext(tmf A tmf)/torsion in dimensions < 64.

Section 6. Our final section studies the level structure approximation map
Utmf Atmf — [ TMFo(37) x TMFo(5).
i€2,j>0
The first theorem of Section 6.1 is that the analogous map
¢ : TMFATMF —  [] TMFo(37) x TMFy(57)
i€7,j>0

induces an injection on homotopy groups. The proof is quite involved. It includes
a reduction to a K(2)-local variant of the theorem, whose proof in turn requires

the key technical Lemmal[6.4) on detecting homotopy fixed points of profinite groups
using dense subgroups.

In Section [6.2] we compute the effect of the maps

) metmf A tmf

torsion
metmf A tmf
5. ———(/————

torsion

— 7, TMF,(3),

— m, TMFy(5)

on a certain submodules of m,tmf A tmf.
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In Section [6.3] we observe that these computations allow us to deduce differen-
tials and hidden extensions in the corresponding portion of the ASS for tmf A tmf
using the known homotopy of TMF((3) and TMF(5).

Davis, Mahowald, and Rezk [MR09], [DM10] observed that one can build a
connective cover

tmfo(3) — TMF,(3)
out of tmf A bo; and a piece of tmf A bos. In Section we reprove this result,

and relate this connective cover to our map ¥3. We also show that similar methods
allow us build a connective cover

tmfo(5) — TMF(5)

out of the other part of tmf A boo, tmf A bosz, and a piece of tmf A boy.

1.2. Notation and conventions. In this paper, unless we say explicitly otherwise,
we shall always be implicitly working 2-locally. We denote homology by H,, and it
will be taken with mod 2 coefficients, unless specified otherwise. We let A = H*H
denote the mod 2 Steenrod algebra, and

A, = H.H~Ty[¢),6, .. ]

denotes its dual. In any Hopf algebra, we let T denote the antipode of x. We let
A(i) denote the subalgebra of A generated by Sqt,---,Sq? . Let A//A(i) be the
Hopf algebra quotient of A by A(i) and let (A//A(%)). be the dual of this Hopf
algebra.

We will use Ext(X) to abbreviate Ext 4, (Fo, H.X), the Es-term of the Adams
spectral sequence (ASS) for 7, X and will let C?j (H*X) denote the corresponding
cobar complex. Given an element z € 7, X, we shall let [z] denote the coset of the
ASS Es-term which detects x. We let AF(x) denote the Adams filtration of x.

We write bu for the connective complex K-theory spectrum, bo for the connective
real K-theory spectrum, and bsp for the connective symplectic K-theory spectrum,
so that 2*bsp is the 3-connected cover of bo.

2. MOTIVATION: ANALYSIS OF bo.bo

In analogy with the four perspectives described in the introduction, there are
four primary perspectives on the ring of cooperations for real K-theory.

(1) The spectrum bo A bo admits a decomposition (at the prime 2)
bo Abo ~ \/£¥bo A HZ;,
Jj=20

where HZ; is the jth integral Brown-Gitler spectrum.
(2) There is an isomorphism KO, KO = KO, ®xko, KOgKO, and KOyKO is
isomorphic to a subring of the ring of numerical functions.
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(3) K(1)-locally, the ring spectrum (KO A KO)g(y is given by the function
spectrum

(KO AN KO)K(l) ~ Map(sz/{:tl}, KOQ\)

(4) By evaluation on Adams operations, KO.KO injects into a product of copies
of KO:
KO AKO < [[XoO.
i€Z

2.1. Integral Brown-Gitler spectra. The decomposition of bo A bo above is a
topological realization of a homology decomposition (see [Mah81], [Mil75]). Endow
the monomials of the A.-comodule

]{*HZ = ]F2[€%752a§_35 .. ]

with a weight by defining wt(&;) = 271, wt(1) = 0, and wt(zy) = wt(z) +wt(y) for
all z,y € H,HZ. The comodule H,HZ admits an increasing filtration by integral
Brown-Gitler comodules HZ;, where HZ; is spanned by elements of weight at most
2j. These A,-comodules are realized by the integral Brown-Gitler spectra HZ;, so
that
H.HZ; = HZ;.
There is a decomposition of A(1).-comodules:
H.bo = (A//A(1)). = P xYHZ;.
j=0
This results in a decomposition on the level of Adams Fs-terms
Ext(bo A bo) = @5 Ext(%*bo A HZ;)
j=0
o~ @ Ext a1, (S*¥HZ;).
Jj=0
This algebraic splitting is topologically realized by a splitting

bo Abo ~ \/£¥bo A HZ;.
Jj=0

The goal of this section is to calculate the images of the maps
bo AHZ; — bo A bo

in the decomposition above in order to illustrate the method used in our analysis
of tmf A tmf. Even in this case our perspective has some novel elements which
provide a conceptual explanation for formulas obtained by Lellmann and Mahowald
in [LMS8T].

2.2. Exact sequences relating HZ;. Just as with HZ; we define bo; to be the
the submodule of

(A//AQ)). =), €., |
generated by elements of weight at most 45. These submodules are discussed more
thoroughly at the beginning of Section[d] With these in hand we have the following
exact sequences.
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Lemma 2.1. There are short exact sequences of A(1).-comodules
(22) 0 — SYHZ; — HZy; — bo,, @ (A(1)//A(0). =0,
(2.3) 0— ZMMJ' ®@HZy — HZ,; 11 —bo; 1 ® (A(1)//A(0))« — 0.

Proof. These short exact sequences are the analogs for integral Brown-Gitler mod-
ules of a pair of short exact sequences for bo-Brown-Gitler modules (see Propo-
sitions 7.1 and 7.2 of [BHHMOS]). The proof is almost identical to that given in
[BHHMOS]. On the level of basis elements, the map

4
% j@j — @%
is given by
Elhge . gzlzf‘gilggz e
whereas the map
E4j@j ®@HZ; — M2j+1

is determined by

GhER - @1 (GG 1,
?1532...@5% — (gizgnggz ...).5%7
gfuggz...@& — (gllzgngéa o) 5.

We abbreviate this by writing
(2.4) 8167 {186} = (66767 ) {L,&. &)

In all of the above assignments, the integer a is taken to be 4j — 1075(«532'15?);2 s
The maps

HZy; — bo;_1 ® (A(1)//A(0)),
HZjy; 1 —bo; ; ® (A(1)//A(0)).
are given by
Fhiy+2¢1 FRiotes Fig ?ilgizg? e ®ETIES?, Wt(%ilgghgés ) < 4j — 4,
& 13 &3 = .
0, otherwise,

where e, € {0,1}. The proof is now a direct computation. O

Define
Ext a1, (X) ~
# = Tmage (Ext 41, (X) = v7 ! Ext ), (X)) .

The following lemma follows from a simple induction, using the fact that HZ, is
given by the following cell diagram.
& o
o sa
& o
)

1 o
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Lemma 2.5. We have
Bxta. HZF) | [Ext(bo®), i even,
vi-tor ~ Ext(bsp ), i odd.

Here, X" denotes the ith Adams cover.

We deduce the following well known result (cf. [LM87, Thm. 2.1]).

Proposition 2.6. For a non-negative integer j, denote by a(j) the number of 1’s
in the dyadic expansion of j. Then

Ext (), (HZ;) ~ {Ext(bo<2j_o‘(j)>), j even,

vy-tor T Bxt(bsp @@=y odd.

Proof. This may be established by induction on j using the short exact sequences
of Lemma by augmenting Lemma [2.5| with the following facts.

(1) All vo-towers in Ext 41, (HZ;) are vi-periodic. This can be seen as Ext 4(1), (HZ;)

is a summand of Ext(bo A bo), and after inverting v, the latter has no v;-
torsion. Explicitly we have

vy ' Ext(bo A bo) = Falvi!, u?, v
(2) We have

Exta), ((A(1)//A(0))s ® bo;) _ Exta().(bo;)
vo-tors o vo-tors

= FQ[UO]{lvgi L) 11]}

This follows from the fact that
Ext a0y, (HZ;)
( ) J o~ F2 [UO]a
vg-tors

which, for instance, can be established by induction using the short exact
sequences of Lemma [2.1

]

2.3. The cooperations of KU and bu. In order to put the ring of cooperations
for bo in the proper setting, we briefly review the story for bu. We begin by
recalling the Adams-Harris determination of KU, KU [Ada74] Sec. I1.13]. We have
an arithmetic square

KUAKU —— (KU AKU),

| |

(KUAKU)g —— (KU AKU)%)qg,
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which results in a pullback square after applying 7,

KU, KU — Map®(Z}, 7. KU})

| |

Qut!, vt —— Map®(Z5, Qa[ut!]).

Setting w = v/u, the bottom map in the above square is given on homogeneous
polynomials by
flu,0) = u" f(Lw) = (A= f(1,1)).
We therefore deduce that KU, KU = KU, ®xu, KUpKU, and continuity implies
that
KUKU = {f(w) € Qu™'] : f(k) € Z),for all k € Z7y }.

Note that we can perform a similar analysis for KU,bu: since bu and KU are
K (1)-locally equivalent, applying 7. to the arithmetic square yields a pullback
square with the same terms on the right hand edge

KU,bu ——— Map®(ZJ, 7. KU%)

| J

Qut!, v] —— Map®(Z5, Qo[ut!]).
Consequently KU,bu = KU, ®xu, KUgbu, with
KUpbu = {g(w) € Q[w] : g(k) € Zy),for all k € Z(XQ)}.

Consider the related space of 2-local numerical polynomials:
NumPoly o) := {h(x) € Q[z] : h(k) € Z(2),for all k € Z(s)}.

The theory of numerical polynomials states that NumPoly ,) is the free Z2)-module
generated by the basis elements

x) _a(e—1)(z-n+1)

n!

We can relate KUgbu to NumPoly ,) by a change of coordinates. A function on
Z(XQ) can be regarded as a function on Z) via the change of coordinates
Loy = Z},
kv 2k + 1.
Observe that
k(k—1)---(k—n+1)  2k(2k —2)---(2k — 2n +2)
n! N 2nn!
2k+1D((2k+1)=3)---((2k+1) = (2n—1))
2nn! '
We deduce that a Z)-basis for KUgbu is given by

i) = D@3 @)
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(Compare with [Ada74l Prop. 17.6(i)].)
From this we deduce a basis of the image of the map
bu,bu — KU,KU,

as we now explain. In [Ada74, p. 358] it is shown that this image is the ring

bu,bu
v1-tor

= (KU*bu N @[u, U])AFZO’
where AF > 0 means the elements of Adams filtration > 0. Since the elements 2,
u, and v have Adams filtration 1, this image is equivalently described as

bu.bu
v1-tor

= KU.buNZg)u/2,v/2].

To compute a basis for this image we need to calculate the Adams filtration of
the elements of the basis {g,(w)} for KUgbu. Since w has Adams filtration 0 we
need only compute the 2-divisibility of the denominators of the functions g, (w).
As usual in this subject, for an integer k € Z let vo(k) be the largest power of 2
that divides k and let «(k) be the number of 1’s in the binary expansion of k. Then

va(n!) =n — a(n)
and so

AF(gn) = a(n) — 2n.

The following is a list of the Adams filtration of the first few basis elements:

n | binary | AF(gy,)
0 0 0
1 1 -1
2 10 -3
3 11 —4
4 100 -7
5 101 —8
6 110 —-10
7 111 —11
8 | 1000 —15

It follows (compare with [Ada74, Prop. 17.6(ii)]) that the image of bu,bu in
KU,KU is the free module:

bu,bu

=7 2max(0,2n—m—a(n)) m : > S .
v1-tor (2){ U gn(w) n = 0, m > n}

The Adams chart in Figure 2.3 illustrates how the description of bu.bu given
above along with the Mahler basis can be used to identify bu,bu as a bu,-module
inside of KU,KU.
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FIGURE 2.1. bu,bu
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2.4. The cooperations of KO and bo. Adams and Switzer computed KO,KO
along simlar lines [Ada74, Sec. I1.17]. There is an arithmetic square

KO A KO —— (KO AKO))

| |

(KO AN KO)Q —_— ((KO A KO)QA)Q,

which results in a pullback when applying 7.

KO,KO — Map®(ZJ /{+1}, 7, KO%)

| J

Qut?, v*2] —— Map®(Zy /{%1}, Q2[ut?)).

(One can use the fact that KUJ is a K(1)-local Cp-Galois extension of KO to
identify the upper right hand corner of the above pullback.) Continuing to let
w = v/u, the bottom map in the above square is given by

f(u?0?) =u®" f(1,w?) = ([A] = u®" f(1,)%)).
We therefore deduce that KO,KO = KO, ®ko, KOcKO, with
KOoKO = {f(w?) € Qw*?] : f(\?) € ZJ,for all [\] € Z5 /{£1}}.
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Again, KO,bo is similarly determined: since bo and KO are K (1)-locally equiv-
alent, applying 7, to the arithmetic square yields a pullback square with the same
terms on the right hand edge:

KO.bo ——— Map®(ZJ /{#+1}, m.KO3)
Q[ut?,v?] —— Map®(Z5 /{£1}, Qa[u™?]).
We therefore deduce that KO.bo = KO, ®ko, KOgbo, with
KOgbo = {f(w?) € Quw?] : f(A\?) € Zy, for all [\] € Z5 /{£1}}.
To produce a basis of this space of functions we use the g-Mahler bases developed

in [Con00], which we promptly recall. First note that there is an exponential
isomorphism

Ty —>5 T3 J{%1} : ks [3%].

Taking w = 3%, we have w? = 9%, or in other words, the functions f(w?) that we
are concerned with can be regarded as functions on 2Z,. They take the form

f(9%) 1272y 21 4+ 87y — Zo,
where 1+ 8Zy C Z5 is the image of 2Zy under the isomorphism given by 3*.

To obtain a g-Mahler basis as in [Con00] with ¢ = 9 it is important that v5(9 —
1) > 0. The ¢-Mahler basis is a basis for numerical polynomials with domain
restricted to 2Zs. In the notation of [Con00] we have that

F0H =Y e, @9

where ¢, € Z9) are coeflicients and

() - by
9

n

(97 —1)(9" — 9) -+ - (97 — 9n—1)’

Let us set
(w? — 1) (w? — 9) -+ (w? — 9"~1)
(97 —1)(97 —9)--- (97 —9gn—1)”

(2.7) fu(w?) =
then any f € KOgbo is given by
f(w2) = chfn(w2)v Cn € Z(Q)v

i.e. a basis for KOgbo is given by the set {f,,(w?)},>0.

As in the KU-case, it turns out that the image of bo,bo in KO,KO is given by

bosbo

rtor = (KO,bonN Q[uQ, vz})AFZO.
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FIGURE 2.2. bo.bo
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In order to compute a basis for this we once again need to know the Adams filtration
of f,. One can show that

(9" = 1)(9" —9)--- (9" = 9" 1)) = wy(n!) +3n
= 4n — a(n).
It follows that we have
bo.b
Otoo = Z(Q){2max(0’4”_2m_“("))u2mfn(w2) :n>0,m>n, m=0 mod 2}
v1-tor

& Z(g){2max(0’4"*2m*1*°‘(”))2u2mfn(w2) :n>0,m>n, m=0 mod 2}

om e, n20,m>n, m=0 mod 2,
@Z/Q{u G ce{l,2}, a(n)—4n+2m+c>0 [°

Here is a list of the Adams filtration of the first several elements in the g-Mahler
basis:

n fn in terms of g; | AF(f,)
0 go 0
1 g2+ g1 -3
2 | foa+ 593+ 192 —7

With this information we can now give the Adams chart (Figure of bo,bo
modulo vi-torsion.

2.5. Calculation of the image of bo,HZ; in KO,KO. We now compute the
image (on the level of Adams E..-terms) of the composite

bo,HZ; — bo,bo — KO,KO.
Since vy o, 04 HZ; = KO,, it suffices to determine the image of the generator

es; € boy; (SYHZ,).
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Because the maps
bo A £4%HZ; — bo A bo

are constructed to be bo-module maps, everything else is determined by 2 and w1,
i.e. wu-multiplication. Consider the commutative diagram induced by the maps
bo — bu, bu — HF,, and BP — bu

bo/\Z4jHZj*>bo/\bo—>bu/\bu<7BP/\BP

N

HFQ A Z4jHZj EE— H]FQ Abo —— HFQ AN H]FQ

On the level of homotopy groups the bottom row of the above diagram takes the
form

F2{gfj7 <. } — FZ[E%?%?&% .. ] — F2[§13§27g37 .. ]
Since we have

bo.X¥HZ; — (HFy),. 2% HZ;
€45 f_zllj,
it suffices to find an element b; € boy;bo such that
bo.bo — (HF3).bo
b — &
Clearly we can take by = 1 € bogbo. Note that we have
BP.BP — (HF,).HF,
t) > E2.
From the equation
Nr(v1) = v + 26,

and the fact that the map BP.BP — bu,bu is one of Hopf algebroids, we deduce
that we have

BP.BP — bu.bu

v—u
t — —5 = ugr(w).

Hence we get that

bu*bu — (HFQ)*H]FQ
v—Uu

=LY
and thus
bu,bu — (HFQ)*HIFQ
0?2 — w2\’ oy
( 1 > &7
Since

2 2N\ J
22—y f;(w?) = <U Y ) modulo terms of higher AF
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by (2.7) we see that we have
bo.bo — (HF3).bo
22j—a(j)u2jfj(w2) — gilj7
so that we can take o
bj = 22J7Q(J)u23 fj (wz)
We have therefore arrived the following well-known theorem (see [LM8&T, Cor. 2.5(a)]).

Theorem 2.8. The image of the map
Ext(bo A XY HZ;) . Ext(bo A bo)
v1-tors v1-tors

is the submodule
F max(0,4j—2m—a(j)) 2m ) 2\ . . —
2[vol{vy M fi(w*) : m>j m=0 mod 2}
@y [vo}{véﬂax(oAj*zm*l*a(j))voumej (w?) : m>j, m=0 mod 2}

om g (o 2y, c . M=>7J, m=0 mod 2,
MZ{“ L™ ey, () — 4+ 2m+e>0 f°

Remark 2.9. These are the colors in Figure

2.6. The embedding into [[KO. The final step is to consider the maps of KO-
algebras given by the composite

~ 3k
3" KO AKO XY KO AKO % KO.
Together, they result in a map of KO-algebras

Ko A Ko 1, TT ko,
keZ

Remark 2.10. The map above has a modular interpretation. Let M, denote the
moduli stack of formal groups, and let

(SpecZ)//Cy — My,

classify G, with the action of [—1]. This map equips (SpecZ)//Cs with a sheaf of
E-rings, such that the derived global sections are KO; the reader is referred to
the appendix of [LN14] for details. The spectrum KO A KO is the global sections
of the pullback

(SpecZ x pm,, SpecZ) //(Ca x Cy).

For k € Z we may consider the map of stacks
(SpecZ)//Ca — (SpecZ X pq,, SpecZ) //(Ca x Ca)
sending G,, to the object [3¥] : G,, — G,,,. As k varies this induces the map [] 1;3k.
Proposition 2.11. The map
-
ko.Ko0 1L, TT Ko.

kEZ
is an injection.
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Proof. Consider the diagram

~3k
KO,KO v [Tpep KO.

I

(KO.KO)p ——"——— [, (KO.)

Map®(Zy /{£1}, (KO,)%) —— Map(3%, (KO.)%),

where the bottom horizontal map is the map induced from the inclusion of groups
3% s 7Y J{£1}).
The vertical maps are injections, since
[2'KO.KO =0, and [)2'KO.=0.

The bottom horizontal map is an injection since 3 is dense in Z5 /{£1}. The result
follows. O

We investigated the Brown-Gitler wedge decomposition
\/ bo A S¥HZ; =5 bo A bo,
J
and we now end this section by explaining how the map

Ko AKO 1, T k0
kEZ

is compatible with the above decomposition.

Proposition 2.12. The composites

.
bo A HZ; — bo A bo — KO A KO “— KO

are equivalences after inverting v .

Proof. This follows from the fact that f;(97) = 1. O

Remark 2.13. In fact, the “matrix” representing the composite

\/bo/\HZ 5 bo Abo — KOAKO 1Y, HKO
J kEZ

is upper triangular, as we have
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3. RECOLLECTIONS ON TOPOLOGICAL MODULAR FORMS

3.1. Generalities. In this subsection, we work integrally. The remainder of this
paper is concerned with determining as much information as we can about the
cooperations in the homology theory tmf of connective topological modular forms,
following our guiding example of bo. Even more than in the bo case, an extensive
cast of characters will play supporting roles. First of all, we will extensively use the
periodic spectrum TMF, which is the analogue of KO. In particular, we will use
the fact that this periodic form of topological modular forms arises as the global
sections of the Goerss-Hopkins-Miller sheaf of ring spectra O on the moduli stack
of smooth elliptic curves M. As the associated homotopy sheaves are

®kJ2 e s
T O — w , if k is even,
0, if k is odd,

there is a descent spectral sequence

H*(M,w®") = my;_ ;,TMF.

Morally, the connective tmf should arise as global sections of an analogous sheaf
on the moduli stack of all cubic curves (i.e. allowing nodal and cuspidal singular-
ities); however, this has not been formally carried out. Nevertheless, tmf can be
constructed as an E-ring spectrum from TMF as a result of the gap in the ho-
motopy of a third, non-connective and non-periodic, version of topological modular
forms associated to the compactification of M.

Rationally, every smooth elliptic curve C'/S is locally isomorphic to a cubic of
the form

y2 =% — 2Tcqn — 54cg,

with the discriminant A = ¢} — ¢Z invertible. Here ¢; is a section of the line bundle
w®? over the étale map S — M classifying C. This translates to the fact that
Mg = ProjQey, cg][A™1], which in turn implies that (TMF,)g = Q|ea, cg][A1].
The connective version has (tmf,)g = Q[c, cg)-

The spectrum of topological modular forms is, of course, not complex orientable,
and just like in the case of bo, we will need the aid of a related complex orientable
spectrum. The periodic spectrum TMF admits ring maps to several families of
orientable (as well as non-orientable) spectra which come from the theory of elliptic
curves. Namely, an elliptic curve C' is an abelian group scheme, and in particular it
has a subgroup scheme C[n] of points of order n for any positive integer n. When
n is invertible, C[n] is locally isomorphic to the constant group (Z/n)?. Based on
this observation, there are various additional structures that one can assign to an
elliptic curve. In this work we will be concerned with two types, the so-called I';(n)
and T'g(n) level structures.

A T'y(n) level structure on an elliptic curve C is a specification of a point P of
(exact) order n on C, whereas a I'g(n) level structure is a specification of a cyclic
subgroup H of C' of order n. The corresponding moduli problems are denoted
M (n) and Mg(n). Assigning to the pair (C, P) the pair (C, Hp), where Hp is the
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subgroup of C' generated by P, determines an étale map of moduli stacks
g: Mi(n) = Moy(n).
Moreover, there are two morphisms
frq: Mo(n) = M[1/n]

which are étale; f forgets the level structure whereas ¢ quotients C' by the level
structure subgroup. Composing with g, we obtain analogous maps from M (n). We
can take sections of QP over the forgetful maps and obtain ring spectra TMFy(n)
and TMF((n), ring maps TMF[1/n] — TMFy(n) — TMF;(n) as well as maps of
descent spectral sequences

H*(M[1/n],w®*) == 7. TMF|[1/n]

J J

H*(M;s(n),w*) —— 7., TMF+(n),

obtained by pulling back. In particular, for any odd integer n we have such a
situation 2-locally.

We use the ring map f : TMF[1/n] - TMFy(n) induced by the forgetful f :
Mo(n) = M[1/n] to equip TMFy(n) with a TMF[1/n]-module structure. With
this convention, the map ¢ : TMF[1/n] — TMFy(n) induced by the quotient map
on the moduli stacks does not respect the TMF[1/n]-module structure. However,
one can uniquely extend ¢ to

(3.1) TMF[1/n] ——2— TMFy(n).

_
~
_ -,

TMF|[1/n] A TMF][1/n]

Another way to define ¥,, is as the composition of f A ¢ with the multiplication on
TMFy(n).

Finally, we will be interested in the morphism

which is the étale map induced by the multiplication-by-n isogeny on an elliptic
curve, and the induced map ¢p,; : TMF[1/n] — TMF[1/n] is an Adams operation
on TMF[1/n].

In Section [6] below, we will make heavy use of the maps ¥3 and ¥5. Their
usefulness is due to the relative ease with which their behavior on non-torsion
homotopy groups can be computed.

3.2. Details on tmf;(3) as BP(2). We return to the convention that everything is
2-local. The significance of bu in the computation of bo,bo was that at the prime 2,
bu is a truncated Brown-Peterson spectrum BP(1) with a ring map bo — bu which
upon K (1)-localization becomes the inclusion of homotopy fixed points (KU3)"¢2 —
KU;. In particular, the image of KO3 — KU3 in homotopy is describable as certain
invariant elements. By work of Lawson-Naumann [LN12], we know that there is a
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2-primary form of BP(2) obtained from topological modular forms; this will be our
analogue of bu in the tmf-cooperations case.

Lawson-Naumann study the (2-local) compactification of the moduli stack M (3).
Given an elliptic curve C' (over a 2-local base), it is locally isomorphic to a Weier-
strass curve of the form

y2 + a1y +asy = x> + asx + ag.

A point P = (r,s) of order 3 is an inflection point of such a curve; transforming
the curve so that the given point P is moved to have coordinates (0,0) puts C in
the form

(3.2) Y’ + arwy + agy = 2.

This is the universal equation of an elliptic curve together with a T'1(3) level
structure. The discriminant of this curve is A = (a} — 27a3)a3, and M;(3) ~
Proj Zs) a1, as][A™].  Consequently, m, TMF1(3) = Z)[a1,as][A™']. Lawson-
Naumann show that the compactification M (3) =~ ProjZs)a1, as] also admits a
sheaf of E..-ring spectra, giving rise to a non-connective and non-periodic spectrum
Tmf;(3) with a gap in its homotopy allowing to take a connective cover tmf(3)
which is an E..-ring spectrum with

myetmfy (3) = Z@)[ah ag].
This spectrum is complex oriented such that the composition of graded rings
Z(Q) [1}1, ’Ug] C BP, — (MU(Q))* — tmfy (3)*

is an isomorphism [LN12l Theorem 1.1], where the v; are Hazewinkel generators.
Of course, the map BP, — tmf;(3), classifies the p-typicalization of the formal
group associated to the curve (3.2)), which starts as [Sil86, IV.2], [ST14]:

F(X,Y)=X+Y —a1 XY — 2a3X®Y — 3a3X?Y? + —2a3XY3
—2a1a3 XY — a1a3X3Y? — a1a3 XY — 20143 XY* + O(X,Y)S.

We used Sage to compute the logarithm of this formal group law, from which we
read off the coefficients I; [Rav86, A2.1.27] in front of X' as

R I — a$ + 2az
1 — 2 ) 2 — 4 9
aI + 30a‘11a3 + 30a1a§

Iy = 3

Now the formula [Rav86, A2.1.1] pi,, = Z livfj_i (in which I is understood
0<i<n
to be 1) allows us to recursively compute the map BP, — tmf;(3),. For the first
few values of n, we have that

3
V1 —ag, Vg > as, vgr—>7a1a3(a1+a3)....

We can do even more with this orientation of tmf;(3), as

BP.BP — tmf;(3).tmf;(3)
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is a morphism of Hopf algebroids. Recall that BP.BP = Zy)[v1,v2,...][t1,t2,...]
with v; and ¢; in degree 2(2° — 1) and the right unit is ng : BP, — BP.BP
determined by the fact [Rav86, A2.1.27] that

nr(ln) = Z liti:i
0<i<n
with [y = to = 1 by convention. On the other hand,
tmfy (3).tmfy(3)g = Qla, as, as, as)

and the right unit tmf;(3). — tmf;(3).tmf;(3) sends a; to a;. With computer aid
from Sage, we can recursively compute the images of each ¢; in tmfy(3).tmf;(3).
As an example, we include here the first three values

1
t1 — 5(@1 — al),
1
ty > g(4ag +2a3 — a1a; + 2a3a, — 4as — 3a3),

t3 > %(480&16@ — 16a1a3 + 480atas — 16a,asas + Saasaz — 16a5a, as

+ 32a1a3a3 + 24atas + 16a] — 4a1a + 4ala’ — 4aza; — 11a3a; + 32a,a3a3

+ 24afa} — 32a3aza; — 22a3a;l + 32a3aza; + 20aSa; — 496a1a3 — 508ataz — 27a7)
and rather than urging the reader to analyze the terms, we simply point out the

exponential increase of their number. What will allow us to simplify and make
sense of these expressions is using the Adams filtration in Section below.

3.3. The relationship between TMF;(3) and TMF and their connective
versions. As we mentioned already, the forgetful map f : M;(3) — M is étale;
moreover, f*w = w. As a consequence, we have a Cech descent spectral sequence

Ey = HP(M(3)*M@+D) @) = HPHI(AM, @),

With it, the modular forms H°(M,w®*) can be computed as the equalizer of the
diagram

(3.3) HO (M (3), w) p:i;HO(Ml(S) X M (3), w®),

in which p; and py are the left and right projection maps. The interpretation is
that the M-modular forms M F, are precisely the invariant M; (3)-modular forms.

To be more explicit, note that M (3)x pM1(3) classifies tuples ((C, P), (C’, P'), ¢)
of elliptic curves with a point of order 3 and an isomorphism ¢ : C' — C’ of elliptic
curves which does not need to preserve the level structures. This data is locally
given by

C: y? + arzy + azy = 2°,
(3.4) - y? 4 oy + ahy = a3,
@ : z—=ulr+r y»—)u_3y+u_25m+t,
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such that the following relations hold

sa; —3r+s2 =0,

saz + (t +rs)a; — 3r? +2st = 0,
(3.5) r3 —tas —t> —rta; =0,

ay = nr(a1),

az = nr(az).

(Note: For more details on this presentation of Mj(3), see the beginning of [Stol
§4]; the relations follow from the general transformation formulas in [Sil86] ITT.1]
by observing that the coefficients aeyen, must remain zero.)

Hence, the diagram (3.3) becomes
ZLygylar, as] = Zaylas, as] [utl 7, s,t]/(~)

(where ~ denotes the relations (3.5))) with p; being the obvious inclusion and ps
determined by

a — u(ay + 2s),
ag — u>(as + ray + 2t),
which is in fact a Hopf algebroid representing M 3). Note that we do not need to

localize at 2 but only to invert 3 to obtain this presentation.

As a consequence of this discussion we can explicitly compute that the modular
forms MF, are the subring of M F;(3), generated by
(3.6)
¢4 = a} — 24ayas, cg = a$ + 36ataz — 216a3, and A = (a} —27a3)a3,

which in particular determines the map TMF, — TMF;(3). on non-torsion ele-
ments.

3.4. Adams filtrations. The maps BP, — tmf;(3). and BP,.BP — tmf}(3).tmf;(3)
respect the Adams filtration (henceforth AF), which allows us to determine the AF
on the right hand sides. Recall that

where as usual, vo = 2. Consequently, AF(a;) = AF(a3) = 1, which in turn implies
via (3.6 that AF(ca) =4, AF(c) =5, AF(A) = 4. More precisely, modulo higher
Adams filtration (we use ~ to denote equality modulo terms in higher AF) we have

cy ~ Qy, ce ~ 216a3 ~ 8a3, A ~ aj.
Note that the Adams filtration of each ¢; is zero.

3.5. Supersingular elliptic curves and K(2)-localizations. At the prime 2,
there is a unique isomorphism class of supersingular elliptic curve; one representa-
tive is the Weierstrass curve

C: Vry=u=x
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over 5. Recall that a supersingular elliptic curve is one whose formal completion
at the identity section C is a formal group of height tWO Under the natural
map M — My, from the moduli stack of elliptic curves to the one of formal
groups sending an elliptic curve to its formal completion at the identity section, the
supersingular elliptic curves (in fixed characteristic) are sent to the (unique up to
isomorphism, by Cartier’s theorem [Rav86, Appendix B]) formal group of height
two in that characteristic.

Let M?*® denote a formal neighborhood of the supersingular point C' of M, and
let 7:[(2) denote a formal neighborhood of the characteristic 2 point of height two
of My4. Formal completion yields a map M®*° — 7:1(2) which is used to explicitly
describe the K(2)-localization of TMF (or equivalently, tmf) in terms of Morava
E-theory.

The formal stack H(2) has a pro-Galois cover by Spf W(F,)[[u,]] for the ex-
tended Morava stabilizer group Gs. The Goerss-Hopkins-Miller theorem implies in
particular that this quotient description of 7(2) has a derived version, namely the
stack Spf Eo//Gg, where Eg is a Lubin-Tate spectrum of height two. As we are
working with (Aelliptic curves, we take the Lubin-Tate spectrum associated to the

formal group C over Fy, and Gy = Auty, (C).

Let G denote the automorphism group of C; it is a finite group of order 48 given
as an extension of the binary tetrahedral group with the Galois group of Fy/Fs.
Then G embeds in G, as a maximal finite subgroup and Spf Es is a Galois cover
Ms for the group G. In particular, taking sections of the structure sheaf Q%P over
M?s gives the K(2)-localization of TMF which is equivalent to E4“. Moreover, we
have K(2)-local equivalences

(TMF A TMF)g (2) ~ Hom®(Gy/G, Ep)"¢ ~ ph(GnaGa™")
@) !
©€G\G2/G

The decomposition on the right hand side is interesting though we will not pursue
it further in this work. The interested reader is referred to Peter Wear’s explicit
calculation of the double cosets in [Weal.

4. THE ADAMS SPECTRAL SEQUENCE FOR tmf,tmf AND bo-BROWN-GITLER
MODULES

Recall that we are concerned with the prime 2, hence everything is implicitly
2-localized.

4.1. Brown-Gitler modules. Mod 2 Brown-Gitler spectra were introduced in
[BGT3] to study obstructions to immersing manifolds, but immediately found use
in studying the stable homotopy groups of spheres (eg. [Mah77], [Coh81] and many
other places). As discussed in Section Mahowald, Milgram, and others have used

Ias opposed to an ordinary elliptic curve whose formal completion has height one. These two
are the only options.
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integral Brown-Gitler modules/spectra to decompose the ring of cooperations of
bo [Mah&1], [Mil75], and much of the work of Davis, Mahowald, and Rezk on tmf-
resolutions has been based on the use of bo-Brown-Gitler spectra [MR09],[DMI0],
[BHHMOS]. In this section we recapitulate and extend this latter body of work.

Generalizing the discussion of Section [2} we consider the subalgebra of the dual
Steenrod algebra

i+l i = —
752 ?"'a€i+17£i+2a"'}'

(A//A(D)x = Fa[€}
We have the examples
HHF; 2 A, = (A//A(-1)).,
H,HZ 2 (A/A(0)).
H.bo = (A//A(1)).,
H.tmf =2 (A//A(2))«.
The algebra (A//A(i)). admits an increasing filtration by defining wt(&;) = 2°71;
every element has filtration divisible by 2¢+1. The Brown-Gitler subcomodule N;(j)
is defined to be the Fy-subspace spanned by all monomials of weight less than or
equal to 2715, which is also an A,-subcomodule as the coaction cannot increase
weight.

The modules N_;(j) through N (j) are known to be realizable by the mod-2
(classical), integral, and bo-Brown-Gitler spectra respectively, which we will denote
by (HF3);, HZj, and boj, since we have

HF, ~ @(ng)j,
HZ ~ lim HZ;,
bo ~ lim bo;.
To clarify notation we shall continue the convention we adopted in Section [2]and un-

derline a spectrum to refer to the corresponding subcomodule of the dual Steenrod
algebra, so that we have

(HFy); := H,(HF2); = N_1(j),
HZ, := HHZ; = No(j),
bo; := H.boj = N1(j).

It is not known if tmf-Brown-Gitler spectra tmf; exist in general, though we will
still define
mj' = Ny (])

The spectrum N3(1) is not realizible, by the Hopf-invariant one theorem.

There are algebraic splittings of A(7).-comodules

(A//A@). = DTN ()

This splitting is given by the sum of maps:
S2IN () = (A)JAG))-

(4'1) i1 ¢l caFil Fio
1€ ...,_>§1£2 ERRR
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where the exponent a above is chosen such that the monomial has weight 2:%1j. Tt
follows that there are algebraic splittings

(4.2) Ext(HZ A HZ) 2= @) Ext 4(9), (5% (HF2);),
(4.3) Ext(bo A bo) = @) Ext 1), (2YHZ;),
(4.4) Ext (tmf A tmf) 2 @) Ext (2), (5%bo;).

These algebraic splittings can be realized topologically for ¢ <1 [Mah8&1]:
HZ AHZ ~ \/ SYHZ A (HFy);,
J
bo Abo ~ \/ £¥bo A HZ;.
J
However, the corresponding splitting fails for tmf as was shown by Davis, Ma-
howald, and Rezk [MR09], [DMI0], so
tmf A tmf 2 \/ £%tmf A boj.
J
Indeed, they observe that in tmf A tmf the homology summands
Y8tmf Aboy, and Xtmf A boy

are attached non-trivially. We shall see in Section that our methods recover
this fact.

4.2. Rational calculations. Recall that we have
tmf, tmfy = Q[cy, cs, €4, Cs] and

consider the (collapsing) vo-inverted ASS
P vo ! Extaz). (£¥bo;) = tmf.tmf @ Q.

J
In this section we explain the decomposition imposed on the E.,-term of this spec-
tral sequence from the decomposition on the Fo-term. In particular, given a torsion-
free element x € tmf,tmf, this will allow us to determine which bo-Brown-Gitler
module detects it in the Es-term of the ASS for tmf A tmf.

Recall from Section [3[ that tmf; (3) ~ BP(2). In particular, we have

H*(tmf1(3)) = A//E[Q07 Ql, QQ]

We begin by studying the map between vyp-inverted ASS’s induced by the map
tmf — tmfy (3)

vp VExt’yfy (Fy) =———= m.tmf ® Q

| |

(]FQ) ——> m,tmf; (3) R Qs.

—1 * ok
Vo Extrio, 0.,
We have

_ * % ~ +
Vg 1 EXtE[Qo,leQZ]*(]FZ) = F2[UO 171)177}2]5
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where the v;’s have (t — s, s) bidegrees:

lvol = (0,1),
1] = (2,1),
|va| = (6,1).
Recall from Section [3| that 7, tmf;(3)g = Q[a1, as], and that
vy = [a1],
vg = [ag).

Of course m,tmfg = Q[ca, cg], with corresponding localized Adams Ea-term
val Ext;’z“z)* (Fy) 2 Ty [voﬂ, c4, Cg),
where the [¢;]’s have (t — s, s) bidegrees
|[eal| = (8,4),
|[es]] = (12,5).

Recall also from Section [3] that the formulas for ¢4 and cg in terms of a1 and as
imply that the map of Fs-terms of spectral sequences above is injective, and is
given by
4

Cq| —r |Qq],
s e )

ea] > [8a3].
Corresponding to the isomorphism

mtmfg = HQ,tmf
there is an isomorphism of localized Adams Fs-terms
v ' Extagz) (F2) = vy ' Extaq)((A//A(2))s).

Since the decomposition

A//A(2). = @ ¥ bo,

is a decomposition of A(2).-comodules, it is in particular a decomposition of A(0),-
comodules, and therefore there is a decomposition

(4.6) vyt Ext o). (F2) = @D vy ' Bxtago). (5¥bo,).
J

Proposition 4.7. Under the decomposition (|4.6]), we have
vy ' Extao). (S¥bo;) = Falvg {[cf c@?] : i1 +ia = j}
C val EXtA(Q)* (F9).

Proof. Statement (2) of the proof of Lemma [2.6| implies that we have
vy ! Extao). (boj) = Folvg '€} : 0< i < j}.
Using the map , we deduce that we have
vy Bxt ). (E¥bo;) =2 Folvg {EE™ + iy + iy = 4}
C Extao). ((A//A(2)))-
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Consider the diagram:

(4.8) H, tmf — H,tmf(3) «+—— BP,BP

T T J

HZ.tmf —— HZ,tmf;(3) «—— tmf;(3).tmf;(3)

| J |

HQ,tmf —— HQ, tmf (3) +—— tmf(3),.tmf;(3)g.

The map
BP.BP — H.tmf,(3) = Fy[€7,€2,62,&4,. . ]
sends t; to £2. Thus the elements
250 gl ¢ [,
13> € BP,BP
have the same image in H,tmf;(3). However, using the formulas of Section |3 we
deduce that the images of ¢; and ¢ in
tmf; (3).tmf;(3)g = Qlas, as, a1, as]
are given by
t1 — (a1 +a1)/2,
ty > (4a3 — a1a3 — 4az — a3)/8 + terms of higher Adams filtration.
Since the map
tmf;(3).tmf;(3)g — HQ.tmf;(3) = Qaq, as]

of diagram (4.8)) sends a; to a; and a; to zero, we deduce that the image of ¢; and

tl — a1/2,
to — az/2 + terms of higher Adams filtration.

It follows that under the map of vp-localized ASS’s induced by the map tmf —
tmf1(3)
’Uo_l EXtA(g)* (FQ) — ’1)0_1 EXtE[Qo,Ql,Qz]* (]FQ)

we have o

816" = [a1/2]* [as /2]
Therefore, by (4.5), we have the equality (in vy " Ext (0). ((A//A(2))+))

E16"™ = [ea/16]" [e6/32]
and the result follows. O

Corresponding to the Kiinneth isomorphism for HQ, there is an isomorphism
Uo_l EXtA(O)* (M X N) = ’UO_1 EXtA(O)* (M) ®]F2[voi1] EXtA(O)* (N)
In particular, since the maps

vy ' Ext(tmf A 2¥bo;) — vyt Ext(tmf A tmf)
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can be identified with the maps
vy ' Extao). ((A//A(2))x) @gyp,21 v5 ' Exta). (5¥bo;)
= 5t Exta). (A//A(2)).) @5, v Extagy. (A//A2)).)
we have the following corollary.
Corollary 4.9. The map
vg ! Ext(tmf A 2%bo;) — vy Ext(tmf A tmf)
obtained by localizing is the canonical inclusion

Falvy ", [ea], [ca]l{[ea] " [G6]™ : i1 + 2 = j} < Fa[vg, [cal, [ca], [Ca], [G5]]-

4.3. Exact sequences relating the bo-Brown-Gitler modules. In order to
proceed with integral calculations we use analogs of the short exact sequences of
Section [2 Lemmas 7.1 and 7.2 from [BHHMOS| state that there are short exact
sequences

(4.10) 0 — X¥bo; — boy; — (A(2)//A(1)). ® tmf,; | — ¥ bo; | — 0,
(4.11) 0 — X%bo; @ bo; — boy;y — (A(2)//A(1)), ® tmf; ;| — 0
of A(2).-comodules. These short exact sequences provide an inductive method of
computing Ext 4(2), (bo;) in terms of Ext 4(1),-computations and Ext 4(2), (boj ).
We briefly recall how the maps in the exact sequences (4.10) and (4.11) are
defined. On the level of basis elements, the maps
Zsj@j — bo,;,
Zgj@j ® bo; — m2j+1
are given respectively by
EE0E - GGG
gililggbggs e ® {175%7 _575_3} — (&fgilf_gizgf e ) : {13541135_3753}7
where a is taken to be Sj—wt(ggilgg“ 5}5 -++); The notation was introduced in ([2.4)).
The maps
(4.12) bo,; = (A(2)//A(1)). ® tmf;_,,
(4.13) boyj1 — (A(2)//A(1))« @ tmf;_,
are given by
g§11+4€1g§i2+262§§i3+63514 RN
UE GG @GP, wi(fNGPERE ) <8) -8,
0, otherwise,

where €, € {0,1}. The only change from the integral Brown-Gitler case is that
while the map (4.13) is surjective, the map (4.12)) is not. The cokernel is spanned
by the submodule

F2{€163€:} ® % bo;_; C (A(2)//A(1)). ® tmf;_,.
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We therefore have an exact sequence
bo,; — (A(2)//A(1)). @ tmf; | — £¥*%bo, | — 0.

We give some low dimensional examples. We shall use the shorthand

M < @ Mi[ki]
to denote the existence of a spectral sequence

P Extiy (M) = ExtSy(,, (M),
In the notation above, we shall abbreviate M;[0] as M;. We have
(4.14)
¥1%ho, <= B1O(A(2
¥#bo, <« B2 (A(2
$%ho, < (A(2)//AD)). ® (SPtmf, © D*F,) & $%bo, ® S7bo [1] & S Fa1],
2%%o05 < (A(2)//A(1)). ® (2*%tmf, @ %7bo,) @ X*bof ® %o, [1],
2%8bog <= (A(2)//A(1)). ® (E*tmf, & B72F, & S50F,(1))

@ 28%bo? @ ¥%8bo, [1] @ B°F,[2],
%o, « (A(2)//A(1). & (S*Ptmi, © *bo,) © T¥bo?,
Ebog < (A(2)//A(L), ® (Ztmf, © S, © T2, & SR, (1)

@ £12ho2[1] & £12bo, © T'20ho, [1] @ SIZF,[1].

//AQ)). & S**bo; & X1,

)
)//A(1)). © £*bof,

In practice, these spectral sequences tend to collapse. In fact, in the range com-
puted explicitly in this paper, there are no differentials in these spectral sequences,
and the authors have not yet encountered any differentials in these spectral se-
quences. These spectral sequences ought to collapse with vg-inverted, for dimen-
sional reasons.

In principle, the exact sequences (4.10) and (4.11]) allow one to inductively com-
pute Ext 4(2), (bo;) given Ext 4(2), (boP™), where bo, is depicted in Figure H The

& o
_|sat
& o
& o
Sq4
1 o

FIGURE 4.1. bo,

problem is that, unlike the A(1)-case, we do not have a closed form computation of
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Ext 4(2), (bof ¥). These computations for k < 3 appeared in [BHHMOS| (the cases
of k = 0,1 appeared elsewhere). We include in Figures [£.2] through [4.5 the charts
for Esjmj, for 0 < j < 6, as well as X8bo? in dimensions < 64.

4.4. Rational behavior of the exact sequences. We finish this section with a

m(”*—(zwmj). On one hand, the

discussion on how to identify the generators of
vo—tors

inclusion

EXtA(Q) (Z bO )(
vo—tors

Uo_l EXtA(Q)* (Esj@j) = Fg [Uoil, [64], [06]]{£8i154i2 . il + ig =

vy " Exty ). ((A//A(2)))

discussed in Section informs us that the ho-towers of Ext(z), (£%bo;) are all
generated by

hg[cal?[cs] 767 &5
for appropriate (possibly negative) values of k depending on i1, i, p, and g.

The problem is that the terms
(4.15) val EXtA(Q) (Zlﬁj (A(Q)//A(l))* &® mjfl) C EXtA(Q)* (ElﬁjbOQj)7
(4.16) val EXtA(Q) (216j+8(14(2)//14(1)) & tmf- ) C EXtA( (216j+8b02 ‘+1)

2)x
in the short exact sequences are not free over Fy[vE!, [c4], [c6]] (how-
ever, they are free over Fo| UO , C4

We therefore instead identify the generators of vy ' Ext (2, ((A/ /A( ))«) corre-

sponding to the generators of (4.15) and (4.16) as modules over Fa[vi?, [c4]], as well
as those generators coming (inductively) from

(4.17) vy " Exta2). (5*%bo;) C vy Extaa), (5'%boy;),
(4.18) 1}61 EXtA(Z)* (224j+8mj X @1) C ’1)61 EXtA(Q)* (El6j+8m2j+1)
in the following two lemmas, whose proofs are immediate from the definitions of
the maps in (L.10), (L11).
Lemma 4.19. The summands (4.15) (respectively (4.16))) are generated, as mod-
ules over Fy[vT?, [¢4]], by the elements
G678, §7°GMIEGR € (4//A(2)).
with i1 + 45 < j— 1 and a = 165 — 8i1 — 8iy (respectively a = 165 + 8 — 8i; — 8ia).

Lemma 4.20. Suppose inductively (via the exact sequences (4.10)),(4.11))) that the
summand

vy Exta). (5¥bo)) C vy ! Extaa). ((4//A(2)).)
has generators of the form
{&é 1
Then the summand is generated by

(&8}

J}
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and the summand is generated by
(&1 8.6}
The remaining term
(4.21) vy " Extaz)., (Z24j+8@j—1[1]) cupt Exta(2), (boy;)
coming from is handled by the following lemma.
Lemma 4.22. Consider the summand
vg " Extacy. (5*Y7%bo; 1) C gt Extay, (5'%tmf; 1) Cvg ! Extaga), (5'%boy;)
generated as a module over Fo[vE!, [¢4]] by the generators
1061 ER, §6" TG € (4//A(2).,

with 41 +43 = j— 1. Let x; (0 <7 < j—1) be the generator of the summand (4.21)),
as a module over Fo[vi?, [e4], [cs]] corresponding to the generator £f7 € bo;_;. Then
we have

78 F8iq +4 Fi
[06]§§ 2“+ 312 = Uéxiz +oee

in vy U Ext A(g)*(Elm@Qj), where the additional terms not listed above all come
from the summand

’1)0_1 EXtA(Q)* (224jmj) C ’Uo_l EXtA(Q)* (216]'@%).

Proof. This follows from the definition of the last map in (4.10)), together with the

fact that with vg-inverted, the cell £1€2&3 € (A(2)//A(1)). attaches to the cell &f
with attaching map [cg]/v§. O

Lemmas4.19] |4.20] and 4.22| give an inductive method of identifying a collection
of generators for v, © Ext A(2). (bo;), which are compatible with the exact sequences
(4.10), (4.11). We tabulate these below for the decompositions arising from the

spectral sequences (4.14). For those summands of the form (A(2)//A(1)). ® —
these are generators over Fo[vi?, [c4]], for the other summands these are generators
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over Fy[vE!, [eq], [cq]]-

@0 .
»®bo, :
216m2 .

224m3 .

E32m4 .

24()@5 .

Z48m6 .

256m7 .

264m8 .

Fy :

»®bo, :

S(A(2)/ /A1) -
¥*bo, :

R32R,[1] :

DH(A@2)/ /A1) -
Engi .
2*2(A(2)//A(1))« © tmf, -
SP(A2)//AL). -
¥%0bo, :

264]};2[1} .

256@1[1} :
SY(A(2)//A1))« © tmf, -
S0(A(2)//A(1)). ® bo, :
»%bo? :

272@1[1} :
S¥(A(2)//A(1))« © tmf, :

ST (A(2)//AL)). -
ZSO@% .

5*boy[1]
220(A(2)//A(1))« ® tmf, -

2*0(A(2)/ /A1)« ® bo, :
EBS@? .

SH(A(2)/ /A1) ® tmf -

2(A(2)//A(1)) ® tmf, -
SU2(A@2)//A)s -
ZlZOml .

YIBRy[1] :

1
&.5
618,883
.8
vy Heal€lEs + - -
4,808
{&5,6} - {€),6)
550, 8383
&, &
vy Heal€5€s + - -
v e6) €337 + -+ vg Heal 38 + -
{63°,6363} {81, &3}
{6,61}-{8. &)
{vg *lesléSes + -} {€1, &5}
§19635, 880, 6156363, §63°85, 61°65, 86583
4,856
(6,6} -{6.8)
v Heal€PE5° + -+ vg HealETEE +

vy [eol€T €5 + -+

{€4,6°%;) - {€. 6}

6760 E165°, 6°6°63, 6165765, §1°6565, 16765,
€1°63%, 616,63

€52,63°63,6,°65, 65637, £°€1, 656564

&°, 6586

€.6

vy [eel€58 + -
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£10bo, (1] vy [ealESER2 + - v ol ESELEL +
100, (1] vy fealEBES + - 0y ol ESEOE + -
oy eolBIERE +

4.5. Identification of the integral lattice. Having constructed useful bases of
the summands

Uo_l EXtA(Q)* (EsjbO]‘) - ’Uo_l EXtA(g)* (A//A(2).)
it remains to understand the lattices
EXtA(Q)* (EsjbOj)

vy — tors

C 1}0_1 EXtA(Q)* (ZgjbOj).

This can accomplished inductively; the rational generators we identified in the last
section are compatible with the exact sequences 1) 1-) and EXtA(z)* of the

—tors

A(l)*
vo—tor

terms in these exact sequences are determined by the computatlons of

Section 2] and knowledge of

vy — tors ’
Unfortunately the latter requires separate explicit computation for each k, and
hence does not yield a general answer.

Nevertheless, in this section we will give some lemmas which provide convenient
criteria for identifying the ¢ so that given a rational generator z € (A//A(2)). (as
in the previous section) we have

Ext a(2)«((4//A(2))+)

vhx € o —tors Cvg ot Exta(2)«((A//A(2))+).

We first must clarify what we actually mean by “rational generator The gener-
ators identified in the last section originate from the exact sequences -
More precisely, they come from the generators of v, ! Ext A2). (M) Where M is given
by

Case 1: M = bo¥,
Case 2: M = (A(2)//A(1))+ ® tmf;.

In Case 1, a generator x of vo_l Exta(2). (M) is a generator as a module over
Fa[vi!, [ca]] using the isomorphisms

v ' Exta), ((A(2)//A(1)). ® tmf;)

=0y ExtA(l)*(mj)

= vyt Exta, ((4//A(1))« ® tmf )

j> v ' Exta), ((4//A(1))« © tmf ;)

o ' Exta), (A4//A(1))x) @,z Vo Extao). (tmf;)
]Fz[vo Jeall{1, &1} @m, Fo &6 i +i2 < ).

(4.23)

IIZ

1%
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The rational generators in this case correspond to the generators

r=Eo g e
In Case 2, a generator z of vo_l Ext (g, (M) is a generator as a module over
Fo[vi!, [ca], [c6]], using the isomorphisms
vy ! Extaa). (boy)
2 vy ! Exta, ((4//A(2)). © boy)

(4.24) =5 05" Extao). ((A//A(2)). @ bo})

v ' Exta), (A//A(2)).) O, [u!] vy " Ext 4 (0). (bof)

Falvg ', [ca], [c6]] @, Fa{1,&1}%".

The rational generators in this case correspond to the generators

z e {1,6}°.

'

1

In either case, the maps « in both (4.23)) and (4.24)) arise from surjections of
cobar complexes

Ch. (N) — ij(o)* (V)
induced from the surjection
A, — A0)..
Thus a term vjz € C’i(0). (V) representing an element in vy " Exta(g), (V) corre-

sponds (for i sufficiently large) to a term [¢]'z + --- € C% (N). Then we have
determined an element of the integral lattice

Exta, (V)
vy — tors

Lemma 4.25. Suppose that the A(2).-coaction on x € (A//A(2)). satisfies

[G)a+--]€ C vy Exta. (N).

Y(r) = £ @ y + terms in lower dimension
with y primitive, as in the following “cell diagram”:
)

Sq*

Then
5. c Exta(2)«((4//A(2))+)

Vo vo — tors C ’Ual EXtA(z)*((A//A(2))*)

and is represented by

[€1]€1161]2 + ([5_1\5_2|§t2] + [5_1|€1|§_%€2] + [5_1|€15_2|§?] + [5_2\5?@%]) y
in the cobar complex C7 5, ((A//A(2))x)-
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Proof. Since the cell complex depicted agrees with A(2)//A(1) through dimension
4, Ext (), of this comodule agrees with Ext (1), (F2) through dimension 4. In

. Ext . . . . .
particular, vz + -+ generates an ﬁ-term in this dimension. To determine
the exact representing cocycle, we note that

[E11&16] + [G1]61]616] + [G116&(E0) + [E1€71€7]
kills hihs in Ext ), (Fa). O
Example 4.26. Let a = Ei“gff -+ be a monomial with exponents all divisible by

8. A typical instance of a set of generators of (A4//A(2)). satisfying the hypotheses
of Lemma .25 is

4
&a o
Sq4
&8
i-1 ©

The following corollary will be essential to relating the integral generators of
Lemma [£.25] to 2-variable modular forms in Section [l

Corollary 4.27. Suppose that x satisfies the hypotheses of Lemma [4.25] The
image of the corresponding integral generator

1}817 +--- € EXtA(g)*((A//A(2)*))
in Extgig,,0,,0.]. ((4//E[Qo, Q1,Q2])«) is given by
]2

vgx + volai)?y.

Proof. Note the equality
E[QOv Qla Q2]* - I[?2 [517 527 53}/(5%7 g%a 532))

Therefore the image of the integral generator of Lemma [4.25| under the map
Ch@). (A//AQ2)+) = CLigy.01,q.). (A//EQo, @1, Q2])+)
is
SUSUSIERRISUSIISILY

and this represents v3x + vg[ai]?y. O

Similar arguments provide the following slight refinement.
Lemma 4.28. Suppose that the A(2).-coaction on = € (A//A(2)). satisfies
Y(z) = & ® y + terms in lower dimension
with y primitive, and that there exists w and z satisfying
¥(2) = £2y + terms in lower dimension

and
Y(w) = €12 + &y + terms in lower dimension
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as in the following “cell diagram”:

X O\

w o]

z o |sd

Then

v Ext 42« ((A//A(2))«)

vy — tors C vg " Extag((4//A(2)):)

is represented by

(€] + [€3)w + ([€1] + [&]) 2 + [y
in the cobar complex C7 5, ((A//A(2))).

Example 4.29. Let a = éflh 7?,32 -+ be a monomial with exponents all divisible by

8. A typical instance of a set of generators of (4//A(2)). satisfying the hypotheses
of Lemma 28] is

Eéta o~

(& 182+ &285_1)a o
Sqt

— — _ — Sq4
( 187151'2%1 +f¢2+1§8’71)05 ©

Sq?

(8,88 + 88 a0

Corollary 4.30. Suppose that z satisfies the hypotheses of Lemma [£:28] The
image of the corresponding integral generator

Vo + - - € Ext (9, ((A//A(2)4))
in Extpig,,q:,Q.]. (A//E[Qo, @1, Q2])+) is given by

vox + [a1]z.

5. THE IMAGE OF tmf,tmf IN TMF,TMFg: TWO VARIABLE MODULAR FORMS
5.1. Review of Laures’s work on cooperations. In this brief subsection, we
do not work 2-locally, but integrally.

For N > 1, the spectrum TMF;(N) is even periodic, with
TMF1(N)2. 2 M (T1(N)[A™ 2008
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In particular, its homotopy is torsion-free. As a result, there is an embedding
TMF;(N)2. TMF(N) < TMF;(N)2.TMF;(N)g
= M. (I (N))[A™ g ® M. (T1(N))[A™ g
Consider the multivariate g-expansion map

M, (T1(N))[A™ g ® M. (T1(N))[A™ g — Q(g,9))-

In [Lau99, Thm. 2.10], Laures uses it to determine the image of TMF; (V). TMF; (N)
under the embedding above.

Theorem 5.1 (Laures). The multivariate g-expansion map gives a pullback

TMF; (N), TMF; (N) —— TMF; (N), TMF; (N)g

| J

Z[1/N]((¢; 7)) ———— Q((¢, 9))-
Therefore, elements of TMF;(N),.TMF;(N) are given by sums
Z fi ® gi € M(T1(N))[A™ g ® M. (T1(NV)[A™ g

with

Z fi(q) ® gi(q) € Z[1/N]((q, 7))

We shall let M2=29"(T'y(N))[A~%, A~!] denote this ring of integral 2-variable
modular forms (meromorphic at the cusps). We shall denote the subring of those in-
tegral 2-variable modular forms which have holomorphic multivariate g-expansions
by MZ=e" (T (N)).

Remark 5.2. Laures’s methods also apply to the case of N = 1 provided 6 is
inverted to give an isomorphism

TMF,TMF[1/6] = M2~"*"(T'(1))[1/6, A~ A~1].

5.2. Representing TMF,TMF /tors with 2-variable modular forms. From
now on, everything is again implicitly 2-local.

We now turn to adapting Laures’s persective to identify TMF,TMF /tors. To
do this, we use the descent spectral sequence for
TMF — TMF (3).
Let (B, 'p,) denote the Hopf algebroid encoding descent from M (3) to M, with
B, = m.TMF,(3) = Z[a1, a3, A",
I'p, = m/TMF(3) Armr TMF(3) = Bilr, s,t]/(~),

(see Section [3) where ~ denotes the relations (3.5). The Bousfield-Kan spectral
sequence associated to the cosimplicial resolution

TMF — TMF,(3) = TMF,(3)"™F2 = TMF, (3) ™3 ...
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yields the descent spectral sequence

Exty! (B.) = m—TMF.

We can use parallel methods to construct a descent spectral sequence for the
extension

TMF A TMF — TMF; (3) A TMF,(3).
Let (Bﬁz), r B<2)) denote the associated Hopf algebroid encoding descent, with

BY® = 1, TMF,(3) A TMFy(3),

g = m (TMF;(3) ™72 A TMF, (3)"702).

The Bousfield-Kan spectral sequence associated to the cosimplicial resolution
TMF"? — TMF, (3)"2 = (TMFy(3)"™r2)"? = (TMF, (3) e3) "2 .

yields a descent spectral sequence

Ext® (BY) = TMF,_,TMF.

5(®
Lemma 5.3. The map induced from the edge homomorphism
TMF, TMF /tors — Ext'7;, (BS*)
B

is an injection.

Proof. This follows from the fact that the map
TMF A TMF — TMF A TMFg

induces a map of descent spectral sequences

Ext’, (B?)) =——= TMF,_,TMF
B

J

; 2
Ext;é) (B @ Q) == TMF,_,TMF,
and the rational spectral sequence is concentrated on the s = 0 line. ([l

The significance of this homomorphism is that the target is the space of 2-
integra]ﬂ two-variable modular forms for I'(1).

Lemma 5.4. The 0-line of the descent spectral sequence for TMF,TMF may be
identified with the space of 2-integral two-variable modular forms of level 1 (mero-
morphic at the cusp):

Bxtl) (BY) = M2 (r()ia~, A7)

2ie. integral for Zq)



ON THE RING OF COOPERATIONS FOR tmf 43

Proof. This follows from the composition of pullback squares

0,%
Extr,

(2) 0,% (2)
o (B e—— ExtFBg) (B:” ®Q)

| [

TMF (3), TMF (3)—— TMF (3), TMF; (3)g

J J

Z((4,9)) Q((q,9))-

The bottom square is a pullback by Theorem Note that since TMF1(3) Armp
TMF;(3) is Landweber exact, I‘B(2> is torsion-free. Thus an element of B£2) is

I' ;2 -primitive if and only if its image in B£2) ® Q is primitive. This shows that
the top square is a pullback. O

5.3. Representing tmf,tmf/tors with 2-variable modular forms. Recall from
Section [3| that the Adams filtration of c4 is 4 and the Adams filtration of c¢g is 5.
Regarding 2-variable modular forms as a subring

Mf—'ua’r'(l"(l)) C Q[C4, Cg, 647 66]7

we shall denote M2~ (T'(1))4F20 the subring of 2-variable modular forms with
non-negative Adams filtration. The results of the previous section now easily give
the following result.

Proposition 5.5. The composite induced by Lemmas and
tmfo, tmf /tors — TMF5, TMF /tors < M2~ (I'(1))[A™!, A7
induces an injection
tmfa, tmf /tors < M2 (D(1))4F=0

which is a rational isomorphism.

Proof. Consider the commutative cube

tmfy, tmf/tors ——— TMF5, TMF /tors

=

l M2 (D(1)[A, A

tmf, tmfg TMF,, TMFg

\ \
N Mf—var

MEver(D(1))g

M2var(D(1))

(ra)a= A=l

(The dotted arrow exists because the front face of the cube is a pullback.) The
commutativity of the diagram, and the fact that rationally the top face is isomorphic
to the bottom face, give an injection

tmfo, tmf /tors < M2~ (T'(1))
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that is a rational isomorphism. Since all of the elements of the source have Adams
filtration > 0, this injection factors through the subring

tmfy,tmf /tors < M2~ (I'(1))AF20,

5.4. Detecting 2-variable modular forms in the ASS.

Definition 5.6. Suppose that we are given a class

x € Ext(tmf A tmf)
and a 2-variable modular form

F e M2mver(D(1))AF20,
We shall say that = detects f if the image of x in vgl Ext(tmf A tmf) detects the
image of f in M27v%"(I'(1)) ® Q3 in the localized ASS
vy P Ext(tmf A tmf) = tmf,tmf @ Qu = M27V"(I'(1)) @ Q.
Remark 5.7. Suppose z as above is a permanent cycle in the unlocalized ASS
Ext(tmf A tmf) = tmf,tmf5,
and detects ¢ € tmf,tmfy. If f is the image of ¢ under the map
tmf b} — [M2770 (D(1))5] 4720,

then z detects f in the sense of Definition

Given a 2-variable modular form f € M279"(I'(1)), let f(a;,a;) denote its image
in
MZ7"*"(T'1(3)) ® Qo = Qa[ay, as, @, as) = tmf; (3),tmf; (3) ® Qo,
and let
[f(a,-, C_Lz)] S Uo_l Ext(tmf1 (3) N tmf1(3)) = FQ[U(:)tl, [aﬂ, [a3]7 [C_ll], [5,3]]
denote the element which detects it in the (collapsing) vg-localized ASS. Similarly,
let tx(a;,a;) denote the images of ¢ in tmf(3).tmf;(3) ® Q2 (as in Section ,

and let [tx(a;,a;)] denote the elements of Ext which detect these images in the
vo-localized ASS for tmf(3).tmf;(3) ® Qs.

The following key proposition gives a convenient criterion for determining when
a particular element z € Ext(tmf A tmf) detects a 2-variable modular form f.

Proposition 5.8. Suppose that we are given a cocycle

2= HEME € Ol ((A)/A(2)))
J
(with z; € C ), (F2)) representing [z] € Ext(tmf A tmf), and a 2-variable modular
form
f c Mffvar(l—w(l))Aon.
The images Z; of the terms z; in the cobar complex CE[QO,Ql,Qz]*(FQ) are cycles
that represent classes

(z;] € Extp(qQo,q.,@.) (F2) = Falvo, [a1], [as]].
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If we have
[flaia)] =Y _[z]lta(ai, @) [ta(ai, @)]F0 -
J
then [z] detects f.

Proof. Let zZ € O ((A//E[Qo,Q1,Q2])«) denote the image of z. We first

note that the map
M, (T'(1))*7""®Qy = tmf ,tmf@Qy — tmf;(3),tmf(3)®Qs = M, (I'1(3))* """ 2Q;

Qo0,Q1,Q2]-

is injective. Both tmf A tmf and tmf;(3) A tmf;(3) have collapsing vp-localized
ASS’s, with a map on FEs-terms induced from the map

Cha). ((A//A(2)+) = Chioy,01,0.) (A//E[Qo, @1, Q2])+)

so that [z] detects f if and only if [Z] detects f(a;, @;). Thus it suffices to prove the
latter.

Note that since the elements

g2k e (A))E[Qo, Q1, Qa))s

are F[Qo, Q1, Q2].-primitive, it follows from the fact that z is a cocycle that the
elements z; are cocycles. The only thing left to check is that

ke - ko s _ . _ X
EE ) = @) o, )] -

in Extgg,,0,,0.1. (A//E[Qo, Q1,Q2])«). But this follows from the commutative
diagram

BP.BP H.H

~, 7

together with the fact that ¢; is mapped to f_ﬁ by the top horizontal map. O

5.5. Low dimensional computations of 2-variable modular forms. Below is
a table of generators of Ext(tmf A tmf)/tors, as a module over Fa[hg, [c4]], through
dimension 64, with 2-variable modular forms they detect. The columns of this table
are:

dim: dimension of the generator,

boy: indicates generator lies in the summand Ext (o, (Do) (see the charts
in Section ,

AF': the Adams filtration of the generator,

cell: the name of the image of the generator in vy * Ext 4(2), (boy,), in the sense
of Section [£.4]

form: a two-variable modular form which is detected by the generator in the
vo-localized ASS (where f;, are defined below).
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The table below also gives a basis of M27v%"(T'(1)) as a Z[c4]-module: in dimension
2k, a form ag in the last column, with o € Q and g a monomial in Z[ey, cg, A, f]
not divisible by 2, corresponds to a generator g of ME‘”“T(F(I))E

dim boyg

8

12
16
20
20
24
24
24
28
28
32
32
32
32
36
36
36
36
36
40
40
40
40
44
44
44

1

W N = Ot R W N R W WD HE REWNYE WD WD E NN =N

AF

o

W N N O O R kR WO WW NN OO REWwWWwWw o Ok w o w

cell
3
[8]¢;

16
1

[cs/4] - €
[8)¢7&5
[c6/2] - &
&

24

1

8]
[861°&3
[A]ES

[c6/16] - €765 + [ca/8] - €3

8 ¢8
313
32

1

[8A)5
[cs/4] - €5
[8]¢5

& +&°
8167485
[c6/2] - &3
216365
°63

o

[Ace/4] - &

[e/4](lcs/16] - €165 + [c4/8] - &)

[06/4] 5?53

TABLE 1. Table of generators of Ext(tmf A tmf)/tors.

form

fi
2fa

2
1

2f3
2f1f2
Ja

Is

3
1

2fe
2/ fa
Afy
fo
fifs

4
1

2Af>
2f7
2fafs
Jio
2fi f2
Is
Ji1
fifs
i
2Af3
cefo/4
2f1f7

3There is one exception: there is a 2-variable modular form c4f19 which agrees with c4f10

modulo terms of higher AF, but which is 2-divisible. See Example
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44
44
48
48
48
48
48
48
48
48
52
52
52
52
52
52
56
o6
56
o6
56
o6
56
o6
60
60
60
60
60
60
60
60
60
60

S Oy Ut Ut s s W W N E O OOt R R W NN HE O Ut Ut WO O e R W W N = O e
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S B O O FH k= 00 0 W O W W ke N O O O F k= k&= 00 w o w

—_
—_

O W W O W o W

[8]€7€5°
€% + 616
867263

[Acg/2] - €

[AlE;

[ce/2] - 5212

[c6/16] - (675 + &7)

&°

2€76:€5

e

&°

[BAJES

[ce/2] f_gf_g‘

[81€63¢3

[8]€1°¢52

E11Es +61°6

[8€1°62

(A%}

[A]([es/2] - E1&; + [ca] - €3)
IN3¢3

[c6/16] - 51552 + [ca /8] '5_%6
3

£6°

[2€1°6263

76

[8A%]- €

[ACG/4]

[BAJE;?

[Al(6€ + &)

[e6/2] - €162€3 + [ea] - 565
[8]€3

§° + &858,

[B1EFE3€3

[8€74¢52

%65

2f1f2f5
2f13
21 f
Afy
Afs
f2f7
f14

3
flfll
fifs
i
2A fg
2f15
2f5fe
21 fofs
2f1f13
2f1 f2
A?fy
8A fy
Afsf
I5.fo
f16
f1f?
i
fifs
2A% f,
2A f7
2Af5 f2
Afio
2fefo
2f17
f1s
2f1fs5fe
2f7 fofs
2/1 fis

47
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60 7 3 [8&°G 27 fa
64 2 8 [Acg/2]-& Afs

64 3 5 [2A 15253 Afn
64 4 2 [ce/16]- 55 + [ca/8] - &5 13/2
64 5 1 [28%& Jifsfo
64 5 0 &8 J1f16
64 6 0 £°° B
64 6 1 [2)engd fufi
64 7 0 %G fifs
64 8 0 & ik

M?27v97(T'(1)) in the above table are the

generators of M27v%"(I'(1)) as an M, (I'(1))-algebra in this range, and are defined

as follows.
f1:=(—Cs+cq4)/16
fo:=(—C +c6)/8
f3 1= (5f1c6 + 21f2c4)/8
fa:= (5face + 21f1¢%)/8
fs = (=fiea+ f3)/16
fo := (—clc + cace + 544 foc + T68 fycy 4+ 179211 facy) /2048
fr = (4f2A + fsce + 5 fach + 6f3¢ + 5f1fach + Tfoca + 4f7 f2c4)/8
fs = (4f1cad + foce + 5f1cs +5f7ck + Tfsch + 2faci +4f7c3) /8
fo = (32f1A + fiface + 33fEch + 8fsca + 32fsca + 32f7cy)/64
fr0 = (2f2c} + frfach + 2fsca + 3fT faca + frfo + f2fs5)/4
fi1 = (4fread + 117 4 34 fscf + 28fach + 23f7¢h + Afoca + fifsca+4fica
+4fs + f2f6)/8
fi2 := (fifsce + 8facy + 8f3ci + 8f1fach + 8fsci + 8f1 foch + fafsca)/8
fis = (8f3AA + 80 fach + 56 f3c] + 80f1 foch + 76 fscs + 5517 faci + 4f10¢a
+ 18fafsca + 1117 faca + 4f12 + f1 fo + frfafs + 411 f2)/8
fra = QLAAA +8fsA + 16 f4A + 202 A + fioce + 11f1¢h + 36f2¢t + 591 fscd
+ 490 f4cs + 43T f3c3 + 119 foch + 14011 fsca + T5f1ch + 10 f11¢q + 11 fsca
+32fPcs + 8f1f2f6)/16
fi5 = (A6 A + fLf2A + T6 foch + 54 fach + 90f1 facy + T3 fech + 507 fach + 3 frocs
+ 87 +20fa fsci + 817 f2c] + Thioca + 4f1 faf5ea) /8
fie = (2f1A% + 24 f1 A + 9fscald + 18 fsca A + AfPes A + 2fo A + f1fsA
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+36f2¢ + 480 fsch + 402f1ct 4 359f3ct + 94 focs + 1121 fscs + 55 ficd
+12f11¢5 + 14fsci +20f7¢h + 2f1aca + 5fafrea + foca +4f7 fsca + f1fia
+ fsfo+ fifafr)/2

fi7 := (2f2A% 4 22f3¢2A + 11 focaA + fofsA + 19focics + 682 f2c5 + 480 f3¢)
+ 768 f1 fach + 648 focy + 4627 fach + 30 f10¢i + 63 frch + 185 fo fsch
+ 84f7 foct + 12 f13¢] + 27 fract + 291 fofsch + 16f1 foch + Af15ca + 45 foca
+2f% fafsca + fofia + fofo)/2

fig := (4f2A% 4 168 f3¢2 A + 96 foca A + 8fa fs A + 168 foc2cs + 5880 foc§
+ 4140 f3¢5 + 6648 f1 foch + 5592 fsct + 39802 foct + 248 frocs + 560 frc
+ 1586 fo fscs + TA4f3 focd 4+ 112f13¢2 + 220 frac? + 265 f1 fo f5c2
4+ 136 f1 foca + 40 f15cs + 4f1 fizca + 34 fs foca +19f2 fafsca + 87 faca
+4fsfo + fifsfo + f2f2)/4

We shall now indicate the methods used to generate Table |1, and make some
remarks about its contents.

The short exact sequences of Section [£.3] give an inductive scheme for computing
Ext 4(2). (boy), and the charts in that section display the computation through di-
mension 64. In Section[4.4] these short exact sequences are used to give an inductive
scheme for identifying the generators of vy L Ext A(2). (boy), and appropriate multi-
ples of these generators generate the image of Ext 4(2y, (boy ) /tors in these localized
Ext groups. These generators are listed in the fourth column of Table

The two variable modular forms in the last column of Table [0 are detected
by the generators in the fourth column, in the sense of the previous section. In
each instance, if necessary, we use Corollary or to find the image of the
generator in Ext(tmf;(3) A tmf;(3)) and then apply Proposition

The 2-variable modular forms were generated by the following inductive method.
Suppose inductively that we have generated a basis of M27?%"(I'(1)) in dimension
n and Adams filtration greater than s and suppose that we wish to generate a
2-variable modular form f in dimension n and Adams filtration s.

Step 1: Write an approximation (modulo higher Adams filtration) for f. This
could either be generated using Proposition [5.8] or it could be obtained
by taking an appropriate product of 2-variable modular forms in lower
degrees. Write this approximation as g(q, 7)/2* where g(q, ) is a 2-integral
2-variable modular form.

Step 2: Write ¢(g,q) as a linear combination of 2-variable modular forms
already produced mod 2:

9(q,9) = Z hi(q, ).

Step 3: Set

g/(q’ lj) _ g(qu) + Zz hl(q76)’
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the form ¢'(q,q)/2F ! is a better approximation for f.
Step 4: Repeat steps 2 and 3 until the denominator is completely eliminated.

We explain all of this by working it through some low degrees:

f1: The corresponding generator of Extg"(sm* (X8bo, ) is €. We compute

B at 4+ a? —C1+cy
[t1(ai, a:)*] = { 124 1] =l
We check that B
! “+cq
= Y

has an integral g-expansion. B
2f5: The corresponding generator of Extigf)*(Zstl) is [8]€5. We compute
(appealing to Corollary |4.27)
_ _ _ —Cg + ¢
[8t2(as, ) + 203ty (0, @:)"] = (205 + 2a3] = [——].
We check that %ﬂe has integral g-expansion. In fact the g-expansion is
zero mod 2, so we set
—Cg t+C
foi=——
2 Th? corresponding generator of Ext%(lzﬁ)* (£16bo,) is €4, Since £ detects
f1, €3 detects f2.
2f;f5: The correspor_lding generator o_f ]E)xtf’&?g’)*(zlﬁm” is £8€4. Since £
detects f1 and [8]¢5 detects 2f, [8]€5E5 detects 2f1 fo.
2f3: The corresponding generator of Exti’?s’)*(ilgml) is [cs/4]€5. Since &
detects fi, we begin with a leading term cgf; /4. This 2-variable modular
form is not integral, but we find that

c6(q) f1(¢,q) + f2(q,@)ca(g) =0 mod 4.
Therefore [cs/4]€ detects

cef1 + facy
-
In fact
5¢6(q) f1(¢: @) + 21f2(q, @)ealq) =0 mod 8,
S0 we set

5C6f1 + 21f264
AR Rt ]

6. APPROXIMATING BY LEVEL STRUCTURES

Recall from §3] the maps
W, : TMF[1/n] A TMF[1/n] — TMFo(n)

and
Gpn) : TMF A TMF[1/n] — TMF A TMF[1/n].
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Here ¥, is induced by the forgetful and quotient maps f,q : Mo(n) — MJ1/n],
while ¢,,; = 1 A [n] where [n] : TMF[1/n] — TMF[1/n] is the “Adams operation”
associated to the multiplication by n isogeny on M[1/n]. For reasons which will
become clear in the next section, we are interested in the composite map ¥ given
as

tmf Atmf ——2 5[] TMF,(37) x TMFq(57),

J/ 1€7Z,j>0
/

TMF A TMF
where

b= H U3 rzi] X Usi Prsi-
i€Z,j>0
We will abuse notation and refer to the composite

tmf A tmf — TMF A TMF 2 TMF,(n)
(for (2,n) =1) as ¥,, as well; these are the ¢ = 0 factors of V.

In order to study ¥,, we consider the square

tmf, tmf ﬂ—*\p"> m TMFo(n)

| |

Mz (D(1) —— M. (T'o(n))-

Here the left-hand vertical map is the composite
tmf,tmf — tmf,tmf/tors < M2 (T'(1))AF20 — M27ve"(T(1)),

and M.(Ty(n)) is the ring of level I'y(n)-modular forms. The bottom horizontal
map is also induced by f and g¢; if we consider a 2-variable modular form as a

polynomial p(C4, €6, C4, 66)7 then wn(p) = p(f*c4a f*cﬁa q*64a q*éﬁ)

We are especially interested in the cases n = 3,5. Recall from [MR09] (or [BO.
§3.3]) that M, (Io(3)) has a convenient presentation as a subalgebra of M, (I'1(3)).
More precisely, M, (T'1(3)) = Zlay, a3, A™] with A = a3(a$ —27a3), and M, (T'o(3))
is the subring

M. (To(3)) = Z[a?,ara3,a3, A7)
Using the formulas from loc. cit., we may compute
f*(ea) = ai — 24a1a3, q*(ca) = ai + 216a; a3,

f*(cs) = —ab +36a3az — 21643, q*(cs) = —a$ + 540a3az + 5832a3.

There are similar formulas for the n = 5 case which we recall from [BOL §3.4].
Here the ring of T'g(5)-modular forms takes the form

M, (To(5)) = Z[ba, by, 6, A71]/ (b = b30 — 48%),

where |bg| = 2 and |by| = |§] = 4. (These are the algebraic, rather than topological,
degrees.) The discriminant takes the form

A = 5%, — 1163
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and we have
f*(ca) = b3 — 120y + 126, q*(cq) = b3 + 228b, + 4926,
f*(ce) = —b3 + 18bgby — 72020, q*(c) = —b3 + 522b2by + 10008b26.

6.1. Faithfullness of . In this section we will prove the following theorem.
Theorem 6.1. The map on homotopy

¥, : TMF, TMF — H 7. TMF(37) x 7, TMF(57)
i€Z,j >0

induced by the map 9 defined in the last section is injective.

Theorem [6.1] will be proven in two steps. Consider the following diagram

(6.2) TMF,TMF — 7 TMF,(37) x 7, TMF, (57)
1€Z,j>0
(Yr(2)) J

Ty (TMF A TMF)K(Q) — H 7 TMF (3j)K(2) X W*TMF0(5j>K(2)

i€2,7>0
where the vertical maps are the localization maps. We will first argue that the
left vertical map in is injective, and we will observe that the same argument
shows the right hand vertical map is injective. Secondly, we will show that the
bottom horizontal map of is injective. Theorem then follows from the
commutativity of and these injectivity results.

Lemma 6.3. The localization map
TMF,TMF — TMF,TMF g (2

is injective.

Proof. Since TMF A TMF is E(2)-local, we have
(TMF A TMF) g () ~ holim TMF A TME A M (2, v))

where (4, j) above run over a suitable cofinal range of Nt x N*. In order to conclude
that there is an isomorphism

T (TME A TMF) g () = TMF*TMF(AZ%)

and for the map
TMF,TMF — TMF*TMF&M)

to be injective we must show that no element of TMF,TMF is infinitely divisible
by elements of the ideal (2,¢4). Consider the Adams-Novikov spectral sequence
for TMF,TMF. This spectral sequences converges since TMF A TMF is E(2)-local
[HS99, Thm. 5.3]. The Fj-term of this spectral sequence is easily seen to not be
infinitely divisible by elements of the ideal (2, ¢s). Therefore, any infinite divisibility
in TMF,TMF would have to occur through infinitely many hidden extensions. This
would result in elements in negative Adams-Novikov filtration, which is impossible.

O
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The same argument shows that the various maps
T TMFo(N) = m.TMFo(N) g (2)

are injections. The only remaining step to proving Theorem [6.1] is to show the
bottom arrow of Diagram ((6.2)) is an injection. This is the heart of the matter.

Lemma 6.4. The map

WATMFATMFM@)ﬁzgké II T TMF(37) ge(2) X mTMF((57) (2
i€7,5>0

is an injection.

In order to prove this lemma, we will need the following technical observation.

Lemma 6.5. Suppose that G is a profinite group, H is a finite subgroup of G,
and U is an open subgroup of G containing H. Then there is a finite set of open
subgroups U; < U which contain H, and a corresponding finite set {yy} of elements
in G such that

(1) {yxUx} forms an open cover of G, and
(2) HNypUpy, ' = HNypHy; .

Proof. We have
H= () V
H<V<,U
(where we use <, to denote “open subgroup”). Therefore, for each y € G, we have

HnNyHy ' = ﬂ HnyVy L.
H<V<,U

Therefore, for each z € H with z € yHy ™!, there must be a subgroup H <V, <, U
so that z € yV,y~!. Define

U, = (V-

(If the set of all such z is empty, define U, = U.) Since H is finite, this is a finite
intersection, hence U, is open. Note that U, has the property that H < U, <, U
and

on yUyy_1 = HnyHy "

Consider the cover {yU,}, where y ranges over the elements of G. Since G is
compact, there is a finite subcover {y,Uy, }. We may therefore take U, = U,,. O

Proof of Lemma([6.4 Let Sy denote the second Morava stabilizer group, and let E,
denote the version of Morava E-theory associated to a height 2 formal group over
Fy. The spectrum E, admits an action by the group Sy x Gal where Gal is the
Galois group of Fy over Fy, and we have

_ hGal
TMF (o) = (E5)
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where (24 is the group of automorphisms of the (unique) supersingular elliptic curve
C over Fo. In [GHMRO5], it is shown that this homotopy fixed point description of
TMF g (2) gives rise to the following description of (TMF A TMF) g (2)

(TMF A TMF) c(5) = (Map®(S/Gaa, Bo)"20)" "

There is a subtlety being hidden with the above notation: the Galois group is acting
on the continuous mapping spectrum with the conjugation action, where it acts on
the source through the left action on

(SQ bel Gal)/(G24 X Gal) = SQ/G24.

For N coprime to 2, let Mg*(N)(Fz) denote the groupoid whose objects are pairs
(C, H) where C is a supersingular elliptic curve over Fy and H < C(F5) is a cyclic
subgroup of order N, and whose morphisms are isomorphisms of elliptic curves
which preserve the subgroup. Then we have

hGal
TMFo(N) (2 =~ 11 EhAu(CH)
[C,H]eM® (N)(F2)
For a prime ¢ # 2, let Isog)®(F2) denote the groupoid whose objects are quasi-
isogenies
¢ : Cl — CQ

with C},Cy supersingular curves over Fy, and whose morphisms from ¢ to ¢’ are
pairs of isomorphisms (a7, ay) making the following square commute

Cl L>(72

Cf—

It is easy to see that there is an equivalance of groupoids
[T M&@)(Fs) = Tsogy® (Fs)
i€7,§>0

given by sending a pair (C, H) to the quasi-isogeny ¢ given by the composite

o.c oo/

However, since there is a unique supersingular elliptic curve C over Fy, the category
Isog}®(F2) admits the following alternative description (we actually only need that
C' is unique up to f-power isogeny). Let I'y denote the group of quasi-isogenies
¢ : C — C whose order is a power of £. There is an inclusion

Fg‘—)SQ

given by associating to a quasi-isogeny ¢ the associated automorphism QAS of the
formal group C. Then there is a bijection between the isomorphism classes of
objects of Isog;*(IF3) and the double cosets

G24\I'¢/Gaa.
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Moreover, given an element [¢] € G24\I's/G24, the corresponding automorphisms
of the associated object ¢ in Isog,®(F2) is the group

Gaos N ¢G24¢)_1 cIy.

Putting this all together, we have
hGal

(Map(T¢/Gaa, Ez)hG24)hGal ~ H EQG“M)G“WI
[p]€G24\T'¢/G2a
hGal

H Eg Aut(¢)
[¢]€Tsogs® (F2)

~ H H EhAut(C,H)
- 2

I€2,520 [(C,H)| e Mg (¢9) (F2)

I TMFo(¢) ke
i€7,5>0

R

hGal

R

and under the equivalences described above, the map

Uit (TMEATMF) ) = [ TMFo(37)k2) x TMFo(5) i (2)

i€Z,§>0
can be identified with the map
c I \hGay hGal " \hGaa

(66) (Map (SQ/G24, EQ) ) — (Map(rg/GQ4 II F5/G24, EQ) )
induced by the map
(67) Fg/G24 HF5/G24 — SQ/G24.

In [BLO6] it is shown that the image of the above map is dense. Intuitively, one
would like to say that this density implies that a continuous function on Sy/Gay is
determined by its restrictions to I's/Gao4 and I's/Gay, and this should imply that
the map is injective on homotopy. The difficulty lies in making this argument
precise.

hGal

Before we make the argument precise (which is rather technical) we pause to
give the reader an idea of the intuition behind the argument. An element in

7y Map®(Sa/Gaa, E2)hG24

is something like a section of a sheaf over Ga4\S2/Ga4 whose stalk over [z] €
GQ4\SQ/G24 1s
W*EQLG24QZL’G24ZL’_1 .

One would like to say a section of this sheaf is trivial if its values on the stalks are
trivial. However, the actual space of continuous maps is a (K(2)-local) colimit of
maps
Map®(Sa/Gay, Ey)¢2t ~ lim Map(Sy /U, Ey)"¢24
G24<U<,82
— -1
~ h—n;l H EéLGMﬂwUJ; ,
G2a<UZoS2 [3]€Gay\Sa /U
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so an element of the homotopy of the continuous mapping space is actually repre-
sented by a kind of locally constant section with constant value over Ga4zU lying
in the group

T E3G24H$U$71 )

The difficulty is that there are only maps

W*E_VS,GQALQZUI_l N 7T_)klT:\£7,G24ﬁZL’G24ZL’_1
and these maps are not necessarily injections. The point of Lemma [6.5] is that
the open cover of Sy given by the double cosets Go4zU admits a finite refinement,

over which the “constant sections” have values in one of the stalks, and hence the
vanishing of a value at a stalk implies the vanishing of the constant section.

We now make this argument completely precise. We have

Gal
. hGahGal . 7T Map(Sy /U, Ey)hG24
7o (Map®(S2/Gaa, Bo)"24) 7 = lim  lim ( p((;/vj) ? )

s Y1

5, G2a<U<,S2

3 1 Gal
s ESG24 NxUzx

i oo
G2y <U<,S2 [£]€Gas\S2 /U (2 ,1}1)

and

_ Gal
e hGal . [ 7 Map(T'y/Gay, Eo)"C2
7. (Map(L/Gag, Bn)">t) 7 = l%n < (2¢,07)

N Gal
T EélG24ﬂxG24x7

(2, 0])

1@1 H

i, [2]6G24\F[/G24

for suitable pairs (7, j). Consider the natural maps

oo m ]

G24<U<082 [£]€G24\S2 /U

— —1 — —1
ﬂ_*ElgbGzzlﬂwUI W*ESGMOQZGMQZ

(2, 0])

II

i gd
(2 71)1) [w]EG24\FZ/G24

Lemma will be proven if we can show that if we are given an open subgroup
Gos < U <, Sy and a sequence in the product

— —1
Ty E;LG24 NxUx

(ZG24$U)[ZL’] € H

[Z]€G24\S2/U (2170{)

such that

¢E(ZG24IU) =0

for £ = 3,5, then there is another subgroup Go4 < U’ <, U such that the associated
sequence
W*E§G24QZEU,I71

(ZG24:1:U’)[m] S H

iy
[z]€G24\S2 /U’ (24,01)

is zero, where zg,, .+ is the restriction to U’ of zg,,.u-
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Suppose that (2g,,2U)[z] is such a sequence in the kernel of ¢3 and ¢5. Take a
cover {ypUi} of Sy as in Lemma and let U’ = N U,. Regarding I's and T'5 as
subgroups of Sg, the density of the image of the map (6.7) implies that the map

F3/U’HF5/U’ — SQ/U/

is surjective. We therefore may assume without loss of generality that the elements
yx are either in I'3 or I's. We need to show that the associated sequence (2¢,,20) ]
is zero. Take a representative x of a double coset [z] € G24\S2/U’. Then z € y, Uy
for some k. Note that we therefore have

Gg4ﬂxU’x_1 S G24ﬁxUka:_1 = G24ﬂkakyk_1 = G24ﬂykG24yk_1 S G24ﬂl‘U$_l.
Consider the associated composite of restriction maps
W*ESLGMOmUz’l W*EgcmﬁykGuy;l W*EQLGmﬁxU/z’l
(2171"1) (21"”1) (2zav1)
The element zq,,.v is the image of zq,,.v under the above composite. However,

since zg,,.r is in the kernel of ¢35 and ¢s, it follows that the image of zq,,.ur is
Zero in

. ES/G24 Ny Gaayy "

(2,0)
We therefore deduce that zq,,.v+ is zero, as desired. O

6.2. Computation of U3 and VU5 in low degrees. Using the formulas for f*
and ¢* for T'g(3) and T'g(5) in the beginning of this section, we now compute the
effect of the maps W3 and W5 on a piece of tmf Atmf. Using the notation of ,
we have decompositions:

Ext’y (), (3'%boy) = Ext’y()) (S'F2) ® Ext’y(,) (2'bo;) © Extyy (5%Fa[1]),

EXtZ()Kz)(Zl6@2) Ext;’(’;)* (216&2)

Ext’y(y) (5%'boy) & Ext’y()) (E*'F2) @ Extly(,) (£%bo),

Ext’j(,). (5%tmf, @ N5F,) )

@ Ext’y ) (2°°bo; @ %%%bo, [1])

@) (2)- i

Ext’y ;). (5%2boy)

Ext’r, (£%%bo,) = Ext’y” (264]F2[1])€B<

As indicated by the underbraces above, we shall refer to the first piece of bo, as

&2, and the second piece as &2, and the first piece of bo, as &4.

We define a tmf,-lattice of m, TMF(¢) to be an 7, tmf-submodule I < 7w, TMFq(¢)
which is finitely generated as a mw,tmf-module, and has the property that

AT = 7, TMFq(¢).

Note that the first condition forces I to be concentrated in m>n5TMF((¢) for some
N.

We will show that a portion I3 of tmf,tmf detected by
Eth{&)* (X°bo; @ ElGEQ)
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in the ASS maps isomorphically onto a tmf,-lattice of 7. TMF(3), recovering an
observation of Davis, Mahowald, and Rezk [MR09], [DM10]. Similarly, we will show
that a portion I5 of tmf,tmf detected by

Ext’", (3°bo, ® %*'boy ® *2bo,)

A(2)«
in the ASS maps isomorphically onto a tmf,-lattice of 7,TMF((5). This is a new
phenomenon.

Actually, Davis, Mahowald, and Rezk proved something stronger in [MR09],
[DM10]: they showed (2-locally) that there is actually a tmf-module

tmfo(3) := tmf A (2'%bo; U $**boy) Ug B3 tmf

which maps to TMF,(3) as a connective cover, in the sense that on homotopy
groups it gives the aforementioned tmf,-lattice. In the last section of this paper
we will reprove and strengthen their result, and show that there is also a (2-local)
tmf-module -
tmfo(5) := L3 tmf U 22*tmf A bojy U 2% tmf

(where tmf Aboj is a tmf-module whose cohomology is isomorphic to the cohomol-
ogy of tmf A bog as an A-module) which maps to TMF(5) as a connective cover,
topologically realizing the corresponding tmf,-lattice of 7. TMFy(5).

It will turn out that to verify these computational claims, it will suffice to com-
pute the maps

Uy I3 — W*TMF()(?))
U5 : I5 — . TMF(5)
rationally. The behavior of the torsion classes will then be forced.

The case of TMF(3).

Observe that we have
- o Extlyly (2%bo; ® B'°bo,)
=yt ExtA(Q) (X%bo,)
@ vy Extyl)) (Z1°F2)
@ vy Extlyry (5*'hoy)

=Falvy ", [eal, [AI{LA1), [£2), [f3], [fa]}
@ Fafvg™, [eal {[fT), [f1 fal}
& Fafvg™, [eal, [AT{If5], [fe], Lf2), 1]}

Recall that
M. (To(3)) = Z[af,alag, a%}

(regarded as a subring of Z[a1, as]). For a I'g(3) modular form f, we will write

f:2iaj1.a§+...7
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where we have

d (2%), and
iglak mod (211, alth).

We shall refer to 2'alak as the leading term of f.

The forgetful map
[T M(T(1)) = M. (To(3))

is computed on the level of leading terms by

file)=ai+---,
files) =ai+---,
f1(8) =az +--

59

Using the formulas for f* and ¢* given in the beginning of this section, we have

U3(f1) =aiaz + - Us(f2) = ajaz + -
U3(f3) = ara3 + -- U3(fs) = afa3 + -
(6.8) U3(f7) = afa3 + - 3(f1f2) = afa3 +
U3(fs) =a3+--- U3(fs) = azai + -
Us(fr) = a3 + - U3(fs) = ajai + -

It follows that on the level of leading terms, the (tmf,)g-submodule of tmf,tmfg

given by

Qles, Al{ f1, f2, f3, fa}
OQleal{ f7, frf2}
©Qles, Al{ f5, fo, f7, fs}

maps under U3 to the (tmf,)g-lattice given by the ideal
(I3)g = (a1a3,a3) C M. (T'o(3))g
expressed as

(@[a‘f, aé]{alag, a:fag, alag, a?ag}
®Qlai]{aia3, ataz}

©Qlat, a5){a3, a3ai, a3, azai}.

The case of TMF(5).
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Observe that we have

ExtA’(Q) (= 16b;‘62 ® 224@3 ® 232b;(/)4)

:vo_lExt*’E‘) (E32F,[1])
® v Extlyl) (Z*1F2)
® vyt Ext’yl, (X%boi)
@y Extlyr, (ZF)

= Favg !, [cal, [ATI{[fo], [e6 fo]}
® Falvg ', [ca {UA], LT o}

@ Folvy ", [ea), [AI{[f5 /1], [f5 f2], [frols [fual, [ fals f7 fols [fral, [fas)}
@ Falvg ', [ca], [AI{[f5], [e6 f31}-

Recall that
M, (T'o(5)) = Z[ba, ba, 6]/ (b3 = b3 — 46%).
For a I'g(5) modular form f, we will write
=200+
where € € {0,1} and

(1) f=0 mod (2%), and
(2)

Il
=

f=205(0F + a6 1by) mod (211,611, €
f=2050%bs mod (201, b5, e=1.

We shall refer to 2%%5’“1)2 as the leading term of f.

The forgetful map
F*: ML(D(1)) = M.(To(5))
is computed on the level of leading terms by
frlea) =b3+ -,
frlee) =b3+-,
fr(A) =06+

Unlike the case of I'g(3), the M, (I'(1))-submodule of 2-variable modular forms
generated by the forms listed above in

vy VExt, (£'%bo, & 22*bo, @ $32bo,)

A(2),
does not map nicely into M,(T'g(5)). Rather, we choose different generators as
listed below. These generators were chosen inductively (first by increasing degree,
and second, by decreasing Adams filtration) by using a row echelon algorithm based
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on leading terms (see Examples and [6.12)). In every case, a generator named
T agrees with o modulo terms of higher Adams filtration:

fo=fo+ A+,
cofo = cofo + calfa + cifi fo,
B=f+h+af
J% = fif2+ cafs + cafifo,
Fshi = fifs + Af,
fsf2 = fsfa + Afo,
fifi = fifr + Afs + cafr + calhfo+ Efo + G frfa + i fo,
frf2 = fofr + Afs+ eafs + GAR + 2,
fia = fra+ Afa+ G fs + i fa,
fis = fis + cafs + i fo + ci f.

(6.9)

The following forms, while not detected by Ext ;i (S6bo, & X24boy & £32bo,),
will be needed:

L= fl +cafs +cafa+ A ST
fifa= fifo+cafo+ cifs + cifo

We now define:
fio = fio+ fr +cafo + Efifo,
fir = fuu + fs + A + ci fs
cafro = eafio + cofo +C4]:1372 + Cif??l

Again, the following forms are not detected by Exti"&)* (216E2 ©X24bo, @232@4)7
but will be needed:

Fifo = fifs + caDfo+ Efo+ s+ o+ cafs fo,

P

N ) — ¢
fiz3 = fis+ Afs+eafr+alfo+ G fs+ i fs+ i fife+cifo+ fofi + 510
+cofo + cafsfa + fifo+ G fLfe.
We then define:
~ 2
fg = f9 ]
s ~2 e - e e re E o =
cafd =cafo + Afrfo+calfii + GAfsf1+cifra+ chfo + i fsfiL + A fL,
— —~ — Is — _— C A
cefe = cofg + calfrfi + cuA 1/10 + csAcgfo + AAfsfo + ) 1/10 +ciftfe

2 2

+ Ciff’fz + Cif13~
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Using the formulas for f* and ¢* given in the beginning of this section, we have

Ws(fo) =0+ ‘1/5(06f9) =b30% +

5 (f7) = b30° + U5 (f2f>) = b30% +
Us(f5f1) = 0%ba + -+ Us(f5f2) = bad%bs + -+
Us(frf1) = b26” + - ‘1’5(f7f2) = 6265

(6.10) Ws(f1a) = 0" + Us(fi5) =
| Ws (/) = b30°b + Wﬁﬁf)zwﬁm+

o) = ot + Ua(Gra) B+
Us(cafro) = 2b20%by + s ( {1 5) = b363 +
%(fwv):b35+-~- Us(f, g)_58+...
Us(caf§) = 26%s + - Ws(cof2) = bydSby + -+ -

Example 6.11. We explain how the above generators were produced by working
through the example of fig.

Step 1: Add terms to fi of higher Adams filtration to ensure that \113(]‘;)) =
0 mod 2. For example, we compute

Ws(f10) =a§+--- .

According to , we have W3(f7) = a§+---. Since f; has higher Adams
filtration, we can add it to f1p without changlng the element detecting it
in the ASS, to cancel the leading term of a§. We compute

Us(fio+ fr) = aSa3 + - .

Again, using (6.8), we see that W3(cqfs) (of higher Adams filtration) also
has this leading term, so we now compute:

Us(fio+ f7 + cafe) = a1°a3 + -
We see that W3(c2fif2) also has this leading term, and

Us(fro+ fr+ecafo +cififa) =0 mod 2.

Step 2: Add terms to fig+ fr+cafs+c3f1f2 to ensure that the leading term

of \115(12;)) is distinct from those generated by elements in lower degree, or
higher Adams filtration. In this case, we compute

Us(fio + fr + cafs + cifif2) = bad* +

By induction we know the leading term of W5 on generators in lower degree
and higher Adams filtration, and in particular tells us that this lead-
ing term is distinct from leading terms generated from elements of lower
degree. We therefore define

fro0= fio+ fr +cafs + A fifo

Example 6.12. We now explain a subtlety which may arise by working through
the example of ¢4 f10.
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Step 1: We would normally add terms to c4fi19 of higher Adams filtration
to ensure that U3(csf10) =0 mod 2. Of course, because we already know
that ¥3(f10) =0 mod 2, we have

\113(04]?;)) =0 mod 2.

Step 2: We now add terms to 04]/‘1) to ensure that the leading term of

Uy (0/47;)) is distinct from those generated by elements in lower degree.
In this case, we compute

Ws(cafro) = b361 +

By induction we know the leading term of W5 on generators in lower degree
and higher Adams filtration, but now (6.10) tells us that

Ws(cofo) = b30" +
Since ¢4 fo has higher Adams filtration, we add it to 04],”?0 and compute
Ws(cafro + cofo) = b30%ba.
We inductively know that \115(]”,1"’72) = b36%by + -+ -, and we compute
Ws(cafio+ cofo + cafi f2) = b36°.
We inductively know that ¥s( f,lz\f/g) = 0362 4+ ---, and we compute

‘1’5(04% + cofo + cafPfo+ i fifo) = 2b20%by + - - .

This leading term is distinct from leading terms generated from elements
of lower degree, and we define

cafro = cafio + o fo +cafifo + A fE fo

(In fact, the 2-variable modular form (;;fl/o is 2-divisible, and this is why

N

some of the equations in involve the term c“f 10)

In light of the form the leading terms of (6.10) take, we rewrite

vy Extlily) (5'%Do, © ¥*boy @ £¥ho,)

= Fa[ug, [eal, [ATI{[fo]; [es fol}
@ Falvg !, [ca {IA2], L Fal}
69]1?2[7}0 7[04]7[A}{[f5f1] [f5f2]7[flO]v[fll]v[f?fl]v[f7f2}v[f14}v[f15}}
I

]
® Fafvg?, [eal, [AT{[£3), leo f31}
in the form
Favg", [ea), [A]{[fo], [co fol}©
Fafoit, [l (/7). [/ fal}
Falvg, [eal [ATH[fs 1u), s Fo), i), [eafuol, [fr ful, [f o), [fral, [fis]} @ Falui, (A faol}

OF[ug?, [eal, [All{[eaf3], [eo f31} @ Falog, (A3}
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It follows from (6.10]) that on the level of leading terms, the (tmf,)g submodule of
tmf,tmfg given by

Qlea, Al fo, cofo}
oQel{f}, f2f2)

SQlew, Al(fofr, fofor Frv, 210, FoFo, s Foas Fis} © QIA) (o)
s —
8Qles, AL o072} 2 QLN

maps under U5 to the (tmf,)g-lattice
(Is)g = Q[ba, 6%1{b362, 6bs, 6%, 6*ba, b20°, 6%, 6%, 5864} C M. (To(5))g
expressed as
Q[b3, 6°){6*, b35"}
®QIb3]{b36%, 30}
DQ[b3, 6°1{63b4, b20°by, 6*bg, byd*by, b20°,b36°, 6%, 1265} © Q[A]{b26"}
©Qlex, AJ{0%ba, b26%b4} & QIA{S°}.

6.3. Using level structures to detect differentials and hidden extensions
in the ASS. In the previous section we observed that ¥3 maps a tmf,-submodule
of tmf,tmf detected in the ASS by

Ext’y’, (3°bo; @ $'%hoy)
to a tmf,-lattice I3 C 7. TMF((3), and U5 maps a tmf,-submodule of tmf,tmf
detected in the ASS

Extyy). (£'%bo, © £**bo & ¥*bo,)

to a tmf,-lattice Is C m, TMF(5).

We now observe that using the known structure of 7, TMF(3) and 7, TMFq(5),
we can deduce differentials in the portion of the ASS detected by

Ext’y%). (S¥ho; @ %'%bo, @ 2'bo; © $*2bo,).

We begin with ¥%bo, @ 216@2. Figure displays this portion of the Fs-term
of the ASS for tmf,tmf, with differentials and hidden extensions. The vgl Ext 4(2)-
generators in the chart are also labeled with I'g(3)-modular forms. These are the
leading terms of the T'g(3)-modular forms that they map to under the map U3 (see
(6.8)). The Adams differentials and hidden extensions are all deduced from the
behavior of W3 on these torsion-free classes, as we will now explain. We will also
describe how the hg-torsion in this portion of the ASS detects homotopy classes
which map isomorphically under W5 onto torsion in m,TMFy(3). We freely make
reference to the descent spectral sequence

HS(M()(?)), w®t) = Wgt,STMFO(?)),
as computed in [MR09].
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FIGURE 6.1. Differentials and hidden extensions in the portion of
the ASS for tmf,.tmf detected by ¥%bo; @© %®bo, coming from

TMF,(3).



66

M. BEHRENS, K. ORMSBY, N. STAPLETON, AND V. STOJANOSKA

Nel
0

48

40

FI1GURE 6.2. Differentials and hidden extensions in the portion of

the ASS for tmf, tmf detected by $6bo, & S24bo, 6 232bo, coming
from TMF(5).
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Stem 17: We have
Wy(nfa) = najas + -
Mahowald and Rezk [MRQ9] define a class = in m17TMF(3) such that
C4x:na:13a§+--~ .
There is a class 217 in Exti’(l;)* (¥8bo,) such that

[calzi7 = hi[fa].

The class z17 is a permanent cycle, and detects an element y;7 € tmf;7tmf.
We deduce

Us3(yi7) =z,
Us(nyi7) = nz,
Us(vyi7) = va.

Stem 24: The modular form a3 is not a permanent cycle in the descent spec-
tral sequence for TMF(3). It follows that the corresponding element of
Ext 4(2y, (boy) must support an ASS differential. There is only one possible
target for this differential. -

Stem 33: There is a class z33 € Extk?;l)* (X16bo,) satisfying

[ca]z33 = h1[fs].

There are no possible non-trivial differentials supported by hjz33. Dividing

both sides of

3(n’fs) = nafa§ + - --

by ¢4, we deduce that there is an element y34 € tmfg tmf detected by hqz33
satisfying

U3 (ysa) = 2°.
Since z* is not 7-divisible, we deduce that z33 must support an Adams

differential, and there is only one possible target for such a differential.
Since

2

Vs (Ry17) = ki = va?

it follows that the element gy17 € Ext‘zg)*(biol) detects vyss, which maps

to va? under ¥5. We then deduce that

qj3(<naya Vy33>) = <777 v, Vl'2> = ala/3$2-

Stem 48: Let 245 € Extj’(s;)*(gg) denote the unique non-trivial class with

hiz4s = 0, so that [Afs] + 245 is the unique class in that bidegree which
supports non-trivial h; and hs-multiplication. Note that there is only one
potential target for an Adams differential supported by [4f5] or z45. Since
aj supports non-trivial 7 and v multiplication, it follows that [Afs] + 248
must be a permanent cycle in the ASS, detecting an element y,8 € tmf, tmf
satisfying

U3(yas) = a5.
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Since v2af is not n-divisible, we conclude that hsz4s cannot be a per-
manent cycle. We deduce using hg ;-multiplication (i.e. application of
(v,m, —)) that
d3(h 1 248) = hiy 1 d3(ho,12as)
for ¢ > 1, and that

d3(za48) = d3([0 f5]) # 0.

We now proceed to analyze %'6bo, @ $%4bo, ® $32bo,. Figure displays
this portion of the Fa-term of the ASS for tmf,tmf, with differentials and hidden
extensions. The vy L Ext A(2)-generators in the chart are also labeled with I'g(5)-
modular forms. These are the leading terms of the I'g(5)-modular forms that they
map to under Wy (see (6.10)). As in the case of %¥bo; @ 2161;(/)2, the Adams
differentials and hidden extensions are all deduced from the behavior of W5 on these
torsion-free classes. We will also describe how the hg-torsion in this portion of the
ASS detects homotopy classes which map isomorphically under W5 onto torsion in
7. TMFo(5). We freely make reference to the descent spectral sequence

HS(M0(5), (.L)®t) = Wgt_STMF0(5),

as computed in [BO], for instance. Most of the differentials and extensions follow
from the fact that the element [fy] which generates

Ext 4(2), (219D0,) & Ext 4(z). (£%2F5[1])
must be a permanent cycle in the ASS, and that the ASS for tmf Atmf is a spectral
sequence of modules over the ASS for tmf
EXt*A’

(2)-
Below we give some brief explanation for the main differentials and hidden exten-
sions which do not follow from this.

(Fy) = T, tmf}.

Stem 36: We have
\115(f10) = b2(54 4+ e
Since byd* is not a permanent cycle in the descent spectral sequence for
TMFy(5), we deduce that fip must support a differential. There is only

one possibility (taking into account the differential dg(hgozsz) coming from
TMFO (3))7

da([f10]) = h3[fo).

This is especially convenient, in light of the fact that 7364 = 0.
Stem 41: The hidden extension follows from dividing

Us(nlfrfa]) = nb38° + - -
by c4. N
Stem 54: The three hidden extensions to the element [rcy fo] all follow from
the fact that ©?(24%) is non-trivial, and that

2(1%6%) = n*ro>.
Stem 56: The hidden extension follows from the Toda bracket manipulation

2w, 25, 2fo) = (2,1, 2R)2fo.
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Stem 64: The differential on [fZ/2] follows from the fact that 6% is not 2-
divisible. The hidden extensions follow from the fact that né® # 0 and
V268 £ 0.

Stem 65: The hidden n-extension follows from the fact that 64« is n-divisible,
and v(d*kR) = (20°)R.

6.4. Connective covers of TMF;(3) and TMF((5) in the tmf-resolution. In
this section we will topologically realize the summands

EXtZ&)* (Esml 52 2165\/—02%
Ext’y 5 (5'%ho, @ $2'boy @ $*2bo,)

of Ext(tmf A tmf), which we showed detect tmf,-submodules which map to tmf,-
lattices of 7., TMF((3) and 7. TMF((5) under the maps ¥3 and Uj, respectively.
From now on, everything is implicitly 2-local.

For the purposes of context, we shall say that a spectrum
X — tmf
over tmf is a tmf-Brown-Gitler spectrum if the induced map
H.X — H,tmf

maps H, X isomorphically onto one of the A,-subcomodules tmf, C H,tmf defined
in Section [

Not much is known about the existence of tmf-Brown-Gitler spectra, but the
most optimistic hope would be that the spectrum tmf admits a filtration by tmf-
Brown-Gitler spectra tmf;. The case of i = 0 is trivial (define tmfy, = S°) and
the case of ¢ = 1 is almost as easy: a spectrum tmf; can be defined to be the
15-skeleton:

tmf; := tmf!* < tmf.
In light of the short exact sequences
0 — tmf, ; — tmf, — %%bo, — 0

one would anticipate that such tmf-Brown-Gitler spectra would be built from bo-
Brown-Gitler spectra, so that

tmfl >~ bO() U Esbol U---u Zgiboi.

Davis, Mahowald, and Rezk [MR09], [DM10] nearly construct a spectrum tmfy;
they show that there is a subspectrum

Esbol U El6b02 — tﬁ
(where tmf is the cofiber of the unit S — tmf) realizing the subcomodule

»8bo, @ £'bo, C H,tmf.

We will not pursue the existence of tmf-Brown-Gitler spectra here, but instead
will consider the easier problem of constructing the beginning of a potential filtra-
tion of tmf A tmf by tmf-modules, which we denote tmf A tmf; even though we do
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not require the existence of the individual spectra tmf;. We would have
tmf A tmf; ~ tmf A bog U X3tmf A boq U - - - U Z8%mf A bo;,

such that the map
H. tmf A tmf; — H,tmf A tmf.

maps H,tmf A tmf; onto the sub-comodule

(A//A(2)). ® tmf, C H,tmf A tmf.
Note that in the case of i = 0, we may take

tmf A tmf := tmf Iy tmf A tmf.

Since this is the inclusion of a summand, with cofiber denoted tmf, it suffices to
instead look for a filtration

tmf A tmf; < tmf A tmfy < - < tmf A tmf

of tmf-modules. Our previous discussion indicates that the cases of i = 1 is easy,
and now the work of Davis-Mahowald-Rezk fully handles the case of i = 2. In this
section we will address the case of ¢ = 3, and a “piece” of the case of ¢ = 4.

Proposition 6.13.

(1) There is a tmf-module
tmf A tmfz ~ 2% mf A bo; U X'%tmf A boy U £2*tmf A bojy — tmf A tmf
which realizes the submodule
(A//A(2)). @ (X8bo, ® ¥'%bo, @ ¥?*bo,) C H.tmf A tmf
where tmf A boj is a tmf-module with
H,(tmf A boj) = (A//A(2)). ® bo,

(but which may not be equivalent to tmf A bos as a tmf-module).
(2) There is a map of tmf-modules

Y03 ¢mf % tmf A tmfs
and an extension

tmf A tmfy —— trglf A tmf.

tmf A tmfs U, 264tmf
(3) There is a modified Adams spectral sequence

Ext’l, (X%bo; © %'%bo, ® $*'boy & £%2bo,) = m.tmf A tmfs Uy S tmf,

and the map ¢ induces a map from this modified ASS to the ASS for tmf A
tmf such that the induced map on Fs-terms is the inclusion of the summand

Exty(y) (Z*bo, & £'%bo, & X**bo; @ $%bo,) < Ext’y o). ((A//A(2)).).
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In [MR09|,[DM10], Davis, Mahowald, and Rezk construct a map

¥32¢mf E) tmf A tmf,
such that cofiber tmf A tmfs Ug ¥33tmf has an ASS with Ey-term

B = Exty7, (S%ho; & boy)
and there is an equivalence
vy H(tmf A tmfy Ug 233tmf) ~ TMF((3).

What they do not address is how this connective cover is related to tmf A tmf and
the map U3 to TMF(3).

Theorem 6.14.

(1) There is a choice of attaching map § such that the tmf-module
trI\IE-()(?)) = Estmf A MQ Uﬂ E3gtmf

fits into a diagram

(6.15) tmf A tmfaC— tmf A tmf —— TMFo(3).
l IR ¢
tmfo(3)

(2) The Es-term of the ASS for {I\I’EO(?)) is given by
E3" = Ext}l, (¥°bo, ® X'°hoy).
(3) The map tmf A tmfy — ‘;n/fo(?)) of Diagram induces the projection
Ext’yy) (S*ho; @ %'%ho,) — Ext’y, (3°ho, ® %'%hoy)

on Adams Fs-terms. -
(4) The map tmfy(3) - TMF,(3) of Diagram 1) makes tmfy(3) a connec-
tive cover of TMF(3).

We also will provide the following analogous connective cover of TMF(5).

Theorem 6.16.

(1) There is a tmf-module
tmf (5) := ¥32tmf U %?*tmf A bojy U 26 tmf

which fits into a diagram

6.17) tmfo(5 > tmf A tmfs Uy S64mf —— tmf A tmf — TMF,(5).
v

Iy |

Y24mf A bos Uy S64tmf
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(2) There is a modified ASS

Ext’yy) (3'°Do, © S2'bo; ® $%2bo,) = . (tmfo(5)).

(3) The map t/r\n/fo(B) — tmf A tmfs Uy S%4tmf of Diagram (6.17) induces a
map of modifed ASS’s, which on Fs-terms is given by the inclusion

Ext’yy, (3'°D0,®%2'ho,@5%ho,) < Extyl,) (X°bo, @%b, ®X'bos ©%*boy).

(4) The composite E;n/fo(5) — TMF,(5) of Diagram (6.17) makes t?n/fo(5) a
connective cover of TMF(5).

The remainder of this section will be devoted to proving Proposition The-
orem and Theorem [6.16] The proofs of all of these will be accomplished by
taking fibers and cofibers of a series of maps, using brute force calculation of the
ASS. These brute force calculations boil down to having low degree computations
of the groups Ext 4(2), (@i,@j) for various small values of ¢ and j. The computa-
tions were performed using R. Bruner’s Ext-software [Bru93]. The software requires
module definition input that completely describes the A(2)-module structure of the
modules H*bo,;. The first author was fortunate to have an undergraduate research
assistant, Brandon Tran, generate module files using Sage.

Proof of Proposition[6.13 Endow tmf A tmf with a minimal tmf-cell structure cor-

responding to an Fay-basis of H,tmf. Let tmf A tﬁ[%] denote the 46-skeleton of
this tmf-cell module, so we have
(6.18)

H*(tmf/\tﬁ[%}) ~ (A//A(Q))* ®(28b701 @216m2®224m3®232@14] @240@[56])
We first wish to form a tmf-module X; with
(6.19) H.X1 = (A//A(2)). ® (3°bo, & $'%bo, & X*bo, & ¥*2bo) )

by taking the fiber of a suitable map of tmf-modules

[46]

75 : tmf Atmf  — tmf A 240b0£6].

We use the ASS

—[46]

(H.mf", £0po%) = [S*tmf A tmf

Ext®? , 240tmf A bo?]}tmf.

A(2)x

The decomposition (6.18) induces a corresponding decomposition of Ext groups.

The only non-zero contributions near ¢t — s = 0 come from 240@[56], 232@14],

¥24bos; the corresponding Ext charts are depicted below.

and
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Extaz), (£4°bol"), £40bol®) Extagz), (£3%bof™, £40hol®)) Extaz), (£7*bos, £¥bol®)

T

The generator in [y5] € Extg’(OQ)*(E‘m@éﬁ],240@é6]) would detect the desired map
~v5. We just need to show that this generator is a permanent cycle in the ASS. As
the charts indicate, the only potential target is the non-trivial class

z € Bxt? o) 7 (%hog, %1%bol).

We shall call  the potential obstruction for ~s; if da(5) = = then we will say that
~s5 is obstructed by x. The key observation is that in the vicinity of t — s = 0, the
groups Ext 4(1), (X%*bos,, 240@£6]) are depicted below.

Extagr). (27*bo3, £*bo®)

Under the map of ASS’s

Ext’jly (H.omf ), 5ol == (%"~ *tmf A tmf ™, £0tmf A ol s

l JbO/\tmf -

Ext®’ (H*tﬁ[%} , 2400y —— [Bt=*bo A m[%], $40b0 A bol]be

A(1).
the potential obstruction x maps to the nonzero class

y € EXti{(;;f(ZM@?n 240b70£6]).

Therefore if 5 is obstructed by x, then y is the obstruction to the existence of a
corresponding map of bo-modules

bo Ag¢mf V5 : bo A R[“’] — 2%ho A boéﬁ].
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However, Bailey showed in that there is a splitting of bo-modules
bo A tmf ~ \/ Y%ho A bo,.

i
In particular, the map bo Ay 75 is realized by restricting the splitting map
bo A tmf — 4%bo A bos

to 46-skeleta (in the sense of bo-cell spectra). Therefore, bo Agms s is unobstructed,
and we deduce that 5 cannot be obstructed.

The tmf-module tmf A tmfs may then be defined to to be the fiber of a map
v4: X1 — 232b04[114]
which on homology is the projection on the summand
H. X, — Y%2(A//A(2)), @ bol*.
Again, we use the ASS
Exti{fg)*(@g ® 23@2‘”,232@24]) = [20X, 232b0£114]]tmf-

The Es-term is computed using the decomposition (6.19)). The only non-zero con-
tributions come from the following summands:

Extacz). (z32 boE”, 732 b0£14]) Extagz). (Z%*bo,, Zazboihﬂ)

We discover that the only potential obstruction to the existence of ~4 is the non-
trivial class

- € B (5 by, E%holl).

Unfortunately we cannot simply imitate the argument in the previous paragraph,
because z is in the kernel of the homomorphism

Ext’jip) " (2*hoy, 5¥bof! ™) — Extiji (2% boy, 5¥bof! ™).
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Nevertheless, a more roundabout approach will eliminate this potential obstruction.
We first observe that there is a map of tmf-modules

vy X1 — 232(b04)&4]
. [14] . . [14] ;1. [8] . .
(with (b04)[9] denoting the quotient bo, ' /boy "), which on homology is the can-

nonical composite
H.X, — X%(A//A(2)). ® bl — 5%2(4//A(2)), @ (boy)ly".
The existence of ~} is verified by the ASS
Extl, (tmfy & 23bol !, 5%2(bo,) ) = 217 X1, 5% (boa) g o

The Es-term is computed using the decomposition (6.19)). The only non-zero con-
tributions in the vicinity of £ — s = 0 come from the following summands:

Extagz). (E2bol, 232 (bo)l)  Extagz), (224bos, 232 (bo,)51")

We see that there are no potential obstructions for the existence of vj. Let Xs
denote the fiber of v/, so that we have

(6.20) H, X5 2 (A//A(2)), ® (S%bo, @ S'%bo, & %24bog & £32bol™).

We instead contemplate the potential obstructions to the existence of a map of
tmf-modules

VI Xy — S¥2tmf A bol
which on homology induces the projection
H.X5 — $%(A//A2)), © bl
The E>-term of the ASS

Ext®’

a2, (@3 o 232})40[18]7 232@8]) = [thsXQ’ 232b0£18]]tmf

is computed using the decomposition (6.20)), and in particular the contribution
coming from the summand YX?*bo; C tmf; gives the following classes in the vicinity
oft —s=0:



76 M. BEHRENS, K. ORMSBY, N. STAPLETON, AND V. STOJANOSKA

Exta(z) (Z%*bos, £32bol™)

We see that there are many potential obstructions to the existence of v} in

EXti{é;j2(E24@3, Zgsz]).

The potential obstructions for the related map
bo Agmt 74+ Xo — B3 tmf A boLS]
of bo-modules in the ASS

EXtZ’ (@3 ® 232@£§]7232@£§]) - [Zt_SXQ,E?)QbOLS]]bo

t
(1)«

may be analyzed, and the contribution coming from the summand X?*bo; C tmf,
gives the following classes in the vicinity of t — s = 0:

Exty(y). (324bos, 232b0%))

!

We see that there is one potential obstruction to the existence of bo Agme v4 in

Bxt? ) (5%boy, ¥*2bol).
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We analyze these potential obstructions through the following zig-zag of ASS’s:

Ext’jl, (tmfy & 992bol "), 592bol! ) === [~ Xy, 5%2tmf A bof V]t

Ext’y(,. (tmf; 82h08) 53204y s [55 Xy, $320mf A bol

i

Ext’y(,). (tmfy @ 532hol¥ | 7821008y . [54 X,, $320mf A bol ]y
d boAtms—
EXti{fl)* (tmf; ® 232bol | :32bol™) = [£1*bo At X2, £32bo A o],

In the above diagram the potential obstruction z to the existence of 4 maps under
r to a non-trivial class, so that if z obstructs 74, then r(z) obstructs the composite

74|X2 : Xo > X, ’Y—4> Y32¢mf A b0£114].

The key fact to check using Bruner’s Ext-software is that in bidegree (t — s,s) =
(—1,2), the maps 7 and j are both surjective, with the same kernel. It follows that
if v4|x, is obstructed by r(z), then the map

bo Atmt V4 : b0 Agmt X2 — 33%bo A bo[lg]

is obstructed. We may now avail ourselves of the Bailey splitting of bo A tmf: the
map bo At v4 is unobstructed, because it is realized by the projection

b0 Atmt X2 2 bo A (Z8bo1 V £'0boy Vv £24bog v £32bolY) = 532ho A bol.

We conclude that z cannot obstruct the existence of v4. We may therefore define
tmf A tmf3 to be the fiber of the map ~4.

We now need to show that the tmf-module tmf A tmfs is built as
¥8tmf A boy U X0tmf A boy U 224%mf A bog.

In order to establish this decomposition, our first task is to construct a map of
tmf-modules

3 : tmf A tmfs — 22 tmf A bos
by analyzing the ASS

Ext®?

(), (tmfs, 2*bos) =[S *tmf A tmfy, S**bog]ums.

The only contributions in the vicinity of ¢ —s = 0 come from the summands >6bo,
and ¥32bos of tmf;:
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Extyz) (Z**bos, £**boy) Exty(z), (Z'%bo,, £**boy)

-

Vi

As we see from the charts above there is a potential obstruction to the existence of
Y2 in
2,—142 /24 24
ExtA(2)* (3°*bos, ¥**bos).
The Bailey splitting does not eliminate this potential obstruction, as

Ext’y )7 (2*"boy, **boy) = 0.

However, by Toda’s Realization Theorem [Mil], this potential obstruction also cor-
responds to the existence of a different “form” of the tmf-module tmf Abog, with the
same homology. Since Extz(_gjs(@&biog) = 0 for s > 3, both forms are realized.
It follows that if 3 is obstructed with the standard form, then it is unobstructed
for the other form. Let tmf A boj be the unobstructed form, so that there exists a
map

3 : tmf A tmfs — 224tmf A boj.

The fiber of 43 is tmf A tmfy, where
tmfy ~ %%bo; U X1%bo,

is the spectrum constructed by Davis, Mahowald, and Rezk. We note that there is
a fiber sequence

»8tmf A bo; — tmf A tmfy — 21tmf A bosy

since a quick check of Ext® '"%(bo;, bo,) reveals there are no exotic “forms” of
tmfAbo; for i = 1,2, and 28boy is the 15-skeleton of the tmf-cell complex tmfAtmfs.

We now must produce the map of tmf-modules
a : 2%3tmf — tmf A tmfs.
This just corresponds to an element a € mgstmf A tmfs. In the ASS
Ext:&)* (tmf,) = m;_s(tmf A tmf3)
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there is a class
Tgs € Extj?$f3(224@3) C Extjg;? (tmf)

(see Figure . Moreover, according to Figures and there are no possible
targets of an Adams differential supported by this class. Therefore, x¢3 corresponds
to a permanent cycle: take « to be the element in homotopy detected by it. The
factorization

tmf A tmfyg — tr}nf A tmf

tmf A tmfs Uy, 26%tmf

exists because the element xg3, when regarded as an element of the ASS
Ext}y(y). (Htmf) = s (tmf A tmf),

is the target of a differential

d3([£5/2]) = 63
(see Figure .
The modified ASS
Ext’l (3°bo; ® $'%bo, @ ¥*'boy @ $3bo,) = m.tmf A tmfs Uy X tmf

is constructed by taking the modified Adams resolution

tmf A tmfs Uy 26%tmf Y; \ o
H A tmf A tmfs HAY; HAY,

where the map p is the composite
p : tmf A tmfs Uy 2%%tmf — H A tmf A tmfs Uy, 2% mf 2 H A tmf A tmfs,
s is a section of the inclusion
H Atmf A tmfs < H A tmf A tmfs Uy 2%4tmf,
Y1 is the fiber of p, and Y; is the fiber of the map
Yi1 = HAY;_y.

The map from this modified ASS to the ASS for tmf Atmf arises from the existence
of a commutative diagram

tmf A tmfs Uy 204tmf ———— tmf A tmf
H Atmf A tmfsC——— H A tmf A tmf.

(This diagram commutes since the class [jfg /2] killing 63 in the ASS for tmf A tmf
has Adams filtration 1.) O
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Proof of Theorem [6 Deﬁne a 2—variab1e modular form

2501
f9 = fo— 4f4 4f5 11025f —851f1A

so that [fo] = [fo] and \Ilg(fg) = 0. (This form was produced by executing an
integral variant of the “row-reduction” method outlined in Step 1 of Example )
Then we may take the attaching map

B : £32tmf — tmf A tmf

to be the map of tmf-modules corresponding to the homotopy class

}79 € mgotmf A tmf.

We define - L
tmfy(3) := L¥mf A tmfy Ug X33 tmf.

Since W3(fy) = 0, there is a factorization

tmf A tmfa——— tmf A tmf LN TMF((3).
Y

|

The rest of the theorem is fairly straightforward given this, and our analysis of W3
in the previous section. (Il

Proof of Theorem[6.16, An analysis of the Adam FEs-terms in low dimensions re-
veals that the only non-trivial attaching map of tmf-modules

v : 23tmf A boy — tmf A tmf,
must factor as
(6.21) v : 3tmf A boj Yy 932¢mf 2y tmf A tmfy,
where v’ is the unique non-trivial class in that degree. The existence of differentials

in Figure from bos-classes to &Tdasses implies that in tmf A tmfs, tmf A bos
must be attached non-trivially to tmf A tmf,, and we therefore have

tmf A tmfs ~ tmf A tmfy U, X2 tmf A bog.

When applied to the factorization (6.21)), Verdier’s Axiom implies that there is a
fiber sequence

Y32 tmf U, ¥**tmf A boy — tmf A tmfz — tmf (3).
Now, an easy check with the ASS reveals that the composite
293tmf % tmf A tmfs — tmf, (3)
is null, from which it follows that there is a lift

232tmf U, 24mf A boy

’ 7 J{

263tmf ——— tmf A fnfs,
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tmfo(5) := S32tmf U, S24mf A bol Uy S04mf.

Verdier’s axiom, applied to the factorization above, gives a fiber sequence

tmfo(5) — tmf A tmfs Uy % mf — tmfo(3).

Given our analysis of U5, the rest of the statements of the theorem are now fairly
straightforward. O
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