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Reminders

® Homework D1 is due on Friday of this week
® Homework D2 is due on Monday of next week
® Thanksgiving is coming!
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Unit IV: Vector Calculus

Fundamental Theorem for Line Integrals
Green’s Theorem

Curl and Divergence

Parametric Surfaces and their Areas
Surface Integrals

Stokes” Theorem, I

Stokes” Theorem, II

The Divergence Theorem

Review

Review
Review
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Goals of the Day

This lecture is about parametric surfaces. You'll learn:

® How to define and visualize parametric surfaces
® How to find the tangent plane to a parametric surface at a point

® How to compute the surface area of a parametric surface using
double integrals
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Parametric Curves and Parametric Surfaces

Parametric Curve

A parametric curve in R® is given by
r(t) = x(t)i+y(t)j +z(H)k

wherea <t <b

There is one parameter, because a curve is a
one-dimensional object

There are three component functions, because
the curve lives in three-dimensional space.

Parametric Surface

A parametric surface in R® is given by
r(u,v) = x(u,0)i+y(u,v)j + z(u,v)k

where (1, v) lie in a region D of the uv plane.

There are two parameters, because a surface is
a two-dimensional object

There are three component functions, because
the surface lives in three-dimensional space.
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You Are Living on a Parametric Surface

Let u be your longitude (in radians, for this course)
Let v be your latitude (in radians)
Let R be the radius of the Earth

Your position is

r(u,v) = Rcos(v) cos(u)i+ R cos(v) sin(u)j + Rsin(v)k

/2

/2 I
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More Parameterized Surfaces: Planes

z Problem: Find a parametric representation
for the plane through (1,0,1) that contains
the vectors (2,0,1) and (0,2, 0)

i,
—
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More Parameterized Surfaces: Planes

z Problem: Find a parametric representation
for the plane through (1,0,1) that contains
the vectors (2,0,1) and (0,2, 0)

Solution: Let ry = (1,0,1). Any point in the
plane is given by

N TEE r(s,t) = (1,0,1) +5(2,0,1) + £(0,2,0)
X /

D
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More Parameterized Surfaces: Planes

z Problem: Find a parametric representation
for the plane through (1,0,1) that contains
the vectors (2,0,1) and (0,2, 0)

Solution: Let ry = (1,0,1). Any point in the
plane is given by

N TEE r(s,t) = (1,0,1) +5(2,0,1) + £(0,2,0)
X /

— 5y Now you try it:
Find a parametric representation for the
plane through the point (0, —1,5) that con-
tains the vectors (2,1,4) and (—3,2,5).
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More Parameterized Surfaces: The Cylinder

r(u,v) = rcos(u)i+ rsin(u)j + vk
D={(u,0):0<u<2m,0<0v<h}

parameterizes a cylinder of radius r and
height i
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More Parameterized Surfaces: The Cylinder

r(u,v) = rcos(u)i+ rsin(u)j + vk
D={(u,0):0<u<2m,0<0v<h}

parameterizes a cylinder of radius r and
height i

If we fix v and vary u over the cylinder, we
trace out a circle
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More Parameterized Surfaces: The Cylinder

r(u,v) = rcos(u)i+ rsin(u)j + vk
D={(u,0):0<u<2m,0<0v<h}

parameterizes a cylinder of radius r and
height i

If we fix v and vary u over the cylinder, we
trace out a circle

If we fix u and vary v, we trace out a vertical
line
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More Parameterized Surfaces: The Cylinder

r(u,v) = rcos(u)i+ rsin(u)j + vk
D={(u,0):0<u<2m,0<0v<h}

parameterizes a cylinder of radius r and
height i

If we fix v and vary u over the cylinder, we
trace out a circle

If we fix u and vary v, we trace out a vertical
line

Each of these curves has a tangent vector:

r,(u,v) = —rsin(u)i+ rcos(u)j
ro(u,v) =k
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More Parameterized Surfaces: The Cylinder

r(u,v) = rcos(u)i+ rsin(u)j + vk
D={(u,0):0<u<2m,0<v<h}

parameterizes a cylinder of radius r and
height i

The two tangent vectors
1, (1, 0) = —rsin(u)i+ rcos(u)j
rp(u,v) =k

span the tangent plane to the cylinder at the
given point
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The Tangent Vectors r,, and r,

Suppose
r(u,v) = x(u,0)i+y(u,v)j+zu,v)k, (u,v)eD

is a parameterized surface.
Ata point Py = r(up, vp), the vectors

dx .. 0 . 0z
1, (up, v) = @(uo, vp)i+ %(Mo, v0)j + @(uol v)k

dx . 90 . 0z
1y (1, v0) = 87;(140’ vp)i+ %(uo,vo)] + %(uo,vo)k

are both tangent to the surface.
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The Tangent Plane

dx .0 . 0z
1, (ug, vg) = a(”OrUO)I + %(uol v9)j + a(uol vg)k

_ox ., 9y ., 0z
ro (0, 00) = 3 (10, 20)i+ 5 (10, 00)j + 5 (110,00 )k
The tangent plane to a parameterized surface at Py = r(uo, vp) is the plane passing
through Py and perpendicular to r, (1o, v9) X ¥y (1o, Vo).

Find the equation of the tangent plane to the surface
r(u,0) = u?i + 2u sin vj + u cos vk

atu=1,0v=0.
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The Tangent Plane
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The Tangent Plane

r(u,v) = (u?,2usinv, u cos v)
r, (u,v) = (2u,2sinv, cos v)

ry (1, v) = (0,2u cos v, —u sinv)
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The Tangent Plane

r(u,v) = (u?,2usinv, u cos v)
1, (1,v) = (2u,2sinv, cos v)
ry (1, v) = (0,2u cos v, —u sinv)
£(1,0) = (1,0,1)
r,(1,0) = (2,0,1)
10(1,0) = (0,2,0)
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e R e
The Tangent Plane

r(u,v) = (u?,2usinv, u cos v)
r, (u,v) = (2u,2sinv, cos v)
ry (1, v) = (0,2u cos v, —u sinv)
r(1,0) = (1,0,1)
r,(1,0) = (2,0,1)
10(1,0) = (0,2,0)

The normal to the plane is
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The Tangent Plane

r(u,v) = (u?,2usinv, u cos v)
r, (u,v) = (2u,2sinv, cos v)
ry (1, v) = (0,2u cos v, —u sinv)
r(1,0) = (1,0,1)
r,(1,0) = (2,0,1)
10(1,0) = (0,2,0)

The normal to the plane is
r, X1, = (—1,0,2)
so the equation of the plane is
(-D(x=1)4+2(z—-1)=0
The tangent plane to the surface at (1,0, 1) is parameterized by
(142s,2t,1+5)
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The Sphere Revisited

r(u,v) = sin(v) cos(u)i

+ sin(v) sin(u)j
+ cos(v)k

0<u<2m 0<v<m

r, = — sin(v) sin(u)i + sin(v) cos(u)j
1, = cos(v)cos(u)i+ cos(v) sin(u)j
—sin(v)k

Find the tangent plane to the sphere at (u,v) = (77/4, 1/4)
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The Sphere Revisited

r(u,v) = sin(v) cos(u)i

+ sin(v) sin(u)j
+ cos(v)k

0<u<2m 0<v<m

r, = — sin(v) sin(u)i + sin(v) cos(u)j
1, = cos(v)cos(u)i+ cos(v) sin(u)j
—sin(v)k

Find the tangent plane to the sphere at (u,v) = (77/4, 1/4)

r(rt/4,7/4) = 11-&— 2]+ £k
r,(7/4,m/4) = —%i+ %j
1 1 2
1, (7/4,/4) = §i+ Ej - %k
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The Sphere Revisited

r(u,v) = sin(v) cos(u)i
Taa\= + sin(v) sin(u)j
+ cos(v)k

0<u<2m 0<v<m

|
r, = — sin(v) sin(u)i + sin(v) cos(u)j
1, = cos(v)cos(u)i+ cos(v) sin(u)j
—sin(v)k

Find the tangent plane to the sphere at (u,v) = (77/4, 1/4)

1 ( 1. 1.
n=r, Xr,=—= —1+—]+k>
r(rt/4,7/4) = 11-&— ]+£k 2\v2 V2
’ 0= =(x=3)+=(y—3)
ru(n/4,7t/4):—%i+%j vz2i T2t
V2
ro(70/4, 70/4) = %i+ %j - gk -7
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Sneak Preview

Parametric Curves - Arc Length Parametric Surfaces - Area

r(t) = r(u,v) =
x(H)i+y(t)j+z(H)k x(u,0)i+y(u,v)j+z(u,v)k

r,(u,0) = ﬁ(u )
Y (1) =X (Oi+7 (0] +2 (Ok R

r
1 (1, 0) = — (u,0)
¥ (0] = 207 +y (02 + 207 %
A= |r, X1,| dudo
ds = |r'(t)| dt | |

S:// [ty x 1y| dudo
b D
L:/ |¥'(t)] at
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Surface Area

v Find the area AA of a small patch of surface

The map (u,v) — r(u,v) takes the square to a
parallelogram with sides r, Au and r, Av

The area of the parallelogram is

Av |ty Au X 1y Av| = |1, X 1| AuAv

Au The area of the surface is approximately

2 A=Y |r(ui, 00) X 1o (uj,v;)| AuAv
ij

and exactly

//D [ (ui, v;) X 1o (uj, v7)| dudo
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Surface Area of a Sphere

r(u,v) = asin(v) cos(u)i

+ asin(v) sin(u)j
+acos(v)k

0<u<2m 0<ov<m

)
r, = —asin(v) sin(u)i + asin(v) cos(u)j
r, = acos(v)cos(u)i+ acos(v)sin(u)j
—sin(v)k

1, X 1y = a2 sin®(v) cos(u)i + a? sin®(v) sin(u)j — a® cos(v) sin(v)k

ry X 1| = a®sin?(v)

Hence
21 ) N )
S:/ / a”sin“vdudo = 4ma
o Jo
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Surfaces Area of a Graph

The graph of a function z = f(x,y) is also a parameterized surface:
r(x,y) = xi+yj+flry)k
.., 9
ro(x,y) =i+ %k
of
r,(x,y)=j+ =k
oy =i+ g,

) )
rxxryz—éi—i-—%j—&-k

el oo () ()

Hence, the surface area of the graph over a domain D in the xy plane is

s o (2 ()
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Surface Area of a Graph

The surface area of the graph over a domain D in the xy plane is

s flr () (3) o

Find the area of the graph of z = x? + y? that lies inside the cylinder x* + 32 = 4
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Curves and Surfaces

Curves

Parameterization

r(t) = x(B)i+y(t)j+z(t)k
Tangent

Y(t) =X (Di+y (Hj+2 (Hk
Tangent lineatt =a

L(s) = x(a) +sr'(a)

Arc length differential

ds = /X' (£)2 +y'(£)2 + 2/ ()2 dt

Surfaces
Parameterization

r(u,v) = x(u,0)i+ y(u,v)j
+z(u,v)k

Tangents

ru(,9) = 1(u,0)
ro(1,0) = 2 1(u,0)
Normal
n=r, Xr,

Area Differential

dA = |r, X 1| dudv
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