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Learning Goals Multiple Integrals Vector Fields

Homework

e Exam Ill is tonight at 5 PM

e Exam Il will cover 15.1-15.3, 15.6-15.9,
16.1-16.2, and identifying conservative vector
fields from section 16.3

e Homework D1 is due on Friday, April 12




Unit 1ll: Multiple Integrals, Vector Calculus

Lecture 24
Lecture 25
Lecture 26
Lecture 27
Lecture 28
Lecture 29

Lecture 30
Lecture 31
Lecture 32
Lecture 33
Lecture 34

Lecture 35

Triple Integrals

Triple Integrals, Continued

Triple Integrals - Cylindrical Coordinates
Triple Integrals - Spherical Coordinates
Change of Variables for Multiple Integrals, |
Change of Variable for Multiple Integrals, Il

Vector Fields

Line Integrals (Scalar Functions)

Line Integrals (Vector Functions)
Fundamental Theorem for Line Integrals
Green's Theorem

Exam [l Review
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Goals of the Day

e Get ready to ace Exam llI



Multiple Integrals

Double Integrals

Type I: R lies between the graphs of two con-
tinuous functions of x

g2 (x)
D={(x,y):a<x<b gi(x) <y <g(x)}
g1(x)

Ja 1:, //R f(x,y)dA = /ab /:z:) f(x,y)dy dx

,,,,, Type IlI: R lies between the graphs of two con-
tinuous functions of y

D={(xy):c<y<d m(y) <x<hi(y)}

//R f(x,y)dA = /C.d /hf:}(/? f(x,y) dxdy
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Double Integrals over Polar Regions

If f is continuous over a polar region of the
form

D=1{(r):a<8<p h(8)<r<hi(6)}

then

//Df(x,y)dA:

hy (6
/f /hl(;)> f(rcos,rsinf) rdrdo
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Triple Integrals: Type |

Suppose that

E={(xy,2): (x,y) €D, u1(x,y) <z < w(xy)}.

@ ././/Ef(x,y,z)dV:
nlay) D /[, { /ufi,xyf) Flxy.2) dz| da

D
X

You can evaluate [, [...] dA using either rectangular or polar coordinates
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Triple Integrals: Types Il and Il

' E={(x,y,2): (v,z2) €D, ;1(y,z) < x < w(y,z)}
then

///E f(x,y, z) dVv = //D |:/::/yzj) f(x,y, z) dx] dA
If

E={(x.y,2):(x,2) €D, u1(x,z) <y <uwx,2)}
then

S romara= [ [ .2 ] aa

Remember that you can evaluate ffD [...] dA using either rectangular or polar
coordinates
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Integrals in Cylindrical Coordinates

If E is the region

E={(xy.2): (x,y) €D, u(x,y) <z<u(xy)}

///E flxy.2)dV = //D (/ulu:ixyj) fx,y 2) dz> dA

If we can describe D in polar coordinates:

then

D={(r0):a<0<B h(0) <r<hy(6)}

then we can evaluate

ho (6 2(rcosf,rsinf)
/// x,y,z)dV = / / / f(rcos6,rsinf,z) rdzdrdf
hi (6 (rcosf,rsin@)
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Integrals in Spherical Coordinates

//Ef(x,y,z)dV:
d B b
///f(psin4>c059,psin4)sin9,pcos¢)p2sin<pdpd9d¢

if E is a spherical wedge

E={(p.0.9):a<p<ba<0<p c<¢<d}



Multiple Integrals

The Integral Test

How would you set up the following integrals?

1. [[px dA, where D is the region in the first quadrant that lies between
the circles x2 +y2 =1 and x2 + y2 =4

2. [[[zy?2%dV, where E is bounded by the paraboloid x = 1 — y? — 22
and the plane x =0

3. [[[g23\/x2 4+ y?+ 2z2dV, where E is the solid hemisphere that lies
above the xy plane having radius 1 and centered at the origin

4. An integral for the solid above the paraboloid z = x2 + y2 and below the
half-cone z = /x2 + y2
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Change of Variables: Transformations

A change of variables is a transformation x = f(u,v), y = g(u, v) that maps a
region S in the uv plane to the region of integration D in the xy plane.
The equations

v _ 22 _
©.1) X=u ve,  y =2uv

defines a transformation T:S — R
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Change of Variables: Transformations

A change of variables is a transformation x = f(u,v), y = g(u, v) that maps a
region S in the uv plane to the region of integration D in the xy plane.

The equations

v 2_ 2
(0.1)

X=u"—vS y=2uv
defines a transformation T:S — R

e v=0,0<u<1mapsto
— 0<x<1,y=0
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Change of Variables: Transformations

A change of variables is a transformation x = f(u,v), y = g(u, v) that maps a
region S in the uv plane to the region of integration D in the xy plane.

The equations

(0’1: x = u? -V y =2uv
defines a transformation T:S — R
s
e v=0,0<u<1mapsto
—> 0<x<1,y=0
0 (1,004

e y=1,0<v <1 maps to the
parametric curve x = 1 — v2, y = 2v
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Change of Variables: Transformations

A change of variables is a transformation x = f(u,v), y = g(u, v) that maps a
region S in the uv plane to the region of integration D in the xy plane.
The equations

v 22 _
©.1) X=u ve,  y =2uv
defines a transformation T:S — R

e v=0,0<u<1mapsto
0<x<1,y=0

e y=1,0<v <1 maps to the
y parametric curve x = 1 — v2, y =2v
(0,2)
x:17y2/4

— 2 —
x=y?/4-1 e v=1,0<u<1 maps to the

parametric curve x = u?> — 1, y = 2u

(1,0) %
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Change of Variables: Transformations

A change of variables is a transformation x = f(u,v), y = g(u, v) that maps a
region S in the uv plane to the region of integration D in the xy plane.

The equations

(01:T x = u? -V y =2uv
defines a transformation T:S — R
s
e v=0,0<u<1mapsto
<x<1 =
5 L 0<x<1,y=0
e y=1,0<v <1 maps to the
y parametric curve x = 1 — v2, y =2v
(0,2)
x:y2/471 x:17y2/4

e v=1,0<u<1maps to the
parametric curve x = u? — 1, y = 2u

e y=0,0<v<1mapsto
-1<x<0,y=0
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Change of Variables: Jacobian

The Jacobian for a change of variables x = f(u,v), y = g(u, v) is the
determinant

ox ox
a(x,y) du  dv
ouv) |3y  dy
du v

Find the Jacobian of the change of variables

x=u? -2 y =2uv
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Change of Variables: Double Integral

If T is a one-to-one transformation with nonzero Jacobian and T : S — R, then

//Rf(x,y)dA://Sf(x(u,v),y(u,v)) ‘ggi; du dv

Find the area of R in the figure below using the transformation x = u? = v2,

y =2uv.
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Change of Variable: Triple Integrals

x =g(u,v,w),

and the region S in uvw space is mapped to R in xyz space, then

///R f(x,y,z)dV =

S, Fxtinvwh.y(avow), 2w v |

where

Multiple Integrals

al
Jdu

_ |9y

Jdu
Jz

Jdu

y = h(u, v, W),

E)ix
v
dy

v
dJz

v

z= k(u, Vv, W)

dx

ow
dy

ow
dz

ow

I(x.y.2)
o(u,v,w)

Vector Fields

du dv dw



Plot the vector field

F(x,y) =yi—x

Vector Fields

Fix,y) =yi—xi

Vector Fields

e ‘ (xy) | Flxy) (x,y) | F(x.y)
i -~ AN (1,0 (0,-1) (0,1) (1,0)
NS N 1 1,1 | (1,-1) || (-1,-1) | (-1,1)
ST ¢ ) a,-1) | (-1,-1) || (-1,1) | (1,1)
SN L P : (200 | (0.-2) (0,2) (2,0)
N / 2.2 | 22 | (22 | (22
R o - 2,-2) | (=2,-2) || (-2,2) | (2.2

Notice that F(x, y) is always perpendicular to the vector r = xi + yj
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The Gradient Vector Field

If f(x,y) is a function two variables, the gradient vector field

of . Of .
Vixy) =5 (xy)i+ @(X’Y)J

moves in the direction of greatest change of f

2oy

F(x,y) = xe Y

)= (1—x2)e Vit (~2x)e ¥

<4
=
X
<
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Line Integrals: Two Dimensions
If the path C is parameterized by x(t),y(t), a<t<b

dx = x'(t) dt
dy = y'(t) dt

ds = \[x! (82 +y/(¢)

If F(x,y) = P(x,y)i+ Q(x,y)j, then

JLF-dr= [ BGx(e)y()- (¢ iy (0))

:/CdeJr/CQdy



Learning Goals Multiple Integrals Vector Fields

Line Integrals: Three Dimensions

If the path C is parameterized by x(t), y(t)
compute:

Jcp(x.y, z)ds?
fC (x,y,z)dx?
fC (x,y,z)dz?
JcF-dr?

,z(t) for a< t < b, how do you
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Fundamental Theorem for Line Integrals

If F = Vf for a scalar function f, and if C is parameterized by r(t) for
a<t<bthen

/C F. dr = f(r(b)) — £(r(a))

so it's nice to be able to tell when F is a gradient vector field.

Theorem Let F(x,y) = P(x,y)i+ Q(x,y)j be a vector field on an open and
simply-connected region D. Suppose that P and Q have continuous first-order
partial derivatives and

P 9Q

dy  Ix
throughout D. Then F is conservative.
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