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The Davey-Stewartson II Equation

The Davey-Stewartson II (DS II) equation is a nonlinear dispersive equation
in two space dimensions. The Cauchy problem is

iqr +2(2 +02)g + (g +3)q
g+4532(|57| )
q(0,2)

0
0
q

0(2)

where ¢ = £1,z = x1 + ixp and

871 99, iy
= 8x1 8x2 Z_Z axl sz !

The case € = 1 is the defocussing case (no solitons), and the case e = —1 is the
focussing case (soliton solutions and blow-up in finite time). In what follows,
the notation f(z) for a function of z = x1 + ixp does not imply that f is
analytic.

Ablowitz and Haberman (1975) showed that the DS II equation is completely
integrable.
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Local Well-Posedness Theory for DS II

Ghidaglia and Saut (Nonlinearity 3 (1990), no. 2, 475-506) proved:

Theorem

For any qo € L?(R?), there is a T* > 0 and a unique solution q(t) to the DS II
equation belonging to C((0, T*), L>(R?)) N L*(R? x (0, T*)) with q(t) = qo and
la(B)llzz = llq0llz2-

This result applies to the DS II equation with either ¢ = 1 or ¢ = —1. These
authors considered a class of equations which includes the completely
integrable equations as a special case.

For the focussing DS II equation, there is a solution to the focussing DS II
equation which blows up in finite time (Ozawa, Proc. Roy. Soc. London 436
(1992)).
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Overview - Inverse Scattering

For the defocussing DS 1I equation, global existence in L?(IR?) and nonlinear
scattering are now established by inverse scattering methods (Nachman,
Regev, Tataru (2020)). Pointwise asymptotics are also known (Kiselev 1997,
Perry 2016).The defocussing DS II equations does not have soliton solutions
in the usual sense.

For the focussing DS II equation, there are only small-data results for inverse
scattering due to the possibility of blow-up in finite time and soliton
solutions for which the inverse scattering theory is not rigorously established
(Sung 1994). Pointwise asymptotics for small data are known (Kiselev 1997)

For the focussing DS II equation, it is also known that the one-soliton
solution is spectrally unstable (Brown, Perry 2018)
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First Result

Theorem (Perry 2014)
Suppose that qy € HY'(R?). The Davey-Stewartson II equation has a global
solution q(t,z) with q(t, -) € HY1(R?), and the map
(t,q0) = q(t, -)
R x H"}(R?) — C(R, H'}(R?))

is locally Lipschitz continuous. Moreover, if go € HY1(R?) N L1 (R?) with
(8q0)(0) =0, then

q(t,z) = v(t,z) +o(t™1)

where v(t, z) solves the problem
910 +2(3% +92)v =0

with initial data

0(0,2) = Fa(S(40))-
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Second Result

Theorem (Nachman, Regev, Tataru 2020)

Suppose that gy € L?(IR?). The Davey-Stewartson II equation has a unique global
solution q(t,z) € C(R,L*(C)) N L} (R x C) with

0) 190)lzc) = 9Oz and [ lat2)[*dtdz < Cllqollzz(c))

(i) Ifqq(t, -) and qy(t, - ) are solutions corresponding to initial data g1 and g
with {|gi|| 2c) < R, i = 1,2, then

g1t ) = q2(t, )2y < CR) 1 = 92l 12(c)

We will discuss Perry’s result in this lecture, using ideas of Nachman, Regev,
and Tataru to simplify the proofs. We will discuss Nachman, Regev, and
Tataru’s result in more detail in the next lecture.
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Lax Representation

The DS II equation is the compatibility condition for the following system of
equations for unknowns ¥ (z, £, k) and ¢ (z, t, k):

zY1 = qy»
92 = eqiPq

I = 2002y + 2i(3=zq) Yo — 2igdztpy + g1
Apypy = —2i024p, — 2ie(d-q) 1 + 2ieqo- 1 — igYn

One can check that DS II is the compatibility condition by
cross-differentiating in x and .

The first system of equations defines a scattering transform
S:qg—s,

and the second system of equations determines the time evolution of
scattering data. We will mainly discuss the defocussing (e = +1) case
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Interlude: Dimension Counting

In one space dimension, the scattering
data is a scalar functionand S : ¢ —

— r(k)e—kx t(k)e™ —

In two space dimensions, scattering
data is a function

S(w,w;E), w,w’ €S'andEcR

which actually depends on three
variables! Thus, in two dimensions, it

is more natural to consider scattering
(and inverse scattering) at fixed energy /
togetamapS:q—s
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Direct Scattering

The defocusing DS II flow is linearized by a zero-energy spectral problem for

the operator
s (%0 [0 42
(5 ) em e ()

To find the scattering transform for g € S(IR?), look for solutions

2k ml 2,k eikz
<1P1( )) _ < (z/k) >’ lim (m'(z,k),m?(z,k)) = (1,0).

Po(z,k) m?(z,k)etk |z[—c0

of Lip = 0 where k = kq + ikp, z = x1 + ixp, and kz denotes complex
multiplication. One can check that

ozml(z,k) = q(z)m?(z,k)
(92 + ik)m?(z,k) = q(z)m*(z, k)
lim (m!(z, k), m?(z,k) = (1,0)

|z| =0
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Direct Scattering

The scattering problem for m! and m? is equivalent to

ml(z,k)zl—l—l
mlcz—w

q(w)m?(w, k) dw

m?(z,k) = % /;3 =) o m (2, ) do

zZ—W

where ¢;(z) = ¢lk*t%2) For g € S(IR?), we have

1 aj (k ) (
k) ~ 1 -—, k) ~ —
m(z,k) Z—00 + ]; zl (Z Z—00 e-k(2 ; zZ
The scattering transform is (Sq)(k) = —iby (k) or, from the integral equations

(Sq :——/ek m!(z,k) dz.

which is perturbation of the antilinear ‘Fourier transform’

(Faq) (k :_*/
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Inverse Scattering

Let s(k) = S(q)(k). If g € S(R?), it follows from the work of Beals and
Coifman that s € S(IR?).

1, m? also obey the dual set of equations

apm (z,k) = e_y(z)s(k)m
opm®(z,k) = e_i(
lim (m'(z,k),m?(z,k)) = (1,0).

|k|—00

The scattering solutions m

=
\./
A

B
N

N
=
«
—~
>
5
A
>
=

With the change of variables nl =ml, n? = e,kW we obtain

n' (z,k) = s(k)n’(z,k)
(O +iz)n?(z,k) = s(k)n' (z,k)
lim (n'(z,k),n*(z,k)) = (1,0)

|| —co

which have the same form as the z-equations with the roles of z and k
reversed.
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For the system

we have

or

Continuity of S
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Inverse Scattering

E)Enl(z,k) =
@+ iz (z, k) = 5
Jim (120,72, )) =

2
k
(k)|

ek (z)

2=~ [a@m

( )

S

(
(
1

k)n?(z,k)

7

s (2.K)

0)

(lkl %)

(z,k) dk

Scattering Map
0000000000000 0
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Time Evolution of Scattering Data

Suppose that 4(t, z) solves the DS Il equation with g(t, - ) € S(IR?) for each ¢
(this is true if (0, - ) € S(IR?)). We can determine the evolution of scattering
data as follows.

(1) Find a law of evolution for solutions of the Lax equations

(2) Use the large-z asymptotics for the functions m! and m? to recover the
scattering data

(3) Use the Lax equations for time evolution together with the asymptotics
q g ymp
of m! and m? to find equations of motion for the scattering data
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Time Evolution of Scattering Data (1 of 3)

Step 1: Find the law of evolution for solutions of the Lax equations.

Let ) '
1 = C(k,t)e®m?,  yp = Cy(k, t)e*m?

where, for each t,

(m(z,k,t),m*(z,k,t)) ~ (1,0)

|z| =00

Substitute into the second pair of Lax equations and use large-z asymptotics
to recover

. -2
C1(k,t) = Cy(k, t) = 2t (R+K),
In the my, my variables, the second pair of Lax equations is now
oym! = 2i(02 4 2ikd; )m" + 2i(dzq)m* — 2igdzm> + igm’
dpm? = —2i0%m? + 2ik>m? — 2ie(d,q)m* + 2ie(d, + ik)m' — igm?
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Time Evolution of Scattering Data (2 of 3)

Step 2: Use the large-z asymptotics of m! and m? to recover the scattering
data

Ifq(t, -) € S(R?), m' and m? should have large-z expansions

ml(z k) ~ 1+“(k't)+0(|z|*2)

‘Z|—>oo ya

w22k t) ~ e,k(z)b(';’t) +0(122)

|z| =0

where b(k, t) = is(k, t).
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Time Evolution of Scattering Data (3 of 3)

Step 3: Use the Lax equations to recover time evolution of scattering data

Substitute
1 a(k,t) 2
m'(z,k,t) e 1+ - +0 (|z| )
b(k,t) _
2 2
O (|z| )
where
b(k,t) =is(k,t),
into

oyt = 2i(02 4 2ikd; )m" + 2i(dzq)m* — 2iqdzm* + igm?
om? = —2id2m?* + 2ik*m? — 2ie(d.q)m" + 2ie(d, + ik)m' — igm?

to recover

a(k,t) =0, b(k,t) = 2i(k> + &)b(k,t)
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Reconstruction Formula

We now have 72
s(k,t) = 2K+ )g(k, 0)

which gives the following reconstruction formula: if s(k,0) = (Sqg)(k),

S
g0 s(k,0)
v
q(t) 51 s(k,t)

We will show that the maps S and S~ = S are well-defined and Lipschitz
continuous
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Continuity of the Scattering Map

Let
H'Y(R?) = {u € [2(R?): Vu, |x|u € LZ(JRZ)}
with norm
ol o gmey = 11+ [xull 2 + [ Vull 2
We will show that

S: H' (R?) — HY(R?)
is one-to-one, onto, and locally Lipschitz. This will imply that the map
(t,40) = S+ (g9))
R x H"(R) — C(R, H"}(R))

is a locally Lipschitz continuous map, giving global well-posedness in
HY(R).
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Continuity of the Scattering Map

We will show continuity of the scattering map in the following steps:

(1) We will show that the direct scattering problem is uniquely solvable and
that the map

q— (m1 - 1,m2)
H'Y(R?) — L*(RZ x R})
is locally Lipschitz continuous

(2) We will show that the scattering map
g+ s(k :f—/ek m!(z,k) dz

is Lipschitz continuous

Noting that the map s(k) — eZit<kz+E2>s(k) is continuous on H! (IR?) the
continuity of go — S~ (eZit(( : >2+<*>2>qu) will follow
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The Direct Scattering Problem
Recall the problem
ozml (z,k) = q(z)m?(z,k)
(9 + ik)m?(z,k) = q(z)m* (2, k)
(m'(z,k) —1,m*(z,k)) € L(R?)
Let
m*E(z,k) = m'(z,k) £ e_(z)m?(z, k)
Then

0:m™ (z,k) = e_i(2)q(z)m* (z,k)
{mi(z,k) —1 € L(R?)

We will show that solutions exist and are unique.

Scattering Map
0000000000000 0
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Uniqueness of Solutions

Recall
ozm~ (z,k) = +e_(2)q(z)m=(z,k)
m*(z,k) —1 € LY(R?)

Theorem (Vekua)

Suppose a € L2(R?), u € LF(IR?) for some p > 2, and dzu = aii in distribution
sense. Then u = 0.

Proof.
Let m be a difference of two solutions and apply Vekua’s Theorem to the
equation

dsm = +e_iq(z)m, m € L*(R?)
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Existence of Solutions

Focus on m*. Rewrite

dzm™ (z,k) = e_x(z)q(z)m™* (z,k)
m*(z,k) —1 € LA(IR?)

as an integral equation for w = m* — 1 € L(R?):

{w —Tw = agl(e_kq)
Tf =0;"'(e_xqf)
where

'@ = = [ L9 g

mJcz—w
is the Cauchy integral operator.
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Properties of the Cauchy Integral Operator

;N =~ [ 1 a0

7TJC Z—WwW

(1) If p € (1,2) and p* satisfies % = , then

= =
N —

o' f

L Sl

(2) Forl<p<2<r<oo,

-1
o f| . S Il

(3) For p € (2,00) and % + % =107 1 f is Holder continuous of order
1—2/p. Moreover, if f € LP N LP then

lim (0'f)(z) =0

|z| =00
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Existence of Solutions

Recallw = m* —1, g € H"}(R?), and
{w —Tw = Bgl(e,kq)
Tf =0z (e—xf)
Recall 971 : L3 (R?) — L4(R?)
As HV C L*/3, wehave 01 (e_zq) € L*(R?).
Let u = e_jq and let
(Sf) =07 (uf), uel(RY), feL}(RY).
Then S : L*(R?) — L*(R?) with
[Slzssps S Mz

So the integral equation makes sense on L*(IR?).
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Existence of Solutions

w—Sw=g where S(w)= a;l(uw), g = a;l(u)
We claim:
(1) Sis compact, as follows from the Kolmogorov-Riesz Theorem
(2) ker(I—S) = {0}
To prove (1), show that S maps the unit ball in L*(IR?) into a compact set.
To prove (2), suppose that Sf = f. Then

Ozf =e rqf
Apply Vekua’s Theorem to conclude that f = 0.

It now follow from the Fredholm alternative that the integral equation
w — Sw = g is uniquely solvable.
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Bounds and Continuity

Large-k bounds on the resolvent: Integrate by parts to compute
1 e_y(w)(0zf)(w
(E kf)(z) = (—E,k(z)f(z)—f—/wdw)
ik Z —w

and deduce

(T)e) = 1<e_k() @ + [ R, )

ik
so that
L4/3>

+||0=(qf)

1
<
1Al S g (

and by iteration

|—k| (9Tl s + 102G TF) || ar2)

1
< g (hallas I s + 19 A+ Nl 1) -

|

Conclude that

L4—L* S

|k| Hq”H“
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Bounds and Continuity

Lemma
Fix R > 0. There isan N = N(R) so that for all k € C with |k| > N,
q€ HY (R?), [|q]|ga < R,

_ -1
H (I T) L[4 14 <2
Proof.
Use the bound )
T2 < L2
H Lisrs ™ k| llallEna
and the identity

(I-T)'=(I-T>)"11+T)
|
To obtain bounded invertibility for |k| < N, use a compactness argument:
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Bounds and Continuity

Lemma
Suppose B is a bounded subset of H'(C) x C. Then

sup H(I -7t
(k,q)eB

L4—L*
Moreover, the map
g (I=T(g k)"
is Lipschitz from HY(R?) to B(L*).
Proof.
First, the map L2(R?) x C > (q,k) ~ (I — T(g,k))~! € B(L*) is continuous.

Second, the set B is precompact in L2(IR?) x C, so its image under this map is
a bounded set.

Finally, Lipschitz continuity follows from boundedness and
R(k,q1) = R(k, q2) = R(k, q1)(T(k, q1) — T(k, 92))R(k, g2)
where R(k,q) = (I — T(k,q))"". O
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Summary

Recall that
m*t(z,k) = m'(z,k) £ e_(z)m2(z, k)

Wesetw =m*™ —1, g€ H'1(R?), and
{w —Tw = agl(e_kq)
Tf =0z (e_xqf)

We have now shown that these equations (and their analogues for m ™) are
uniquely solvable and that the maps

HY(C) 3 g+ m*(z,k) —1 € L}(C)
are Lipschitz continuous.

We now have (almost all) the necessary tools to study continuity of the direct
scattering map

HY(C) 5 g+ s(k) :——/ek m!(z,k) dz

since m!(z,k) = L(m™ (z,k) + m~(z,k))
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Mixed L? Estimates

To study the scattering map
HYY(C) 3 g s(k) = 7% /Eek(z)@ml(z,k) dz
we need mixed L” estimates on m!(z, k) — 1. We need a key estimate from

Nachman, Regev, and Tataru’s paper.

Lemma Suppose that p € (1,2] and f € LP(R?). The estimate
(077) (0] £ MG (MF@)°
Here Mf is the Hardy-Littlewood Maximal Function
(M) = sup s [ 1)

xep M

Recall that M : LP(R") — LP(R") for 1 < p < oo.
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Mixed L? Estimates

We'll usually use this estimate in the form

(I

0= (e f) (x)| S (MF(x)? (MF(K))
Lemma Suppose that ¢ € HY'(C) and that (M3) (k) is finite. Then

Hm1(~,k) 1

[ + HmZ(-,k)

14 = C(H‘?HHH)(Mﬁ)(k)%

Moreover, the maps q + m' — 1 and q — m? are locally Lipschitz maps from
HY(C) to L*(RZ x R?).

Proof: It suffices to show that w = mE—1 obeys the estimate
FONNG
[wll s < C(llql[ ) (M7(k))2
Asw = (I —T)1(9z(exq)) we have

Jwls S |[(1=1)" o= (e x9)

L1t L#

< Clqll ) 122 (Ma(k))
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Lemma Suppose that g € HY'(C) and that (M3) (k) is finite. Then

Hml(-,k) 1

L4+Hm2(-,k)

= C(llg ) g ) (M) (k)2

Moreover, the maps q — m' — 1 and q — m? are locally Lipschitz maps from
HY(C) to L*(R x R2).

Proof (continued): As a consequence of the estimate

llzs S Cllallna) gl (Ma(K))?

we obtain

1
1 2 < 2
Hm 1 L4 (R ) + Hm LI(R2XR2) ~ Clgll 1) gl 72

Lipschitz continuity of (m1 -1, mz) can be recovered from Lipschitz
continuity of the resolvent (I — T)~! and the solution formula.
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Continuity of the Scattering Map

With estimates on the scattering solutions in hand, we’ll prove continuity of
the scattering map

g+ s(k :——/ek m!(z,k) dz

in the following steps:
(1) S is locally bounded and Lipschitz continuous from H'!(IR?) to L?(R?)

(2) Forany p € [2,00), S is locally bounded and Lipschitz continuous from
HVYI(R?) to LP(IR?)

(3) S islocally bounded and Lipschitz continuous from H'!(IR?) to H!(R?)
(4) S is locally bounded and Lipschitz continuous from H'!(R?) to L*!(R?)

As we'll see, each step provided information needed for the next step.
Remember that it suffices to study

:_7/ ml (2, k) — 1) dz
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S: H'(R?) — L2(R?) (1 0f3)

We need to show that
:f—/ek ml(z,k) —1)dz
defines an L2 function of k, locally Lipschitz as a function of q. From

m (z,K) = 1= 971 (g( )2+, K)) (2)

we integrate by parts to get

= 7—/ (exg)( ( ym?(z, k) dz

From the estimate

NI
[N

0 (et f) ()| £ (Mf(x))F (MF(K))

we get

[N

1001 S Clallzp) (MaO)* [ (Ma(z))? lg(z) 1 (z, ) d=
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S: H'(R?) — L2(R?) (2 0f3)

Recall

:7—/ek q(z)(m'(z,k) — 1) dz

We estimate
101 S Cllallns) (Ma(0) [ (Ma@)? la(@)1m (2, k) dz

< Cllall i) (ME) gl [ k)

Using the estimate

L4

1
S Cllall ) llgll 2

i3

L*(R2xR2)

we conclude that )
(1llr2 < Cllqllgaa) llqllz2-
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S: HY(R?) — [2(R?) (3 of 3)

To prove Lipschitz continuity, recall

1 _ _ _ _
= [ [m@9: (@) () — 42(2)97 (e2) (2) | 2 (2, ;1) dz
i 1,
+ p= / [qz(z)é)z 1(ekq2)] (mz(z,k;ql) —m?(z, k;q2)> dz
One can show
* g — 02 '(eq) is Lipschitz continuous from L2(R2) to L4(R2, L5 (R2
q — q0z (eq) is Lip k

* g — m?(z,k;q) is Lipschitz continuous from H"!(IR?) to L*(IR? x ]R%)

which implies the required Lipschitz continuity.
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S:HW(R?) - LP(R?),p>2 (lofl)

Recall
:——/ek ml(z,k) — 1) dz.

and estimate

Lewq)( )’ )m2(z,k)‘ dz

~ 1 112
< Cllgll) [ (M@ M) )]z
< Clglg) gl (M3) &)

Since M : LP — L? for p € (1, 0), the result follows from the
Hausdorff-Young inequality.
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S:H'(R?) — HY(R?) (10f1)

It suffices to estimate H@ESH 12 Since the Beurling transform

(Sf)(z) - _% IEIJIB |z—w|>e (fo(u‘:lz)z 4w, f < CSO(]Rz)

extends to a bounded operator on L7 (R?), p € (1,00), with

S(0zf) = 9:-f
We compute, for g € S(R?),
des(k) = I + I
= [a@@aEn @0 b= sk [

Use the facts that:
* Inlj, zq(z) € L*(R?)

® Inl,s € L*(R?) and g — [ q(z)m2(z, k) dz defines a continuous map
from H'!(R?) to L*(IR?).
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S:HY™(R?) — [21(R?) (10f2)
Using dze = ike, and integrating by parts, we see that
_ 1 S— 1
RI(k) = —— /ek(z)aE (4G 2 k) 1)) dz = —(h + )
where
IL=- / ee(2)(97) (2) (m" (2, k) — 1) dz
L= [ a(@)lg(z) Pr(z k) dz
In I}, use the facts that 9:7 € L?(R?) and m'(z,k) — 1 = 8 ! (q(z)m?(z, k)).
In I, use the equations for m? to write
L == [ 1a(z) P (e ' (-, K)) (2) dz = Iy + L),
Bi = [ 19(z) 02 (exq) (2) d2

b = [ la(z) oz (exa(-) (' (- 1)~ 1)(2)) d2
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S: H(R?) — L21(R?) (20f2)

by = [ 19()/%05" (exq) (=) d2
bz = [l Paz! (ea(-)(m' (- 5) =) (2)) dz
Via “integration by parts” we have
bi = — [ e(2)q(209:"(19P) (2) dz

which exhibits I»; as the Fourier transform of an L? function since
4
g € L} ().

On the other hand,
e = = [ @) [0 (1a(-)P)] () on! (z,K) ~ 1) 2

Since gd; ! (|q|?) is an L? function, I, is also an L? function of k.
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S1=8 (1of2)

We will show that, for g € S(IR?), the solutions (!, m?) of

osml(z,k) = q(z)m?(z,k)

also solve
apmt(z,k) = e_gs(k)m2(z, k)
dpm*(z,k) = e_ys(k)yml(z,k)
m'(z,k) =1, mi(z,k) =0 (|k|—1)
where

Scattering Map
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Overview Continuity of § Scattering Solutions Scattering Map
0000000000000000 fole} 0000000000 00000000000080

S=8"1 (20f2)

9zml (z,k) = q(z)m?(z,k)
(9 + ik)ym?(z,k) = q(z)m' (z,k)
ml(z,k)—1, m*(z,k) = 0O (|z|*1)

Leto! = BEml, 02 = aEmZ. Differentiate the equations with respect to k to find

00! = qv?

(9 + ik)v* = Go'
ol =0 (|z\_1> , v =e_s(k)+0 <|z\_1> .

Setw!(z,k) = ogm® — epsm?2, w? = opm? — e_gsml so

ozw' = qu?

(9 + ik)w? = Guw'
-1

where w1, wy = O (|z|71), so w! = w? = 0.
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Summary

We have now sketched the proof that S : H'!(R?) — H'!(IR?) with local
Lipschitz continuity.

We have shown that S = S~! on S(IR?), which we can extend by density to
HY(R?).

This now proves that

is a continuous map from H!(IR?) to C(R, H"!(R?)) with Lipschitz
continuity in gg.



