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ERROR BOUNDS FOR THE KRYLOV SUBSPACE METHODS FOR
COMPUTATIONS OF MATRIX EXPONENTIALS*

HAO WANGT AND QIANG YE?

Abstract. In this paper, we present new a posteriori and a priori error bounds for the Krylov
subspace methods for computing e~74v for a given 7 > 0 and v € C", where A is a large sparse non-

. *
Hermitian matrix. The a priori error bounds relate the convergence to )\min(AgA ), )\max(AgA )

(the smallest and the largest eigenvalue of the Hermitian part of A), and \)\maX(A_QA* )| (the largest
eigenvalue in absolute value of the skew-Hermitian part of A), which define a rectangular region
enclosing the field of values of A. In particular, our bounds explain an observed convergence behavior
where the error may first stagnate for a certain number of iterations before it starts to converge.
The special case that A is skew-Hermitian is also considered. Numerical examples are given to

demonstrate the theoretical bounds.
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1. Introduction. The problem of computing matrix exponentials arises in many
theoretical and practical problems. Numerous methods have been developed to effi-
ciently compute e~ or its product with a vector e~ “4v, where A is an n x n complex
matrix and v € C™. We refer the reader to the classical paper [23] of Moler and Van
Loan for a survey of a general theory and numerical methods for matrix exponen-
tials. For matrix exponential problems involving a large and sparse matrix A, it is
usually the product of the exponential with a vector that is of interest. This arises,
for example, in solving the initial value problem [14, 27]

(1.1) #(t) = —Ax(t) + b(t), 2(0) = .

See [12, 17, 25] for some other applications.

A large number of matrix exponential problems concern a positive definite A (i.e.,
A+ A* is Hermitian positive definite), which defines a stable dynamical system (1.1)
with a solution converging to a steady state. Another important class of problems
involves a skew-Hermitian matrix A (i.e., A = ¢{H with H being Hermitian), for
which (1.1) has a norm-conserving solution. Such systems can be used to model a
variety of physical problems where certain quantities such as energy are conserved.
For example, a spectral method for solving the time-dependent Schrodinger equation
modeling N electrons leads to (1.1) with a skew-Hermitian matrix; see [15, 26, 28].
While we will study a general non-Hermitian A, we are particularly interested in these
two important classes of problems, where stronger theoretical results can be derived.

The Krylov subspace methods are a powerful class of iterative algorithms for
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solving many large-scale linear algebra problems. For the matrix exponential problem
(1.2) w(t) = e T,

where 7 € R is a fixed parameter typically representing a time step in applications, the
Lanczos/Arnoldi approximations, introduced by Gallopoulos and Saad (see [14, 27]),
have become very popular methods. Some earlier works on other Krylov subspace
methods for matrix functions including the exponential are reviewed in [12]; see the
references cited there. A comprehensive theory has been developed in the literature
with error bounds demonstrating convergence of the approximation and its relation
to certain properties of the matrix. For example, earlier results in [14, 27] relate
convergence of the Lanczos/Arnoldi methods to the norm of the matrix 7A. More
refined error bounds have since been derived, which provide sharper estimates of the
errors by considering additional spectral information such as enclosing regions of the
field of values of A or positive definiteness of A; see [2, 12, 11, 16, 18, 24, 27] and
the references contained therein. For a real symmetric positive definite matrix A, it
has been shown in a recent work [31] that the speed of convergence is also related to
the condition number of A as in the conjugate gradient method. For positive definite
matrices that are not necessarily Hermitian, stronger convergence bounds have also
been obtained in [12, 16, 18] in terms of the field of values. However, most of these
bounds are derived by assuming the field of values lying in a certain predefined region,
and are not easy to apply or interpret. In general, there is an inherited theoretical
difficulty in quantitatively characterizing the influence on the convergence by the field
of values, a two-dimensional object. In [2], Beckermann and Reichel have derived a
sharp convergent bound with an exponential factor determined from the inverse of a
conformal mapping from the exterior of a region enclosing the field of values to the
exterior of the unit disk in the complex plane. Although this reduces the dependence
of convergence on the field of values to a single value as determined by the conformal
map, this connection through the conformal map to be constructed is still indirect
and not easy to interpret.

In this paper, we extend the previous works, [2] in particular, by relating the con-
vergence of the Krylov subspace methods to the field of values through its bounding
rectangle [a, b] X [—¢, c], where a = /\min(AJFTA*), b= )\max(A*ZA*) (the smallest and
the largest eigenvalue of the Hermitian part of A), and ¢ = |Amax(A%m)| (the largest
eigenvalue in absolute value of the skew-Hermitian part of A). With this approach,
we will derive new a priori error bounds in terms of a, b, and ¢ that relate the speed
of convergence to the size and the shape of the rectangle. In particular, our bounds
explain an interesting observed convergence behavior where the error may first stag-
nate for a certain number of iterations before it starts to converge. Simplified bounds
will be presented for non-Hermitian positive definite matrices and skew-Hermitian
matrices. Numerical examples will be presented to demonstrate the behavior of the
new error bounds.

In developing our a priori error bounds, we also derive a new a posteriori error
bound that is shown to provide a sharp and computable estimate of the error. Our new
a priori error bounds are derived from that of Beckermann and Reichel [2], as well as
from our a posteriori bound combined with some decay bounds on the exponential of a
Hessenberg matrix derived using the same technique as in the literature [2, 3, 6, 16, 18]
by constructing Faber polynomial approximations of the exponential function in a
region containing the field of values. The novelty in this work is using the Jacobi
elliptic functions to construct a conformal mapping for the rectangular region that
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tightly encloses the field of values and showing that this highly complicated mapping
can be simplified to yield some simple and interesting bounds.

The paper is organized as follows. In section 2, we first present some preliminar-
ies about the Faber polynomial approximation and the Jacobi elliptic functions. In
section 3, we present a new a posteriori error bound, which relates the convergence to
the decay properties of the exponential of a Hessenberg matrix. To study this decay
behavior, we construct a conformal mapping in section 4 and present our new a priori
error bound in section 5. In section 6, we apply the same idea to skew-Hermitian
matrices and derive simpler a priori bounds. Numerical examples are presented in
section 7, with some concluding remarks in section 8.

Throughout this paper, || - || denotes the 2-norm || - ||2 unless otherwise stated.
We will also assume throughout that v in (1.2) is normalized such that ||v]| = 1.

2. Preliminaries. In this section, we briefly discuss some related results in com-
plex analysis that will be needed.

2.1. Faber polynomials. Faber polynomials extend the theory of power se-
ries to domains more general than a disk. This starts with the Riemann mapping
theorem [21, Theorem 1.2] that states that every simply connected domain in the ex-
tended complex plane whose boundary contains more than one point can be mapped
conformally onto a disk with its center at the origin. Let C = C U {oo} be the ex-
tended complex plane, and let D be a bounded continuum in the complex plane with
boundary I' such that the complement of D is a simply connected domain in the
extended plane and contains the point at co. A continuum is a nonempty, compact,
and connected subset of C. Then there exists a function w = ®(z) which maps the
complement of D conformally onto the exterior of a circle |w| = p > 0 and satisfies
the normalization conditions

(2.1) ®(00) =00, lim ) = 1.

z—o00 2

Then, the function ®(z) has a Laurent expansion at infinity of the form
o
@(z):z—i—ao—i—Tl—i—--- .

Moreover, given any integer n > 0, [®(z)]™ has a Laurent expansion of the form

o)

[D(2)]" = 2"+ a(n)lz”_l +- ozén) + +-

n—
at infinity [21, p. 104]. Then, we call the polynomial containing nonnegative powers
of z in the expansion,
_.n (n) _n—1 (n)
D, (2)=2"40a, 12"+ 4ag
the Faber polynomials generated by D.

The Faber polynomials can be used to approximate analytic functions on D,
essentially through the power series approximation of a transformed function on |w| <
p. Let U be the inverse of @, and let Cr be the image under ¥ of the circle jw| = R > p.
We denote by I(Cg) the bounded region enclosed by Cr. By [21, Theorem 3.17], every
function f(z) analytic on I(CRr) can be represented on I(Cg) as a series of the Faber
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polynomials

(2.2) 1) = auba(2)
n=0

1 SV (w)]

2mi J|w|=R wntl

with the coefficients a,, = dw. The partial sum of the above series,

N
(2.3) Iy (2) =Y an®n(2),
n=0

is a polynomial of degree at most N that we can use to approximate f(z) on I(CR).
The next theorem of [13] presents some approximation bounds concerning IIy. We
first need to introduce the definition of total rotation of the boundary. For this, we
assume that D is a closed Jordan region, i.e., its boundary I is rectifiable. Then there
exists a tangent vector that makes an angle ©(z) with the positive real axis at almost
all points z € I'. We say that I has bounded total rotation V if V = [..|dO(z)| < oc.
Then V' > 27 and the equality holds if D is convex; see [13].

THEOREM 2.1 (see [13, Corollary 2.2]). Assume that D is a closed Jordan region
whose boundary ' has bounded total rotation V. For any R > p, let f be an analytic
function in I(Cr). We have for any N >0

N+1
M(R)V (&
2.4) I il < 2OV (B
R
where M(R) = max,ccp, |f(2)| and || - ||eo denotes the uniform norm on I(Cr).

Theorem 2.1 is stated with Cr defined from the conformal map & satisfying
the normalization condition (2.1). In the literature (see [2], for example), another
normalization has also been used and may be more convenient in our application. We
may consider a conformal map ® that maps the exterior of D onto the exterior of
the unit disk (i.e., requiring p = 1 rather than (2.1)). The above theorem can be
adapted to o through a simple normalization transformation. Namely, given Cf, let
p = lim, ﬁ and ®(z) := p®(z). Then & satisfies the normalization condition
(2.1), but now maps the exterior of D onto the exterior of the disk |w| = p. Applying
Theorem 2.1 to @, (2.4) holds for any R > p. Let r := R/p > 1. Let CRr be the inverse
image under ® of the circle |w| = R, and let C, be the inverse image under ® of the
circle |w| = r. It is easy to check that Cr = C,, and then M(R) := max,ecp |f(2)| =
max_ g |f(2)[- Thus, (2.4) is reduced to

N+1
r)

1-1

(2.5) 1f = Onllec <

M(r)V (L
T )

where M (r) := maxg (5)=r |7 (2)]. Namely, Theorem 2.1 holds verbatim for a conformal

map that is normalized to map the exterior of D onto the exterior of the unit disk. We

note, however, that p as defined in the two normalizations is invariant and is called
the logarithmic capacity of D.

2.2. Jacobi elliptic functions. In this subsection, we introduce the Jacobi
elliptic functions, which will be used to construct a conformal mapping in section 5.
More details about the Jacobi elliptic functions can be found in [1].
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Elliptic functions were first introduced as inverse functions of (incomplete) elliptic
integrals. So before the introduction of the Jacobi elliptic functions, we first state the
definition and properties of elliptic integrals. Given ¢ € C and a real parameter m
with 0 < m < 1, the (incomplete) Jacobi elliptic integral of the first kind is defined
as

[
(2.6) F(¢,m) ;:/0 (1 —msin®6)~2df.

The (incomplete) Jacobi elliptic integral of the second kind is defined as

d) 1
E(p,m) := /0 (1 —msin?6)2df.

When ¢ = 7, the corresponding integrals
x
K(m):=F (g,m) = / (1—msin®0)"2df,
0

E(m):=FE (E,m) = /0%(1 — msin? 9)%d6‘

are called the complete Jacobi elliptic integrals of the first kind and the second kind.
Let m; := 1 — m, the complementary parameter of m. Then, 0 < m; < 1. For
simplicity, we shall use the following notation:

K:=K(m), K':=K(mi)=K(1-m);

27) E:=E(m), E' :=E(m;)=FEl-m).

We now introduce the Jacobi elliptic functions. There are a total of twelve Jacobi
elliptic functions in the family, but we will discuss only the basic three that will be
used in this work. If u = F(¢, m), where F(¢,m) is the incomplete elliptic integral
of the first kind defined in (2.6), three of the Jacobi elliptic functions are defined as

sn(u|m) := sin ¢,

(2.8) cn(ulm) = cos ¢,

dn(u|m) := 1/1 — msin? ¢.

The notation sn(u|m), cn(u|m), and dn(u|m) indicates that sn, c¢n, and dn are func-
tions of two independent arguments: a complex argument u and a real parameter
m € (0,1). Furthermore, for a fixed m € (0,1), sn(u) := sn(ulm), cn(u) := cn(ulm),
and dn(u) := dn(u|m) are doubly periodical meromorphic functions defined on v € C
22, p. 14].

In later sections, we will need some properties of the Jacobi elliptic integrals and
Jacobi elliptic functions. We summarize them in the proposition below. For details,
see [1, 20, 22].

PROPOSITION 2.2. The following properties hold:

1. K = K(m) and E = E(m) are positive-valued functions of m. Moreover,
they are differentiable with respect to the parameter m € (0,1), and

dK  E—mK

dm 2mma
dE FE-K

(2.9)

2.1 —
(2.10) dm 2m
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2. (See [1, p. 591].)

(2.11) nlllgl {K - %ln <71n_6>} =0.
3. (See [1, p. 592].)
(2.12) E(u+ 2iK') = E(u) + 2i(K' — E').

4. sn, cn, and dn satisfy
sn?(ulm) + cn?(ulm) = 1,
m - sn?(ulm) + dn®(ulm) = 1.

5. (See [1, Table 16.2, p. 570].) sn, cn, and dn are one-valued, doubly periodic
functions. For any l,n € Z,

sn(u + 20K + 2niK'|m) = (1) sn(u|m),

en(u + 21K 4 2niK'|m) = (—1)" " en(u|m),

dn(u + 2IK 4 2niK'|m) = (—1)" dn(u|m).
6. (See [1, Table 16.8, p. 572].)

sn(2iK' — o|m) = sn(—o|m) = — sn(a|m),
en(2iK’ — olm) = — cn(—o|m) = — cn(o|m),
(2.13) dn(2iK’ — olm) = —dn(—o|m) = — dn(c|m).

7. (See [1, Table 16.16, p. 574].)

(2.14) % sn(ulm) = en(ulm) - dn(u|m),
(2.15) % cn(ulm) = —sn(ulm) - dn(u|m),
(2.16) % dn(ulm) = —m - sn(ulm) - cn(u|m).

8. (See [1, Table 16.21, p. 575].) Let u = x + iy, where z,y € R, and denote

s = sn(x|m), ¢ = cn(z|m), d = dn(z|m),

s =sn(ylm1), ¢ =cn(ylmy), di=dn(ylmy).

Then
. s-di+ic-d-si-c
(2.17) sn(x + iylm) = ey
. c-cr+is-d-sy-dy
(2.18) cn(z + iy|m) = oy
d-ci-dy +ims-c-
(2.19) dn(z + iy|m) = GGt ims c s

2 +ms? - s

We will also need to use the signs of the real and imaginary parts of sn(u|lm),
cn(ulm), and dn(ulm) when m € (0,1) and u € C is in the rectangular domain
[-K, K] x[0,2iK'] (i.e., Re(u) € [-K, K] and Im(u) € [0,2K"]). This is discussed in
[20, pp. 172-176], and we summarize it in Tables 1-3 for easy reference.
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TABLE 1
Signs of (Re(sn(u|m)), Im(sn(u|m))).

i K0 | 0.0

(K,72K,) (_7_) (+7_)

(OvKl) (_7+) (+7+)
TABLE 2

Signs of (Re(cn(u|m)), Im(cn(ujm))).

i K0 | (0,80

(K,72K,) (_7+) (_7_)

(OvKl) (+7+) (+7_)
TABLE 3

Signs of (Re(sn(u|m)), Im(sn(u|m))).

) K0 | (0,80
(K/72K/) (_7+) (_7_)
(OvKl) (+7+) (+7_)

3. A posteriori error bound. In this section, we first introduce the Arnoldi
method for approximating w(7) = e~74v and then discuss an a posteriori error bound.
Given A € C™*" and v € C" with ||v|| = 1, k iterations of the Arnoldi process with
the initial vector v; = v generate an orthonormal basis {v,vs, ..., vk, Ug+1} for the
Krylov subspace K1 1(A,v) = span{v, Av, A%v, ..., Akv} by

k

Pkt1, b Vg1 = Avg — E hikvi,  hggre > 0.
i1

Simultaneously, a k x k upper Hessenberg matrix Hy = [h;;] is generated satisfying

(3.1) AV, = Vi Hy + hk+1)kvk+1ef,
where Vj, = [v1, va,...,v;] and e € R™ is the kth coordinate vector. We note that
k
(32) e = Avl> =D hiy < A
i=1

We can approximate w(7) = e~ "4v by its orthogonal projection on Kj(A,v),

VkaTe’TAU, which is further approximated as

T
VkaTe_TAv = VkaTe_TAVkel ~ Ve ™Ve AVke, = VkTe_TH"‘el.
We call
(3.3) wi(T) == VkTe*TH’“el

the Arnoldi approximation to w(7) in (1.2); see [14, 27].
Let W(A) := {z*Azx : x € C"; ||z|| = 1} be the field of values of A, and let u(A) :=
max {Re(2) : 2 € W(A)} be the logarithmic norm of A (associated with the Euclidean
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inner product). We also define v(A) := —pu(—A) = min {Re(z) : z € W(A)}. Then
we have

A+ A*
2

(3.4) M(A):/\max( > and U(A):/\min(

A+ A* )

where Apax and Ay, denote the largest and the smallest eigenvalue, respectively. In
this notation, A is positive definite if and only if ©(A) > 0. An important property
associated with the logarithmic norm [9, 29] is that for ¢ > 0,

(35) e < et

We now present a bound on the approximation error ||w(7) — wg(7)]| in terms of
the (k, 1) entry of the matrix e~ *x,

THEOREM 3.1. Let A € C™*" and v € C™ with ||v|| = 1. Let Vi be the orthogonal
matriz, and let Hy be the upper Hessenberg matriz generated by the Arnoldi process
for A and v satisfying (3.1). Let wy(7) = Ve "Hrey be the Arnoldi approzimation
to w(t) = e~ T4v. Then the approzimation error satisfies

(3.6) [w(r) —wi(r)]| < hk+1,k/ h(t)] - e A,
0

where

(3.7) h(t) := el e ke,

is the (k,1) entry of the matriz e "* and v(A) is defined in (3.4). In particular, if
v(A) > 0, we have an a posteriori error bound

(3.8) leo(r) — wi ()] < iy / " |(o))dt.

Proof. First, we have w'(t) = —Ae v = —Aw(t) and

wh,(t) = = Vi Hpe Hrey
= —(AVk — hk+1,kvk+1e£)6_tH"‘el
= —Awy(t) + hk+1,kh(t)vk+1.

Let Ey(t) := w(t) — wg(t). Then

Ep(t) = —Aw(t) — (= Awy(t) + hiy 1,6 (8)vg41)
= —AEk(t) — hgr1,6h(t) vt

Note that F;(0) = w(0) — wr(0) = v — Vzeqr = 0. Solving the initial value problem
for Ex(t), we have

Ey(r) = _hk+1,k/ h(t)e = Ay 1 dt.
0

Since 7 — t > 0 in the integral, using (3.5), we have

e=A| = [|eTDED | < eTHR(=A) = (t=mIv(A),
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Then the approximation error satisfies

| Ex(T)|| < hiyak

/ h(t)e(t_T)AkadtH

0

<t [ B el e
0

<hiers [ Ih(o)] W
0

This proves (3.6). Now, if v(A) > 0, we have e(*""(4) < 1, since t—7 < 0. Applying
this bound to (3.6) completes the proof. O

h(t) in the above bound is computable a posteriori for any given ¢t. Being the
(k, 1) entry of the matrix e~*%_ it is expected to become small as k increases because
of a decay property associated with functions of a banded matrix (see [3, 4, 5, 6]).
This provides an understanding of the convergence of the error. Indeed, in section 5,
we shall extend the techniques introduced in [3, 6] to derive some sharp decay bounds
on h(t), which will result in some new a priori bounds. Before we do that, we will
need to construct some conformal mapping first in the next section.

We remark that (3.6) is an a posteriori bound if ©(A) or a lower bound is known.
If v(A) is unknown but the matrix is positive semidefinite, then (3.8) provides an
a posteriori bound. Both bounds contain an integral of h(t) that is not directly
computable. For practical error estimates, we can approximate it using a quadrature
rule, say, the Simpson’s rule, by computing h(f) at some selected discrete points.
This provides very sharp a posteriori error estimates; see the numerical examples in
section 7. Note that several a posteriori error estimates presented in [27] are derived
from approximation of a different error expression, one of which is 7h(7).

4. Conformal mapping. In this section, we construct a conformal mapping
which maps the exterior of a rectangle onto the exterior of a unit disk and discuss
some of its properties. Given a rectangle in the z-plane whose vertices are a =+ ic and
b=+ ic, where b > a and ¢ > 0, we map the exterior of this rectangle conformally onto
|u] > 1. This can be done in the following three steps:

e Step 1:

a+b
2

(4.1) p=i(3) =5 -

shifts the original rectangle to a new rectangle with vertices £a 4 i/, where

a:b’T‘landﬁ:c.

e Step 2: ¢ : z — w is defined through an auxiliary variable o by

z=a— %{E(o|m) —myo},
w 1 —dn(o|m)
Vmsn(a|m)’

where sn(a|m), cn(o|m), and dn(o|m) are Jacobi elliptic functions and E(o|m)
= [y dn®(z|m)dz. The parameter m is determined from «, 3 by the equation

(4.2)

(4.3) E(m) —ﬁle(m) _ E(mq) —O:rLK(Tnl)7
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where K and FE are functions of m defined in (2.7) and m; :=1—m . The
existence and uniqueness of m will be shown in Lemma 4.1 below. It is
shown in [20, p. 178] that ¢o conformally maps the exterior of the rectangle
[—a,a] x [-5,B] to the upper half-plane {Im(w) > 0} and that the range of
o is in the rectangle [— K (m), K(m)] x [0,2iK (m1)].

e Step 3:
(4.4) u=galw) = 0
maps {Im(w) > 0} onto {|u| > 1}.
Now let
(4.5) ® = 30201

be the composition of the above three conformal mappings defined in (4.1), (4.2), and
(4.4). Then ® maps the exterior of the rectangle [a,b] x [—c, ¢] conformally onto the
exterior of the unit circle.

The rest of this section will present several results concerning ® that we will use
in the next section, but first we give a proof of existence of a unique solution of (4.3)
that is not readily available in the literature.

LEMMA 4.1. E(m)—(1—m)K(m) € (0,1) is an increasing function of m € (0,1),
and E(1 —m) —mK(1 —m) € (0,1) is a decreasing function of m € (0,1). For any
0 < a,8 < +o00, there exists a unique m € (0,1), as a function of B/«, satisfying
(4.3).

Proof. Let f(m) := E—m1 K = E(m)— (1—m)K(m) be a function of m € (0,1),
where my :=1—m. Then E(m1) — mK(mq) = f(1 —m). By the definition of K(m)
and E(m), K(0) = 3, E(0) = 5, and then

(4.6) lim f(m)=0.

m—0

Moreover, by (2.11),

lim my [K(m) - %m <E>} =0,

m—1 mi

and therefore

1 1
liml m1K(m) = 1im1 mq In <—6) = lim miln (—6) =0.
m—r

m—r ml m1~>0 ml
Again by the definition of E(m), F(1) = 1. Then
(4.7 n111§1 f(m)=E(1) — ﬂ111§1 mi K (m) = 1.
By (2.9) and (2.10), f(m) is differentiable in (0,1) and

d _ K(m)

So f is an increasing function of m over (0,1). Now consider

f(m) E(m) — (1 —m)K(m)

(4.8) g(m) = Fl—-m) EQ-—m)—mK(1—m)
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By (4.6) and (4.7), g(m) is an increasing function of m over (0,1) with

lim g(m) =0, lim g(m) = +oo.
m—0 m—1

Then for any 0 < a, 8 < 400, there exists a unique m € (0,1) such that g(m) = g,
i.e., (4.3) holds. O

The parameter m determined by (4.3) is defined by the aspect ratio 5/a (or the
shape) of the rectangle [a,b] X [—¢,c]. For example, from the proof, m =~ 0 if the
rectangle is a long flat one around the real axis, while m = 1 if the rectangle is nearly
a vertical line in the complex plane. When m = 1/2, the rectangle is a square.

As in section 2, we denote by C, in the Z-plane the inverse image of the circle
|u| = 7 under @ for a given r > 1. We need to determine the minimum of Re(Z) in
C,, i.e., the leftmost point of C,. First we prove a lemma about the Jacobi elliptic
functions, which is a direct result of Proposition 2.2.

LEMMA 4.2. For u = x + iy, where —K(m) <z < K(m) and 0 < y < 2K (m1),
sgn(Im(cn(ulm))) = sgn(Im(dn(u|m))).
Proof. By (2.18) and (2.19),

sn(z|m) dn(z|m) sn(y|m1) do(y|m;)

Im(cn(ulm)) = 1 — dn?(z|m) sn2(y|m,)

T (dn (u|m)) = m - sn(x|m) cn(z|m) sn(y|mq)

1 — dn®(y|m) sn?(y|m1)

So,

(49)  sgn(Im(cn(ulm))) = sgn(m(dn(um))) - sgn(en(elm) - dn(elm) - dn(ylm.)).
Write x = F(¢,m). When —K(m) <z < K(m), we have ¢ € (-3, %). So,

(4.10) cn(zlm) = cos¢ > 0.

By the definition of dn(u|m), for any z,y € R,

(4.11) dn(zlm) > 0, dn(ylmq) > 0.

Applying (4.10) and (4.11) to (4.9), we conclude that the imaginary parts of cn(u|m)
and dn(u|m) have the same sign. O

The following lemma shows that the minimum of Re(2) in C, is attained at the
inverse of u = —r.

LEMMA 4.3. Let ® : 2 — u be defined as in (4.5). Let U :u— 2 be its inverse
mapping, and let C,. be the image of |u| =1 > 1 under ¥. Then

min{Re(%) : € C,.} = ¥(—r).
Proof. By (4.1),

dz
4.12 — =1
(4.12) -
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Recalling the definition E(o|m) = [; dn®(z|m)dz and the identities sn?+cn? = 1
and m -sn? +dn? = 1, we have from (4.2) that

dz i 9 i 5 i )
41 - = — —1— = —— — - S = —— . . .
(4.13) I /\{dn (I—m)} )\{m m-sn”} 3 m cn
Note that by (2.14) and (2.16), we have % = —m-sn-cn and % = cn-dn. Then
by (4.2),
dw —(-m-sn-cn)-y/m-sn—(1—dn)-y/m-cn-dn
do m - sn2
_ Vm-en-(m-sn? —dn+dn?)
- m - sn?
_y/m-cn-(1—dn)
B 1 —dn?
v/m - cn
4.14 = .
( ) 1+dn
By (4.4), w = zZ—I_i and then
dw 27
4.15 — = .
(4.15) du  (u+1)2

Combining (4.12)—(4.15), we have

dz dz dz do dw

du dz do dw du

I, 1+dn 21
A vm-cen (u+1)32
2 -en(1
(4.16) _ vm - en( +dn).
Au+1)2
Equation (4.4) also implies
_1)2
w? = — (u—1)
(u+1)2

On the other hand, by (4.2),
, (1—dn)? (1-dn)? 1—dn

m - sn? 1—dn?® 1+dn’
So,
1—w?  (u+1)2+@w—-1)2% 1 1
4.17 dn = = — el
(417) Pl a1z 2 \“Tu)
and hence
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Substituting this into (4.16), we have

du

(4.18) dz _ y/m-en

Now let u be on the circle of radius r on the complex u-plane. Then we can write
u=re?, where —m < 6 < 7. Hence

du i0

(4.19) B e i=iu

Treating Z € C, as a function of 6, we have from (4.18) and (4.19) that

(4.20) dz _ivm

o A

-cn(o|m).
So

From (4.17) and u = rcosd + irsin§, we write dn(o|m) as a function of 0,
1 1 ) 1\ .
dn(o|m) = 3 (r + ;) cosf + 3 (r - ;) sin 6.

So Im(dn(o|m)) < 0 when 6§ € (—m,0), and Im(dn(cjm)) > 0 when 6 € (0,n].

By Lemma 4.2, the imaginary part of cn(o|m) always has the same sign as that of

dn(o|m). Thus, by (4.20), % > 0 when 0 € (—n,0), and % < 0 when

6 € (0,7]. The minimum value of Re(2) is attained when 6 = 7, i.e., u = —r. O
Next, we find the explicit form for ¥(—7) in Lemma 4.3.

LEMMA 4.4. Let ® : Z — u be the conformal mapping from the exterior of the
rectangle [a,b] X [—c, c] onto the exterior of the unit disk, as defined in (4.5), and let
U :u— Z be its inverse. Then for any r > 1, we have

. 3(r=%) / 2
(4.21) B(-r)—a—~ VIS g,
A 0 V1+ s2

where the parameter m is determined by (4.3) and X is the ratio in (4.3).

Proof. Recall that ® = ¢35 0 ¢ o ¢1 with ¢1, ¢o, and ¢3 the three conformal
mappings defined in (4.1), (4.2), and (4.4). Let

(4.22) ® := ¢3 0 ¢,

and let ¥ be its inverse. Then obviously

(4.23) T(—r) = g7 o U(—r).

The proof of this lemma consists of two parts. First, we prove that for any r > 1,

(r=%) vVm + s2
(4.24) U(r)=a+ §/0 ﬁds.

[N
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By the same equation (4.17) that was derived from (4.2) and (4.4), w in the map can
be eliminated to define ®: z +— o <— wu through the auxiliary parameter o as

z(o) =a— %{E(o|m) —myo},
(4.25)
dn(o|m) = % (u—l— %) .

To compute ¥(r), set u = r above. Then the corresponding o satisfies

(4.26) dn(olm) = % <7“+ %) > 1.

By Table 3, 0 € C is on the line segment connecting 0 and iK’. Let

(4.27) s = —iy/m - sn(€lm),

where £ is on the line segment connecting 0 and o. By Tables 1-3, sn(&|m) is purely
imaginary with positive imaginary part, and en(¢|m) and dn(¢|m) are both real and
positive. Then

m-sn?(€lm) = —s2,

m - en®(€lm) = m —m-sn(Ejm) = m + s> = V/m - en(€m) = Vm + 2,
dn®(€lm) = 1 — m-sn?(€lm) = 1 + s* = dn(€|m) = /1 + s2.
By (4.27) and (2.14),

ds = —iv/m - en(&|m) - dn(¢|m)d¢;

then
s = ds B ds
—iy/m-cn(§lm) - dn(€lm)  —iv/m+ 21+ 82
By (4.26),
2 2 1 1 2
m-sn’(olm) =1—dn(glm)=—=(r— =] ;
4 T
then

V- sn(olm) = L (r— 1) .

Thus, as £ moves along the positive imaginary axis from 0 to o, s as defined by (4.27)

moves along the positive real axis from 0 to 4(r — 1). Then

W) = 2(0) = a — %{E(a|m) -

=a— % {/OG dn?(&|m)ds — mlcr}

20—1/ m - cn®(&jm)ds
A Jo
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i ra(r=%) ) ds
:“‘X/O R e Y e
.

X Viie

This completes the proof of the first part (4.24). We next prove that for any r > 1,
(4.28) U(—r)=—¥(r).

Let o and & be the auxiliary parameters in (4.25) corresponding to r and —r, respec-

tively. Then
~ 1 1 1 1
dn(g|jm) = 5 <—r—|— —> =-3 <7" + ;) = —dn(o|m).

By (2.13), 6 = 2iK’ — 0. Thus, using (2.12) and (4.3), we get
U(—r) = 2(6) = a — %{E(%K’ — olm) — m (20K’ — o)}
—a- %{Qi(K’ — ') = E(o|m) — 2myiK’ + myo}
—a- %{—21(5 —mK') — [E(o]m) — mio]}
=a-— X{._% - Ao — [E(olm) — mqo]}
= —a+ %{E(a|m) —myo} = —2(0) = —U(r).

Finally, applying ¢; ' to ¥(—r) as in (4.23) and noting that a = 5%, equation (4.21)

is proved. a

Finally, we show that ® can be normalized according to (2.1).

LEMMA 4.5. Let A be the ratio in (4.3). We have

(4.29) lim 2(3)

Z—00 2

=2A> 0.

~ Proof. First, by (4.17) and m-sn?(om)+dn?(o|m) = 1, we have /m-sn(o|m) =
1(u—1). Applying this to (4.18), we have

(4.30) di—i-m(l—i)

du 2\ sn(om) u?
As Z — 00, 0 = iK' and u — oo (see [20, p. 178]). Since

—1
lim en(alm) _ lim ~ lim —su(olm)dn(om) (. cn(o|m) |
o—ik’ sn(olm)  o=iK’ sn'(o|m)  o—ik’ cn(o|m)dn(o|m)

c !
bt \d L (o]m) lim
o—ik' sn(o|m)

—i. Applying this to (4.30), % — L or 24 — 2) as

cn(om) _

we have lim,_,; 5/ sn(olm) =
Z = 00. Then & 5 9\ as 2 — 00, A > 0 follows from Lemma 4.1. 0
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5. A priori error bound for non-Hermitian matrices. In this section, we
derive new a priori error bounds for the Arnoldi approximations of e~74v. We shall
bound the error in terms of the following spectral information of A:

o= miin{)\i (AZA*)} — u(4),

(5.1) b:mzax{)\i (AZA*)} — u(A),

el (2]

where \;(M) (1 < i < n) are the eigenvalues of M. These three numbers provide
a region bounding W (A), the field of values of A; i.e., W(A) is contained in the
rectangle [a,b] X [—¢, ¢].

We shall study the convergence of the Arnoldi method through bounding |h(t)]
(the (k,1) entry of e~*H*) in the a posteriori bound of section 3, as in [31]. As men-
tioned before, analytic functions of banded matrices have a decay property, i.e., their
entries decrease away from the main diagonal. Sharp decay bounds were originally
derived by Benzi and Golub [5] for Hermitian matrices; see [4, 7] and the references
therein for some further improvements. Generalizations to the non-Hermitian case,
which is applicable to the Hessenberg matrix Hj here, have been obtained by Benzi
and Razouk [6] and Benzi and Boito [3]. Specifically, for non-Hermitian matrices, the
Faber polynomial approximation and the conformal mappings on a circular region
containing the field of values have been introduced in [3, 6] to bound the decay rate.
Here we will follow the same approach of [3, 6], but we will use the conformal mapping
that is constructed in section 4 so as to utilize a more precise region [a,b] X [—¢, ]
that encloses the field of values. By using a smaller bounding region, a stronger
approximation result and hence a stronger bound are obtained as follows.

THEOREM 5.1. Let Hy be a k x k upper Hessenberg matriz, and let h(t)

ele trey be the (k,1) entry of the matriz e~ *r. Let ay = mini{/\i(H’“;H’: )}, by =

maxi{)\i(H’“;rH; )}, and ¢ = maxi{|)\i(H’“;HZ)|}, Then for any q with 0 < g < 1,

¢kt ~
(5.2) |h(t)] < 2Q1 — qe*ta

where () = 11.08,

1/%(2‘1) Vm T
37
0

V1452

and the parameter m is determined from ay, by, ¢ by (4.3) and X is the ratio in (4.3).

Proof. Let ® : Z — u be the conformal mapping from the exterior of the rectangle
[ak, bk] X [—ck,cx] onto the exterior of the unit disk, as defined in (4.5). For a fixed
t>0,let f(z) = e **. Since f is an analytic function, it can be approximated by the
partial sum II;_5(z) of the series of Faber polynomials generated by ® as defined in
(2.3). Letr = % > 1, and consider C,, the inverse image under ® of the circle |w| = 7.
Applying Theorem 2.1 or (2.5), the approximation error in I(C;.) is bounded as

()1

If = Mol = max [£(2) ~ He-a2)| < 2(r)

3

—_

S =



KRYLOV SUBSPACE METHODS FOR MATRIX EXPONENTIALS 171

where M (r) = max,cc, |f(2)] and we note that the total rotation around the rect-
angle is V' = 27. Since II;_2(2) is a polynomial of degree k — 2, [IIy_2(Hy)]k1 =
egﬂk,g(Hk)el = 0. Then

\h(t)] = [[f (Hi)lka | = |[f (Hg)]k1 — [Mg—2(Hy)] 51|
< | f(Hy) — g2 (Hy) |2
<Q max |f(z) —I—2(2)],

€W (Hy)

where W (Hy) is the field of values of Hj and the last inequality is by Crouzeix’s
theorem [8]. Since W(Hy) C [ag, bk] X [—ck, ck] C C.., we have

(

S =

)k—l |

h(t)] <@ max [f(z) —x-2(2)] < 2QM(r)

R (D 1-1
Now, the theorem follows from M (r) = max.cco, e % = max.cc, e 'R = 713
where
% _|_ 2
- m+ s
z = min{R 12€C}=Y(—r)=ar — —d
Z = min{Re(z) : 2z } (—r) = ag /\/ Niea s
by Lemmas 4.3 and 4.4. d

We remark that Q = 11.08 is called Crouzeix’s constant, and it is conjectured
that it can be reduced to 2 [8]. In [2], Crouzeix’s theorem is also used to derive an
error bound for the Arnoldi method, which contains Crouzeix’s constant ), but using
some highly sophisticated technique from the approximation theory, the same result
is proved with the constant reduced to its conjectured value 2. This is a very strong
result that we will use to derive an a priori bound or to reduce @ in our bound (5.2)
to 2. We first state Beckermann and Reichel’s result.

THEOREM 5.2 (Beckermann and Reichel [2, Theorem 3.2 and Corollary 4.1]). Let
E C C be a conver compact set symmetric with respect to the real axis that contains
W(A). Then for allk > 1 and r > 1, the error of the Arnoldi approzimation satisfies

TY(r)
TA THy, €
(5.3) le™v — Viee™ req || < 4m7
where 1 is the inverse of the conformal mapping ¢ from C\E to C\D (D is the closed

unit disk) satisfying lim,_, o @ > 0.

We remark that [2, Theorem 3.2] actually shows that [e™4v — Vye™Hre || <
43772, | f;], where f; are the Faber coefficients in the Faber series expansion of e”.
This generalizes an earlier result in the symmetric case [12]. Although this bound can
be numerically computed and may be quite a bit sharper than (5.3) [19], it is not easy
to interpret, and we will not consider it further. Indeed, the bound (5.3) can also be
numerically computed for a rectangular region E [13, 19]. However, we can apply the
conformal mapping ® that we construct in (4.5) to derive the following more explicit
bound.

THEOREM 5.3. Let A € C"™*" and v € C" with |[v|]| = 1. Let wy(7) = Vee THre;
be the Arnoldi approzimation (3.3) to w(r) = e~ "v. Then for any q with 0 < q < 1,
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the approzimation error satisfies

dg* .
lo(r) = w(r)l < $2e ™,
where
. 1 2G9) Vm T 2
(5.4) Z=a-— —/ —ds,
AJo V1+ s2

the parameter m is determined by (4.3) from a,b,c of (5.1), and X is the ratio in
(4.3).

Proof. Let E = [a,b] x [—¢,c]. Under our construction in section 4, ® in (4.5)
maps C\E conformally onto C\D, where D is the unit disk, satisfying (4.29). Let
B = —A. Then —FE contains the field of values of B. Then ¢ := (—id) o ® o (—id),
where id is the identity mapping, maps C\(—E) conformally onto C\D, satisfying

lim, o0 ¢(zz) > 0. Clearly, the inverse mapping is ¥ = (—id) o Vo (—id). Thus,

(5.5) w(r) = —¥(-r) = %,

where Z is given in (5.4). Now, the theorem follows from applying this to Theorem
5.2 and letting ¢ = % d

Applying Theorem 5.2 to the upper Hessenberg matrix Hj obtained after k steps
of Arnoldi iterations gives us the following corollary, which reduces the constant @)
to 2.

COROLLARY 5.4. Theorem 5.1 holds with Q in (5.2) being 2.
Proof. Applying k — 1 Arnoldi iterations to Hj with initial vector e;, we obtain

T
HyEy 1 = Ey—1Hi—1 + hy p—1exep_q,

where Ey_1 = [e1,e2,...,ex-1] and e; € RF is the jth coordinate vector. Using
e;{Ek,l = 0, we have

|h(8)] = lef e M er] = lef (7" — Eyqe™ M 1)ey|
(5.6) < |le ke, — By _jemtHr-1e .

Applying Theorem 5.3 to (5.6) with A, Qg, and Hy being, respectively, Hy, Ex_1,
and Hy_1, we obtain

4qF 5
(RO < e ey = Biye™ Mty || < —H—e"
—q

with Z defined by ag, bk, ¢ as in (5.4). This completes the proof. d

Although the above corollary supersedes Theorem 5.1, we have kept Theorem 5.1
as it provides a more direct proof. Finally, combining the results in Theorem 5.3 and
Corollary 5.4 with Theorem 3.1 leads to the following a priori error bound.

THEOREM 5.5. Let A € C*" and v € C" with ||v|| = 1, and let wi(r) =
Ve THrey be the Arnoldi approzimation (3.3) to w(r) = e T4v. Then for any
0 < g < 1, the approrimation error satisfies

4qk71 L
(5.7) [w(r) —wi(7)]| < e” " min{7[|Al/,q},

S7C

where Z is given in (5.4).
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Proof. First note that Hjy, = V,;I' AV}, for an orthogonal Vj,. Then

W(Hy) CW(A) C [a,b] x [—¢,c].

Now, Corollary 5.4 holds for h(t) = el e~tHreq, and indeed, from the inclusion relation
above and following the same proof as for Theorem 5.3, it holds with a, b, ¢ in place
of ag, bk, ci. Namely, |h(t)] < 4;1:1 e~'%, with 7 defined as in (5.4) from a, b, c. Now,
using this bound in the a posteriori error bound (3.6) in Theorem 3.1 and noting that
hit+1.k < ||A|l (see (3.2)), we have that

T 4qk—1

e—tie(t—‘r)adt
I—q

w(r) — k()] < B /

k 1 T
<4|\A|\ —m/ e a2t
—q 0

k—1
q
<44

7(a—%2)

e "re

k—1
= 47| A L—eF
l1—q

where we note that a — Z > 0. Combining this with Theorem 5.3, the theorem is
proved. a

The bound in the above theorem can be simplified for easy interpretation by
bounding Z in the following corollary.

COROLLARY 5.6. Under the assumptions of Theorem 5.5, for any q with 0 < g <
1, the approximation error satisfies

4k1_i

A
(5.8) [w(r) —wi(7)]| < 7qmln{7|\AH sqye T,
where L = L(q) := 21)\( q— 2). If A is positive definite (i.e., a > 0), for qp =
1 , we have
ad+144/(ax+1)2—1
4qk -y
(5.9) [w(r) —wi(r)]| < 01_7% min {7]| A, g0} -

Proof. 1t is easy to check that

vVm+s2 < m+s.

Then

369 Tt 52 3(5-9)
/0 \/1+82d5§/0 {\/14—82 \/1+32}d8

:[\/ﬁsinh_ s)+ 1—|—s} =il
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Noting (5.4), it follows that

1(1
1 339 P vm. (1
—2:—a+—/2 Lﬂdsg—ajLTmln(—)jLL,
0

A V1+ 82 q
and hence
e—‘r% < 6—7a+‘r@ 1n(%)+7’L _ q—"' /\m e_T(a_L).
Using this in Theorem 5.5 yields (5.8). Finally, (5.9) follows from (5.8) by noting that
—a+ L =0if ¢ = qp. 0

The above bounds show that the error starts to decrease at the rate of ¢ only
when

(5.10) k> k=

T/ M
b\ .

Namely, we may not expect convergence to take place until k4 steps; i.e., the iterations
may stagnate for the first ks steps. This theoretical prediction is nicely confirmed in
our numerical testing; see section 7. On the other hand, the fixed rate convergent
bound (5.9) is usually very pessimistic.

For a positive definite A, the bound (5.9) guarantees the convergence at least at
the rate of qo, up to initial ks stagnation steps. This guaranteed overall linear rate
may be expected to be pessimistic as superlinear convergence is generally observed.
The superlinear convergence behavior can be explained by noting that optimal ¢ value
for the error bounds changes with k. Note that ¢ influences the error bound through
two opposing actions of ¢* and e~7%*. Namely, choosing smaller ¢ results in a faster
geometrically decreasing term ¢*, but e~"% may be much larger, resulting in an overall
larger bound. So the best choice of ¢ should balance the two effects and will depend
on k. For example, smaller ¢ may be used for larger k£ so that the more significant
decrease in ¢* can offset the increase in e~72.

The optimal ¢ to be used in the bound (5.7) can be determined by minimizing at
each step k

q s
FE(q) := Tz,
(q) T

Taking the derivative of ¥ with respect to ¢ and using

2 2
dz 1 m+i(§_q) 1/ 1, m+i(§_‘1>
i)

we have
. k—201 _ .\ _ k=1 ) k—1 } s
dE _ (k=D¢ (1 q)2 ¢ (=) - 4 =i (-nE
dq (1-4q) l—q dq
k-3
=i [k = Do+ 2= e - O - o) VT = 2P+ ame?].

where C' = 55. Thus optimal ¢ = (k) can be found by solving

(5.11) (k—1g+ (2 —k)¢* —C(1 —q)/(1 — )2+ 4mq? = 0.
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Note that a solution ¢ € (0,1) exists because the function in the equation is 1 when
g=1,and —C < 0 when ¢ = 0.

We note that Beckermann and Reichel [2, Corollary 4.1] have also discussed choos-
ing 7 for their bound (5.3) by optimizing e™¥(") /r™ (an upper bound of the Faber
coefficient) with respect to r. Their optimal r is 1 if & > /m7/)\, and is given by
the solution of ¢/ (r) = k/7 otherwise. We choose ¢ by optimizing the entire upper
bound E(q). As a result, we have found numerically that using their optimal value of
r with ¢ = 1/r gives clearly worse bounds than the one determined by (5.11).

Finally, we note that the bound in Corollary 5.6 is derived using vm + s2 <
vm + s, which is quite tight for most values of m as each of v/m and s is also a lower
bound of vm + s2. When m = 1, it is better to simply bound it as

3(3-9) /T o2
—2§—a+l/2 Lts ds=—a+i<l—Q)
AJo V1+s2 22 \ q

to obtain

k—1

[lw(7) — wi(7)]] < min {r|4]|, ¢} e~ T{e- 2 (G-0)},

The special case that m = 1 and a = 0 will be discussed in the next section. Here,
we finish this section with a discussion of the special case that A is nearly Hermitian
positive definite, i.e., m =~ 0.

COROLLARY 5.7. Under the assumptions of Theorem 5.5, A being positive defi-

nite, and m =~ 0, the approrimation error satisfies

k—1
90 .

min {7]|A|l, g},
- {7lIAll; g0}

lw(7) — wr(7)]| < 4

where qo = g: +0(y/m) and k= L.

Proof. E(m1) = E(1 —m) and K
have the following expansions at m =

(m1) = K(1 — m) are both functions of m and
0 [1, p. 591]:

E(mi) = E(l—m) =1— imlnm—l— O(m),
K(mi)=K(1—-m)= —%1nm—|—0(1).

Then E(m1) —mK(m;) can be expanded at m =0 as

(5.12) E(m1) —mK(mi) =1+ imlnm—l— O(m).
Since o = b_Ta,
5\ E(m) —mK(m) 2 (1+—mlnm) +0(m)
o b—
Then
2
(5.13) aX = | <1—|— —mlnm) + O(m).
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As we have proved,

(5.14) /Oé(“_q) 7%@ - % <— g 2) +o(/m)

where the existence of ¢y and the uniqueness follow from the fact that the integral
on the right is a function of ¢ monotonically decreasing from oo to 0 for 0 < ¢ < 1.
Using (5.13) and (5.14), the equation is written as

2 :l<é+q) —14+0(/m).

k—1 2

Solving this, the solution ¢p with 0 < gg < 1 is

VRl

Using this go in the bound (5.7), we have Z = 0, and the theorem is proved. a

Note that m is determined by 8/«. In particular, for m ~ 0, E(m) and K(m)
have the expansions

E = E(m) = m+0(m?),

K =K(m) =~ + =m+0(m?).

NI
o3 o0l

We also have the expansion of E(m;) — mK(my) in (5.12). Then

B E—-mK _m _(b—a)r
a  E(my) —mK(mi) 2m+0(m2), o= 4 m+ O(m?).

So the above theorem applies to the case when ¢/(b — a) is small or A is nearly
Hermitian.

6. A priori error bound for skew-Hermitian matrices. In this section, we
consider the special case that A is skew-Hermitian, which, as discussed in the intro-
duction, arises in some interesting applications. We write A = —iH, with H being a
Hermitian matrix. In this case, the Arnoldi algorithm is theoretically equivalent to
the Lanczos algorithm for H. As we will see, the error bound for computing

is also significantly simplified.
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Applying k steps of the Lanczos method to H and v; = v with |[v|| = 1 (see [10]),
we obtain an orthonormal basis {v1,va,..., vk, vk11} and a k x k tridiagonal matrix
T} such that

HVj, = Vi Ty, + Bry1vki1€t

where Vi, = [v1,v2,...,v]. This is equivalent to (3.1) for the Arnoldi algorithm for
A = —iH with Hy = —iT}, and hg11,5 = Br+1. Then, the corresponding approxima-
tion of w(7) is

(6.1) wi (1) := Vel ke,

which we call the Lanczos approximation. Then the same a posteriori error bound of
Theorem 3.1 holds with hgi1 = Bry1 and h(t) := e} e'Tke;. Namely,

(6.2) lw(T) = we(7)[| < Bria /OT [h(t)ldt < || H]| /OT [h(t)]dt.

Furthermore, slightly better bounds may be obtained by shifting the matrix and
exploring the fact that such a shift only results in a multiplication by e~*"® which has
modulus 1. Specifically, for any o € R, we can consider the shifted matrix H —aJ and
correspondingly w(r, @) := e"H =Dy = e=i7%y(7) and wy (1, @) := Vjpe!™Tk—aDe) =
e~y (7). Since (H — al)Vy, = Vi(Ty — al) + Br+1vkt+1€r, we can apply (6.2) to
H — ol to get

Julr.a) ~ we(r.0)|| < |11 ~aI| [ Ihit.0)ldt

0

where h(t, ) := el eTk=De; = e="p(t o). Thus

(6.3) lw(r) = wi(7)[| = lw(T, @) —wi(r, @)l < [|H — 0<I||/O |h(t)|dt.

We now bound h(t) as in the previous section to obtain the following a priori error
bound.

THEOREM 6.1. Let A = —iH € C™"*" be a skew-Hermitian matriz, and let v € C™

with ||[v|| = 1. Then, for any q with 0 < q <1, the error of the Lanczos approzimation
wi (1) = Vee™Teey (6.1) satisfies

(64 f(r) = )] < PLLLZ LT i),
—q

where p = (Amax(H) — Amin(H)) /4 with Amin(H) and Amax(H) being the smallest and
largest eigenvalues of H, respectively.

Proof. Let @ = Apin(H) and b = Apax(H). We first bound h(t) := ele®Tre,
as in Theorem 5.1 by constructing a conformal map and using the Faber polynomial
approximation. Let ® := ¢3 o ¢g 0 ¢p1, where 21 = ¢1(z) = —iz maps the exterior of
E = {i\: X € [a,]} to the exterior of [a,b], 22 = ¢2(21) = 2 (21 — %F2) maps the
exterior of [a,b] to the exterior of [~1,1], and w = ¢3(22) = i(22 + \/25 — 1) maps
the exterior of [—1,1] to {|Jw| > 1}. In the definition of ¢3, we choose the branch of

vz2 — 1 such that lim,, , o, ¥ Zj_l = 1. Then ® maps the exterior of E to the exterior
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of the unit circle {|w| = 1} with p := lim,_, ﬁ = Z’TT“. Construct the Faber

polynomials from this conformal map ® and the Faber polynomial approximation
2 of f(z) := e'* as defined in (2.3). Let r := % > 1, and let C, be the inverse
image under ® of the circle |w| = r. Applying Theorem 2.1 or (2.5), the approximation
error in I(C;) is bounded as

(l )kfl k—1

- 2M(r)1q_ .

[f = M—2lloo < 2M(r)

3

—_

1
T

where M (r) = max.cc, | f(2)| and we note that the total rotation of E (a line segment)
is V = 2m. To find M(r), for any z € C,., we write z = &~ (w) with w = re’?, where
6 € [0,27). Then, it follows from the definition of ® that

1/ . 1 1/ €% g i[(1 (1 :
==|—-tw+—)=-|—i—+—|=—2||-—¢q)cosf+i|—+q|sind|,
2 —iw 2 qg e 2 | \¢ q
b—a b+a b—a (1 : b+a |b—a (1
n=— zo + 5 —[ 1 <E—|—q)sm6‘—|— 5 }—z[ 1 (a—q>cos6‘},

) b—a (1 Jb—a /1 . b+a
z =121 = ——q)cosf+i —+4+q)sinf + .
4 q 4 q 2

el ()

M (r) = max |e"*| = max tRe(2) — ¢
z

zeC\ cC,

Now, let A; (1 < j < n) be the eigenvalues of iT},. Then A; C E. As in the proof of
Theorem 5.1, we have

|h(t)] = I[f@Te)]k1| = |1 (1Tk)]k1 — (k-2 (iTx)]k1
< | f(iTk) — H—2(iT) |2 = max |£(Ag) = H—2(A5)]

< max|f(2) = Mo (2)] < |f ~ sl
k—1 tb—a

L2 ey

<7

Finally, using (6.3) with o = (a + b)/2, we have ||H — «I|| = (b — a)/2 and hence

b—a [72¢"1 o) (1)
w(T) — wi(7)|| < / e T VT dt
) o) < 252 [T

4qk—l

B (1—q)(§—q) (e 4

=T —ql)h{; — %) mm{l’w (% _q>}e*<1’;“)(;q)
_ 4¢* min{ 1 T_p}efp(%_q)7

1—gq 1-¢%" ¢

where we have used e — 1 < min{1,z}e” for any = > 0. a
As before, we have an error bound for any given ¢ € (0,1). Using smaller g results
in a faster geometrically decreasing term ¢*, but ™ (5-9) s expected to be larger.
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So, again, we study the value of ¢ that minimizes the bound
k

o q TP
B0 = g ga=ae

Taking the derivative of F(g) with respect to g, we get

Q=

—q).

dE qk’2em(%7q)

d_q = m [qu4—|—(3—k)q3—|—q2+/€q—7'p} .
With E(q) — oo as ¢ — 0 or 1, the optimal value gy = go(k) that minimizes F(q) is
given by the solution of the equation

(6.5) p¢* + (3 —k)¢* +¢* +kq—7p=0.

Note that it can be shown that the above equation has a unique solution ¢o € (0, 1)
(see [30] for details).

Note that ﬁ in F(q) is a well-bounded term unless ¢ ~ 1. For example, it is
bounded by 10 if ¢ < 0.9. To quantitatively interpret the bound, we can consider
minimization of

Ey(q) = ¢*e(a™)

)

which is essentially the same as F(q) unless g ~ 1. Differentiate E to get

4By _ gro(3-a)

k—2
dq [

q" % [=7pq® + kq—Tp] .

The discriminant of the quadratic —7pg® + kq — 7p is A = k? — 4(rp)?. So, if
k < ks := 27p, Es(q) is monotonically decreasing with the minimum occurring at

@ = 1. If k > ky, E(q) is minimized at g = "% < 1. Thus, the bound
implies different convergence behavior at two stages of the Lanczos iterations.

1. When 1 < k < kg, there is essentially no decrease in the error bound.

2. For k > ks, the error bounds for subsequent steps decrease at least at the

rate of qq.
The convergence behavior as implied from this theory is indeed what has been ob-
served in the numerical examples (see section 7), where the error initially stagnates
for approximately ks steps and then begins to decrease superlinearly. This kg is the
same as ks = @ defined in (5.10), as m = 1 and § = 2p here. Thus, the stagnation
steps ks can be explained from the optimal value of g here or a delayed convergence
term ¢*~17%s in (5.8).
Finally, we note that the convergence bound for skew-Hermitian matrices has also

been studied by Hochbruck and Lubich [16, Theorem 4]. It is proved there that for
k> 2pr,

(6.6) () = ()] < 12675 (L7

Interestingly, the range of validity of the bound coincides with the point of initial
convergence, as implied by our bound. It turns out that this bound can be implied
from a special case of our error bound (6.4). For k > 2p7, let ¢ = 3£ < % Then our
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bound (6.4), simply using 1/(1 — ¢?) for the minimum, reduces to (6.6) as follows:

4( )k TP TL—TT”
T

32 @2 reTp\k _@p? reTp\k
= 2o (2 <100 (—) .
3 ° ( % ) = e %

=R

[w(r) —wi(T)] <

7. Numerical examples. In this section, we present several numerical examples
to demonstrate the error bounds obtained in this paper. All tests were carried out on
a PC in MATLAB (R2013b) with the machine precision ~ 2e-16. The Jacobi elliptic
integrals that are needed for our bounds were computed using MATLAB built-in
functions ellipticK and ellipticE.

We will construct several testing matrices with different spectral distributions
and compare the actual approximation error with the new a posteriori error estimate
(3.8) and a priori bounds (5.7) or (6.4). The convergence rate ¢ in the bounds (5.7)
and (6.4) was chosen to satisfy (5.11) and (6.5), respectively. The a posteriori error
estimate (3.8) assumes A is positive semidefinite. When that is not the case, i.e.,
v(A) < 0, we use (3.6) with the value of v(A) assumed known. The integrals in the a
posteriori error estimates (3.6) and (3.8) are approximated using Simpson’s rule with
10 subintervals on [0, 7].

We shall compare our bounds with the bounds by Saad [27] and those of Hochbruck
and Lubich [16]. Specifically, we consider the bound [27, Theorem 4.5]

2(Tpa)k67(pﬂ_°‘)
k! ’

where p, = ||A — o[, and the bound [16, Theorem 2]

(7.1) [w(r) —wi(T)] <

(72) () ()] < 1277 (7)",

which holds for & > 2p7 and with the assumption that the field of values W (A) is
contained in the disk |z — p| < p. When the latter assumption does not hold, we
consider the circumscribing circle of the rectangle [a, b] X [—¢, ¢] enclosing W (A), and
shift it by some « to |z — p| < p. Then (7.2) can be applied, from which a bound on
the original error is obtained by multiplying e™"*. For Saad’s bound, we set « to be
the center of the rectangle a = (a 4 b)/2 to minimize p,.

In comparison with our bounds, (7.1) and (7.2) are based on enclosing W (A) by
a disk and are tight if W (A) is known to be tightly enclosed in a disk. Note that our
bounds are derived essentially by first mapping a rectangle to a disk and then bounding
on the disk; so when W (A) is already tightly enclosed by a disk, an additional step of
mapping a circumscribing square to a larger disk is redundant, and using the original
enclosing disk as in (7.1) or (7.2) is a better approach. We therefore consider examples
where the enclosing rectangle is the best available information about W (A).

Ezample 1. Given an odd integer N and a rectangle [a, b] x [—c¢, ¢] in the complex
plane where a, b, and ¢ are all positive real numbers, let A be the N? x N? block
diagonal matrix with the diagonal blocks being 2 x 2 matrices By ; for £ =1,2,..., N

andjzl,Q,...,%,where
o mey _ (£—1)b—a) o 2jc
B£7J_|:_yj xg]’ a:g—a+7N_l and Vi= N1
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Then, the eigenvalues of A are z,+iy; (i being the imaginary unit), which are the grid
points of the N x N lattice on [a, b] x [—c¢, c]. Clearly, A is a normal matrix, so the field
of values of A is the convex hull of its eigenvalues, i.e., the rectangle [a, b] X [—¢, c].

We choose [a, b] x [—¢, c] to be the square [1 — ‘/75, 1+ g] X [—g, g] which is
enclosed in the circle |z — 1| < 1, and we construct a matrix A as above such that the
eigenvalues of A form a 31 x 31 lattice in the square. We apply the Arnoldi method to
compute e~ "4, where v is a random normalized vector and we use 7 = 10, 20, 30, 40.
In Figure 1, we plot against the iteration number the actual error ||w(7) — wg(7)]| in
the solid line, our a posteriori error estimate (3.8) in the +-line, our a priori bound
(5.7) in the dashed line, Hochbruck and Lubich’s bound (7.2) in the dotted line, and
Saad’s bound (7.1) in the x-line. Note that Hochbruck and Lubich’s bound is only
valid for k > 2p7.

=10 =20

10°

0°

Error and Bounds
Error and Bounds

5 10 15 20 25 30 35 40 45 50 40
Iteration Number Iteration Number
=30 1=40

10

10

Error and Bounds.

L L L L L L L L .
10 20 30 40 50 60 70 80 90 40 50
Iteration Number Iteration Number

Fic. 1. Ezample 1. W(A) in |z — 1] < 1 and 7 = 10,20, 30,40; ks = 12,24,35,47. FError
(solid), our a posteriori estimate (+), our a priori bound (dashed), Hochbruck and Lubich’s bound
(dotted), and Saad’s bound (x).

We observe that when 7 is relatively small, our new a priori bound slightly out-
performs the classical bounds, but as 7 increases, our bound improves significantly. In
particular, the error has an initial stagnation before the convergence takes place. Our
theoretically predicted values for the stagnation steps ks = 2§ are 12, 24, 35, and
47 for the four corresponding 7 values. They sharply capture the actual stagnation
stage of iterations in all cases. Our a posteriori error estimate (3.8) is sharp at the
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Error and Bounds
Error and Bounds

L L L L L L M P
10 20 30 40 50 60 70 80 90 100 40 50
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F1a. 2. Ezample 2. \/m = 0.1,0.3,0.6,0.9; ks = 5,15, 30,45. Error (solid), a posteriori estimate
(+), a priori bound (dashed), Hochbruck and Lubich’s bound (dotted), and Saad’s bound (x).

convergence stage for all tests. If we assume v(A) is known and use (3.6), the resulting
a posteriori error estimate (not plotted here) will be sharp at all steps.

In the next example, we use the same construction as in Example 1, but consider
the field of values contained in rectangles of different shapes. This is to investigate
the influence on the convergence by the shape of the rectangle through the parameter
m in (4.3).

Ezample 2. For a given parameter m € (0,1), we determine the dimensions of
the rectangle o and 8 by a = E(my) — mK(mq), 8 = E(m) —m1 K(m), which means
A = 1. We then construct as in Example 1 a matrix whose field of values is contained
in the rectangle [0,2a] x [—4, ]. We use 7 = 50 and /m € {0.1,0.3,0.6, 0.9}, whose

corresponding values of ks = 2™ are 5, 15, 30, and 45. Note from section 5 that

m ~ (0 means that the matrix is close to being Hermitian, and that m ~ 1 means that
the matrix is close to being skew-Hermitian with a real spectral shift. We apply the
Arnoldi method to compute e~"4v for a random normalized vector v. In Figure 2 we
plot the error ||w(7) — wg(7)|| in the solid line, our a posteriori error estimate (3.8)
in the +-line, our a priori bound (5.7) in the dashed line, Hochbruck and Lubich’s
bound (7.2) in the dotted line, and Saad’s bound (7.1) in the x-line. In the last plot
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Fic. 3. Ezample 2. Nonpositive definite matriz with negative v(A): o = —1 and —10; ks =
17,17. Error (solid), our a posteriori bound (+), our a priori bound (dashed), Hochbruck and
Lubich’s bound (dotted), and Saad’s bound (x).

(v/m = 0.9), Saad’s bound is out of range and is not shown.

Figure 2 shows that the convergence is related to m. For smaller m when the
eigenvalues lie close to the real axis, the convergence occurs at early iterations and
at a faster rate. As m increases, the convergence has an initial stagnation stage
before the convergence occurs. Again, this behavior is captured in our new a priori
bound (5.8). In particular, our theoretically predicted values for the stagnation steps
ks sharply capture the actual stagnation stage of iterations in all cases. Our bound
also significantly improves both Hochbruck and Lubich’s and Saad’s bounds. Our a
posteriori error estimate is sharp for all tests.

We further demonstrate our new bounds for nonpositive definite matrices. We
construct as in Example 1 a matrix A whose field of values is contained in the square
[0,2 4+ o] x [~1,1] with ¢ = —1 and —10. For 7 = 10, we plot in Figure 3 the
approximation error (solid), our a posteriori estimate (3.6) (4), our a priori bound
(5.7) (dashed), Hochbruck and Lubich’s bound (7.2) (dotted), and Saad’s bound (7.1)
(x). We see that our bounds are still valid and sharp when A is not positive definite.
The predicted stagnation steps ks are 17 for both cases, and they agree with the
actual results.

In the next example, we consider matrices arising in the convection diffusion
equation

(7.3) %u(x,y) = Au(z,y) — uz(z,y) — uy(z,y), uw=0in 09,

where (z,y) € Q = [0,1]%. The finite-difference discretization in x,y with a uniform
mesh leads to an initial value problem (1.1) and hence the problem of computing
w(r) = e .

Ezample 3. Let —A be the finite-difference discretization of (7.3) in a 20 x 20
grid in [0, 1]? scaled with h? so that ||A|| ~ 8. Then A is non-Hermitian but positive
definite. We let v be a random vector with ||v|| = 1 and compute the matrix expo-
nential w(7) = e~ "4v. We use various values of 7 = 1,2,5,10 and apply the Arnoldi
method to A and v. The results are presented in Figure 4, with [|w(7) — wg(7)|| in
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Fic. 4. Ezample 3. 7 = 1,2,5,10; ks = 1,1,3,6. Error (solid), a posteriori estimate (+), a
priori bound (dashed), Hochbruck and Lubich’s bound (dotted), and Saad’s bound (x).

the solid line, our a posteriori estimate (3.8) in the +-line, our a priori bound (5.7) in
the dashed line, Hochbruck and Lubich’s bound (7.2) in the dotted line, and Saad’s
bound (7.1) in the x-line. In the first plot, Hochbruck and Lubich’s bound (the dotted
line) and Saad’s bound (x-line) coincide and are indistinguishable.

We observe that our a posteriori error estimate and our a priori bounds closely
follow the convergence curve and are significant improvements on the classical bounds.
The predicted stagnation steps ks are 1,1,3,6. This is consistent with the actual
convergence, where there is little initial stagnation shown.

Our final example concerns skew-Hermitian matrices.

Ezample 4. Let H be an n x n diagonal matrix whose jth diagonal entry is j/n.
Let v be a random n x 1 normalized vector. Then |H|| = 1, and the spectral gap
4p = Amax(H) — Amin(H) is approximately 1. We apply k iterations of the Lanczos
method to compute w(7) = 77y, We will test n = 1000 with 7 = 2,10, 20, 50;
the results are presented in Figure 5, with ||w(7) — wg(7)| in the solid line, our a
posteriori error estimate (6.2) in the +-line, our a priori bound (6.4) in the dashed
line, Hochbruck and Lubich’s bound (6.6) in the dotted line, and Saad’s bound (7.1)
in the x-line.

We first observe that our bound only improves Hochbruck and Lubich’s bound
very slightly. It is significantly better than Saad’s bound when 7 is large. In all cases,
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Fic. 5. Ezample 4. 1000 x 1000 diagonal matriz with a;j; = j/1000 and T = 2,10, 20, 50.
ks = 1,5,10,25. Error (solid), a posteriori bound (+), a priori bound (dashed), Hochbruck and
Lubich’s bound (dotted), and Saad’s bound (x).

our bound and Hochbruck and Lubich’s bound follow the actual error quite closely,
and our a posteriori error estimate is sharp. For 7 = 2,10, 20, 50, the corresponding
predicted stagnation steps ks are 1, 5, 10, and 25, respectively. This again sharply
predicts the actual stagnation stage in Figure 5.

8. Concluding remarks. For the computation of e~ "4y with a non-Hermitian
matrix A by the Krylov subspace methods, we have presented an a posteriori error
bound that provides a sharp estimate of the error. We have also derived from the
bounds of Beckermann and Reichel [2] as well as from our a posteriori bound some
new a priori error bounds based on the largest and the smallest eigenvalues of the
Hermitian and the skew-Hermitian parts of A. Using this simple spectral information,
our bounds capture convergence characteristics of the Krylov subspace methods. They
also provide a sharp prediction of the initial stagnation of the convergence curve as
shown in all numerical examples. Numerical comparisons with existing bounds also
show that our new bounds may significantly improve the a priori bound by Hochbruck
and Lubich [16] that is based on a circular enclosing region of the field of values and
the one by Saad [27] that is based on the norm. Finally, our bounds agree with those
of [31] for the symmetric positive definite case.
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The technique developed in this paper provides a new way to analyze convergence
of the Krylov subspace method for non-Hermitian matrices through the bounding
rectangle for the field of values. It may be extended to other linear algebra problems.
In future work, we plan to study convergence bounds for linear systems based on the
Hermitian and the skew-Hermitian parts of A, which may also add to the theory of
the Krylov subspace method for linear systems.
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