1 Lecture 16: Higher derivatives

1.1 Outline

e Definition of higher-order derivatives

e Examples

1.2 Higher order derivatives

The acceleration is the derivative of the derivative of position. We call this a second
derivative. We often write f” for the derivative of f’ and we call f” the second
derivative. We can define derivatives of any order by

/

f(O) = f and f(n) — f(n—l)

for the result of differentiating n-times. For derivatives up to order 2 or 3, we will
add a prime (") but eventually we get tired of writing primes and will use one of the
notations

arf

(n) > J
f or e

Be careful to use the parentheses which help us to distinguish the nth-derivative £
from the nth power f".

1.3 Examples

Ezrample. Find
d2
2
gl e

If f is defined by f(x) = e, find f(2012),

Solution. The first derivative
d 2 x

d—(x ) = 2%e” + 2we” = (2% + 2x)e”
x

Differentiating again gives

d
d—(xz +2x)e” = (22 + 2)e” + (2% + 22)e” = (2% + 4x + 2)e”.
T

After spending all day computing 2012 derivatives, we find that f(2012)(z) = f201)(z) =
o= f(z) = €.



Example. Can you find a formula for

a . e ar 1
——a", —— —=7
dx™ dz" dz™ x
Solution. Try a few examples and look for a pattern. 1

Ezxample. Find a polynomial p(z) of degree 2 so that with f(x) = e*, p(0) = f(0),
p'(0) = f'(0), and p"(0) = f"(0).

Compare the values of e* and p(z).
Can you suggest a better way to approximate e*?

Solution. Since f*)(x) = e* for all k, we have f*)(0) = 1 for all k = 0,1,2,.... If
p(r) = az? + bz + ¢, then we have

p(0)=c,  PO)=b  p'(0)=2a.

Since we want p(0) = f(0) = 1, we have ¢ = 1. If p’(0) = 1, then we must have b =1
and if p”(0) = 1, we must have 2a = 1 or a = 1/2. Thus p(z) = 22? + z + 1.
Trying a few values we find

T e’ | plx)

0 1 1
0.01 | 1.010050167 . .. | 1.01005
0.2 1.22140 . .. 1.22
~0.2 0.81873. .. 0.82

To do better we might look for a third degree polynomial with p(k)(0) = f(k)(0) for
k=0,1,23. 1

Example. Find the nth derivative of xe”. Hint: Try a few and see if you can guess
a pattern.
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