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Homework 1, due on Wednesday, 16 January 2013

1. Suppose that X and Y are normed linear spaces and that T : X → Y is a
linear map. Show that T is continuous if and only if there is a constant C so
that ‖Tx‖Y ≤ C‖x‖X .

Is this true if T is not linear?

2. Can you find a (real) linear map T : Rn → R that is not continuous?

3. Let φ : [0, 1]→ [0, 1) be a continuous function with φ(0) = 0 and φ(x) > 0 if
x > 0. Suppose that U = ((−1, 0)× (−1, 1)) ∪ ([0, 1)× (−1, 0)) ∪ V where
V = {(x, y) : 0 ≤ x < 1, φ(x) < y < 1}.

Fix β > 0 and let f(x, y)) =

{
x1+β, (x, y) ∈ V
0, U \ V

(a) Show that f ∈ C1(Ū).

(b) If f is in C0,α(Ū) for some α > 0, what does this tell us about φ?

(c) Conclude that the inclusion C1(Ū) ⊂ C0,α(Ū) may fail for any α in (0, 1].

4. If U ⊂ Rn is convex, bounded, and open, show that C1(Ū) ⊂ C0,1(Ū).

5. Speculate as to what assumption on U implies the inclusion

C1(Ū) ⊂ C0,1(Ū).

According to problem (3), we have this containment in a convex domain. Can
you give a more general assumption that also gives this containment?

6. Let f(x) = (2− log |x|)α in B(0, 1) ⊂ Rn.

(a) Show that for n ≥ 2, the ordinary derivative of f in B(0, 1) \ {0}
coincides with the weak derivative.

(b) For which α is f in W 1,n(B(0, 1))?

Week 1.

• Banach spaces, Evans, Appendix D, page 719.



• Hölder spaces, Evans, §5.1

• Weak derivatives, Sobolev spaces, §5.2
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