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Test 1.
Do not discuss these questions with anyone but your instructor. Give unambiguous
citations if you consult a written source.
Due Friday, 8 March 2013. But late papers will be accepted until 15 March 2013.

1. Fix p with 1 < p < ∞. Suppose that {uk}∞k=1 is a sequence in W 1,p(U), that
{uk} converges weakly in Lp(U) to u and for j = 1, . . . , n, {Djuk}∞k=1 converges
weakly in Lp(U) to fj. Show that u is weakly differentiable and Dju = fj.

2. Let {fk} be a bounded sequence in L2([0, 1]) and suppose that {fk} converges
weakly to f . If we also have that limk→∞ ‖fk‖L2([0,1]) = ‖f‖L2([0,1]), show that
{fk} converges to f in L2([0, 1]). Hint: Use the FOIL method.

3. Evans, p. 308, #18.

4. Let η be a smooth function supported in the unit ball with
∫
η dx = 1, let

ηε(x) = ε−nη(x/ε), and let uε = ηε ∗ u.

(a) If u ∈ C0,β(Rn) with 0 < β < 1. If α is a multi-index with |α| ≥ 1, show
that we have

sup
x∈Rn

|Dαuε(x)| ≤ Cεβ−|α|[u]β;Rn

and
sup
x∈Rn

|u(x)− uε(x)| ≤ Cεβ[u]β;Rn .

(b) Conversely, suppose that u is a function and for each ε > 0 we have
u = uε + uε with

sup |Duε(x)| ≤ Aεβ−1

sup |uε(x)| ≤ Aεβ.

Show that [u]β;Rn is finite and [u]β;Rn ≤ CA.

5. Let U be a bounded, connected, open subset of Rn. What can you say about
the dual of W 1,p

0 (U)?
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