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PREFACE

Dr. Ratna Kumari, M. A., D. Phil. was deeply interosted in
cducation, higher research and scholarship, and when she dicd in
1964, the Director of the Research Institute of Ancient Scientilic
Studies, New Delhi, graciously agreed to publish in her commemo-
ration a Series to be known as the *“Dr. Katna Kumari Publicatinu
Scries”, and under this arrangement, the five volumes published
were: Satapatha Brahmanam. Vol. 1, 11 and 111 (1967, 1969, 1970);
Buudhayana Sulba Sutram (1968) and the Apastamba Sulba Sutram
(1968). It is to be regretted that in 1971, Pandit Ram Sworup
Sharma, the Director of the Institute died and shortly afterwardw,
the activities of the Institute came to a close. In 1971, from an
cndowment created by the rclations of late Dr. Ratna Kumari,
Dr. Ratna Kumari Svadhyaya Sansthana, a research orgunization
for promotion of higher studies amongst ladics, was ostubll-
shed at Allahabad, with Sri Anand Prakash, the younger son ol
Dr. Ratna Kumari as the first President. Svami Satyn Prokush
(formerly, Prof. Dr. Satya Prakash) huas authorised Dr. Rutma
Kumaii Svadhyaya Sansthana to publish severul of his works, purti-
cularly, all of them which were published by the Rescarch Institute
of Ancient Scientific Studies, West Patel Nagar, New Delhi, aud
has assigned the right of publication of these works to the
Snnsthana,

We are pleased to offer to the public for the first time, the
clussified text of the Bakhshall Manuscript in Devanagari soript. The
manuscript was literally dug out of a mound at Bakhshuli on the
north-west frontier of India in 1881, and Dr. Hoernle curefully
examined the manuscript and published an English translation of' u
few of the leaves in 1888. This being the earliest manuscript on
Indian Arithmetic, it aroused considerable intcrest in the West, ‘I e
Archacological Survey of India published the manuscript in Purts I,
11 und 111, as edited by G. R. Kaye. In 1902, Dr. Hoernle presented
the manuscript to the Bodleiun Library. T1his distinguished work
of Kaye is now not availuble in market. Dr. Bibhuti Bhusun

Datta of Calcutta University also made detailed study of this
manuscript,



vi

Dr. 1Jsha Jyotishmati, a distinguished member of the Sans-
thana, took .'onsiderable.pains in editing the text, and we are obliged
to Svami Satya Prakash Sarasvati for his supervision and critical
introduction. We ¢re also obliged to Sri Jagdish Prasad Misra,
B A, LL.B., for his dedicated services to the Sansthana, parti-
cularly in the publication programmes.

We regret to announce the premature death of our first Presi-
dent Sri Anand Prakash on December 13, 1976. He was a distin-
guished graduate of the University of Allahabad, and took his
graduation in Mechanical Engineering from the University of
Glasgow, and since then he had been working in industry. To
cherish his memory, we have the privilege of dedicating this little
volume.

The Sansthana Prabha Grover
Allahabad M Sc., D. Phil.
Ramanavami Director

April 5, 1979.
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INTRODUCTION

Chajukputra —The Scribe :

While we pay homage to the unknown author of n text which
cine to be known as the Bakhishali Manuscript, we should exprenn
our gratitude to another person of unknown namec who scribed the
manuscript from a text quite lost to us, and not only that, since thia
scribe was himself a mathematician of no less repute, being known
us a prince amongst calculators, he added illustrations and often
ndded something to the 1unning commentary of this Text. ‘Thouph
we have no independent source to corroborate, it is definite that
Text cenisted as eariy as the second or third century A, D, if not
carlier; this 1cat was traditionally used by the lovers of culculntionn
(tenchers and taughts) in some parts of the country (specinlly tho
north-western parts of the Aryavartta), and as it was handed down
to us generation after generation, new worked and unworked prob-
lemns were added to the existing material. At the end of the manum.
cript (or somewhere on Folio 50, recto) we find a colophon mention-
ing that the work was scribed by a certain Brahmana, a prince of
calculators the son of Chajaka (@aq;). Thus we know the nume of
the fither of the scribe only. I would like to call the scribe of the
present manuscript himself as Chajaka-Putra (mq; ga), the son of
Chajaka. He himself is not an author of the Text; he mercly copicy it
out from somc other text already current. Even if the datc of capy-
ing this text were so late as the tenth or eleventh century und ¢ven
il wome illustrations included in the manuscript were not of a very
onrly origin, the Bakhshali Text has its great importance, this beinp
onc of the earliest Texts in history available to us on the science of
enleulations,

How the Text was Found ?

In 1881, a mathcmatical work written on birchbark was found
at Bakhshali near Mardan on the north-west froutier of India. ‘This
manuscript was supposed to be of great age and its discovery urous-
cd considcrable intorcst. Part of it was cxumined by Dr. Hocrule,

.



3 Bakhshali Manuscript

who publish'e\d a short account of it in 18831, and a fuller account
in 18862, which together with the translation of a few of the leaves
was republished in 18883. Dr. Hoernle had intended, in due course,
to publish a complete edition of the Text, but was unable to do so.
The work was later on printed and published in 1927, under the title
“The Bakhshali Manuscript’’, Part I and 1I, by the Government of
India with photographic fascimiles and transliteration of the Text
together with a very comprehensive introduction by G. R. Kaye4,
This was followed by the publication of the Bakhshali Manuscript,
Part 111, in 1933 as the Text Rearranged shortly after Kaye’s death.
Dr. Bibhutibhushan Datta, a distinguished worker in the field of
Indian mathematics, also published a critical review on the Bakhshali
Manuscript5.

Bakhshali (or Bakhshalai, as it was written in the official maps)
is a village of the Yusufzai subdivision of the district of Peshawar
of the North-Western Frontier of India (now in Pakistan). It is
situated on, or near, the river Mukham, which eventually joins the
Kabul river near Nowshers, some twenty miles further south. Six
miles W, N, W, of Bakhshali is Jamalgarhi, twelve miles to the West
of Takht-i-Bhai and twenty miles W. S. W. is Charsada, famous for
their Indo-Greek art treasures.

Bakhshali is about 150 miles from Kabul, 160 from Srinagar,
50 from Peshawar, 350 from Balkh and 70 from Taxila. It is in the
Trans-Indus country and in ancient times was within Persian
boundaries —in the Arachosian satrapy of the Achaemenid kings.
It is within that part of the country to which the name Gandhara

1. Indian Antiquary, Xil (1883), pp. 89—90.

2. Verﬁandtungen des VIl Internationalen Orientalisten Congresses, Arische Section,
pp. 127 et. seq.

3. Indian Antiquary, XVI1 (1888), pp. 38—48, 275—279.

4. The Bakhshali Manuscript-—A Study in Medieval Mathematics, Part]and |,
Calcutta, 1927. Kaye made two previous communications on the subject
matter of the Bakhshali work: (i) Notes on Indian Mathematics—Arithmetical
Notation (J. Asiat. Soc. Beng., I, (1907) and (ii) The Bakhshali Manuscript,
ibid. VI, 1912.

5. Datta : Bulletin of the Calcutta Mathematlcal Society, 1929, XX, p. |, entitled
the Bakhshali Manuscript. Also rcforoncos in the History of Hindu Mathe-
matics, By Datta and A. N, Singh, 1935 and 1962 cditions.



How the ‘Text was Found 3

Bas been given, and was subject ta those western inflyencen whic
81 80 bountifully illustrated in the so-called Gandhara art,
|

The authentic record of the discovery of 1he manuseript npyx--
ara to be contained in the following letter dated the Sil ol July, k811,
from the Assistant Commissioner at Mardan.

“In reply to your No. 1306, dated 20th ultimo, nnd itn en-
olosures, I have the honour to inform you that the romuing of the
papyrus MS. refeired to were brought to me by the Inspeciar of
police, Miun An-Wan-Udin, The finder, a tenunt of the lutter, suid
he bad found the manuscript while digging in a ruined stonc on-
olosure on one of the mounds ncar Bakhshali3, These moumndn
He on the west side of the Mardan and Bukhshali rouds and e
evidently the remains of a former village. Close to the samo spat the
man found a triangular-shaped ‘diwa’, a soap-stone yoncil, nil n
large Jota of baked clay with a perforated bottom. 1had u further
search made but nothing else was found. '

*According to the finder’s statement the preater part of tla
manuseript had been destroyed in taking it up from the place where
ft Iay between stones. The remains when brought to me weie hike
dry tinder, and there may be about fifty pages left some of which
-would be certninly legible to any one who knew the characters, ‘I'he
lotters on some of the pages are very clear and look like some ki
of Prakrita (1), but it is most difficult to scparate the pupes
without injuring them. I had intended to forward the manuscript to
the Lahorc Museum in the hope that it might be sent on thenco to
some soholar, but [ was unable to have a proper tin box mado
for It before I left Mardan. 1 will see to this on my return Iromt
fave, Thc papyrus will require very tender manipulation. ‘Tho
rosult will be interesting if it enables us to judge the age of tho

"tulns where the manuscript was founds.”

T: Appurently the mxlziuscr_lpl v»;ns I‘o;n:n'j'ﬁf May 1881,

& Qeneral Cannigham in a private lotter to Dr. Hocrale, duted Simtn, 5th
June, (882, says : “Bakhshali is 4 milcs north of Stahbazgarhi, (s o mownd
with the village on the top of it The birch-burk manuscript was found ina
fleld ncar o well without trace of nny building ncar the spot, which is autside
the mound village......".

3, Kaye has, howcver, expressed doubts regardiog the authentivity of this
asoount, for, ho thinks, it was weitten appaucntly  from memory, a month o
$0 aftor (ho discovery of the manuseript.



4 Bakhshali Manuscript

In the meantime notices of the discovery had found their way
into the Indian newspapers. Professor Buhler, who had read of the
discovery in the “Bombay Gazette,! communicated the announce-
ment to Professor Weber, who brought it to the notice of the Fifth
International Congress of Orientalists then assembled in Berlin. In
Professor Buhler’s letter to Prof. Weber it was stated that the
manuscript had been found <carefully enclosed in a stone chamber”
and it was thought that the newly discovered manuscript might
prove to be ‘““one of the Tripitakas which Kaniska ordered to be
deposited in Stupas”.

Kaye, however, says that there is nothing whatever in the
record of the find to justify Buhler’s sta'ement, which scems to have
originated in a rather strange interpietation of the words *‘while
digging in a stone enclosure” that occur in the leiter quoted wbove,
and which are themselves of doubtful reliab:lity.

The manuscript was subsequently scnt to the Lieutenent-Gover-
nor of the Punjab, who, on the advice of General Cunninghar,
directed it to be transmitted to Dr. Hoernle, then head of the
Calcutta Mladrasa, for examination and publication. In 1882,
Dr. Hoernle gave a short description of the manuscript before the
Asiatic Society of Bengal, and this description was published in the
Indian Antiquary of 1883. At the Seventh Oriental Conference, held at
Vienna in 1886, he gave a fuller account which was published in the
proceedings of the Conference, and also with some additions, in the

1. This accont appears in the Bombay Gazette of Wednesdav, August 13th, 1881
and is as follows :

“The remains of a very ancient papyrus manuscript have been found near
Bakhshali, in the Mardan Tahsil, Peshawar District. On the west side of the
Mardan and Bakhshali road are some mounds, believed to be the remains
of a former village, though nothing is known with any certainty regarding
them, and it was while digging in a ruined stone enclosure on one of these
mounds the discovery was made. A triangular-shaped stone ‘Diwa’, and a
soap-stone pencil and a large lotah of baked clay, with a perforated bottom,
were found at the same place. Much of the manuscript was destroyed by the
ignorant finder in taking it up from the spot where it lay between the stones;
and the remains are described as being like dry tinder, in some of the pages
However, the character, which somewhat resembles ‘prakrita'(ﬂ'f T )o isclear.
and it is hoped it may be deciphered when it rcaches Lahore, whither we
understand it is shortly to I'c sent.”.



Munuscript §

Iudian Autiquary of 1888, In 1902 Dr. locenle menepted  the
manuscript to the Bodleian Library.
/

‘The Manuscript

The manuscript consists of some 70 lcaves of birchibutk, i
some of these arc mere scraps. The largest leaf measures abom
5.75 by 3.5 inches or 14.5 by 8.9 centimetres, The leaves, which nre
numbered according to the Bodlcian Library arrangement from 1 (o
70, may be classified according to their size and condition un
follows :—

In fair condition but broken at the edges—size, not less than
S by 3 inches (13 by 8 cms.)

1,34,5,6,7,8,9,10, 11, 12, 13,14, 15, 16, 17, 18, 20, 72,
23, 24, 32,33, 34, 36, 37, 43, 44, 47, 49, 59,60, 61, 62, 63 -
Total 35.

Rather more damaged but otherwise in fair condition naot leun
than 4% by 2 inches (12 by 5 cms.)

2, 25,26, 42, 45, 46, 48, 50, 51, 52, 55, 56, 57, 58, G4, &Y .
Total 16.

Much damaged

21, 31, 35, 41, 5°, 66, 68—Total 7.

Scraps.

27, 28, 29, 3), 35, 38, 39, 40, 54, 68, 70—Total 11.
One folio (19) is entirely blank.

Certain folios consist of two lcaves stuck together, numely 7,
3 und 65, and possibly others. 1t would not be difficult to sepurato
these double leaves without damaging the manuseript.

The lcaves are now mounted between sheets of mica and placed
within an album. The mica sheets arc about 7.4 by 4.6 inches nnd
uro fixed together by strips of gummed paper at the edges leaving o
olear arca of 6 by 3% inches,



6 Bakhshali Manuscript

Possibly the original strip of birch- ‘
bark from which the leaves of Bakhshali A B C
manuscript were taken was roughly of ‘
the shape of the annexed diagram and i D B F
was cut up into the oblongs indicated. If G u i |
A, B, C, etc., reprcsent the upper layer, A S S
and A/, B', C', etc. the lower layer, then, ] K L |
according to the evidence of thc lcaves y — — —-——- —i
themsclves, they were arranged for pur- M N o |
poses of writing upon in the order | = 7T " i
A,A’; B,B; C,C'; etc,, or A, A'; D, p Q R l
D ;etc. T T T

Regarding the format of the Bakhshali manuscript (ratio 1.7)
as a criterion of age, Kaye says that he could come to no positive
conclusion from the evidence before him. Dr. Hoernle, however,
writes as follows :—

«]t is noteworthy that the two oldest (Indian paper) manuscript
known to us point to their having been made in imitation of such
a birch bark prototype as the Bakhshali manuscript.”

Kaye, however, does not accept this argument, for it would be
quite as reasonable to corclude that the Bakhshali format was deter-
mined by the paper manuscript formats, and that it is of later date
than the introduction into India of paper as a writing material; and
this, according to Kaye, would place the Bakhshali manuscript about
the twelfth century of our era at the earliest.

The Script

The Bakhshali text is writien in the Sarada (mﬁt) script,
which flourished on the north-west borders of India from about the
Ninth Century until within recent times. Its distribution in space is
fairly definitely limited to a comparatively small area lying between
longitudes 72 and 8 east of Greenwich and latitudes 32 and 36
north  Dr. Vogel distinguishes between Sarada proper, of which the

latest cxamples are of the carly Thirteenth Century, and modern
Sarada. .

The writing of the Bakhshali manuscript is of the earlier period
and is generally very good writing indccd, Ji was written by at least
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A page of the Bakhshali Manuscript
( 17 verso )




‘The Script (]

two scribes. Kaye gives a detailed account of it, nudt has cluniificit
-the writing styles also (a and 8 as he denotes them). Stylo o v
divided into four sub-sections which possibly belong to the wonk of
four separate scribes, although it is not casy 1o point out uny funle.
mental differences between these styles. Folio 65 possibly oxhibitn.
the writings of two separate scribcs on the two sides, which do not
belong to the same original leaf.

The style B is distinguished by its boldncss by * tails** or flouri-
shes (including very long virama marks), the mcthods of writing
mediale, ai and o, the looped six, etc, etc.

A particular section, which Kaye calls as M, has no examplo
of ai and contains practically all the examples of o’ Sections L. (v,)
and G (a;) show marked differences in the methods of writing medinl
e, while section F is, in this matter, very much like section L.  Sce-
tion C (a,) has no exampic of either the JIHVAMULIY A (fJry-
@) or UPADHMANIY A, (37sArA1T), and so on; but it must ho
borne in mind that these statistics are only of value in the muss,

The Language

The language of the tcx! may be deseribed as an irregulur
Sanskrit. Nearly all the words used are Sanskrit, and the rules of
« Sanskrit grammar and prosody arc followed with some laxity, The
peculiarities of spclling, sandhi, grammar, etc. that accur in the text
are exceedingly common in the inscriptions of the Eleventh al
Twelfth Centuries found in the north-west of India. Dr. Hocrnlo,
however, implies that the language is much older. He states that
the text “is written in the socalled Gatha dialect, or in thay literary
form the North-Western Prakrita which which preceded the employ-
ment, in secular composition, of the classical Sanskrit”. He also
states that this dialect “appears to have been in generul usc, in

North-Western India, for literary purposes, till about the end of the
Third Century A. D',

Order and Arrangement of Folios

The Bodlcian Library order of the folios, which wus definitely
lixed by circumstances not within the control of the cditor, huy
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necessarily béen followed by Kaye in his edition, in the arrangement
of the facsimiles and the first transliteration of the taxt (Part I and
Part II). The whole material was rearranged in the posthumous
publication : The Bakhshali Manuscript, Part I11.

The leaves were disarranged to some extent before they reached
Dr. Hoernle, but unfortunatcly he did not leave any proper record
of the order in which the leaves reachcd him.

Dr. Hoernle attempted to arrange the leaves on the basis of the
numbered sutras; but the numbered sutras were two few and too un-
evenly distributed to serve this purpose, and in some ways they were
even misleading. The chief criterion of order is, of course, the
nature of the contents of the leaves, but Kaye made an atiempt to
utilise all available criteria as help towards the solution of the prob-
lem of order. Had all the leaves been extant, even if fragments, the
problem could have been completely solved; but some leaves are
completely missing and many fragments have disappeared altogether,
so that the problem could be only partially soluble Sometimes, even
the knots in the birch-bark were of assistance, and besides this
natural aid there was the accidental one of the effects of the method
of storage. Possibly for some hundreds of years the bundle of
leaves was subject to a certain amount of pressure, and was exposed
particularly at the edges, to chemical and other disintegrating
actions. Some of the leaves stuck together, the edges of all became
frayed and certain leaves became so frail as to break up into scraps
when handled. On the principle that contiguous leaves would be
affected approximately to the same extent , we might, if no disintegra-
ting effects had taken place since the find, rebuild in layers the
original bundle. But we know that further disintegration has taken
place; however, similarity in size and shape and mechanical makings
were of distinct help in rearranging the leaves.

Contents of the Manuscript

The portions of the manuscript that have been preserved are
wholly concerned with mathematics. Dr. Hoernle described the
work in 1888 in the following words :—

“The beginning and end of the manuscript being lost, both the
name of the work and its author are unknown., The subject of the
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work, however, is arithmetic. It contains n great vavicty of pio.
blems relating to daily life. The following urc¢ cxun}pk'u HEe

(i) ‘In a carriage, instcad of 10 horses, theie are yoked %, the
distance traversed by the former v as one hundred; how much will
the other horses be able to accomplish'? ?

(ii) The following is more complicatcd :- *A certain person
travels 5 yojanas on the first day, and 3 morc on cach succeeding
day ; another who travels 7 yojanas on cach day, has a start of §
days ; in what time will they meet 7°2

(iii) The following is still more complicated :--*Of 3 mcrchunts,
the first possesses 7 horses, the second 9 ponics, the third 10 cumelng
each of them gives away 3 animals to be cqually distributed nmong
themselves. The result is that the value of their respective proper-
tics become equal : how much was the value of cach animal 7'V

“The method prescribed in the rules for thc solution of theno
problems is extremely mechanical and reduces the labour of thinking
to a minimum®,

The following is a summary list of the contents of thc work na
far as its present state allows of such analysis :—

Section
Problems involving systems of linear equations A
Indeterminate equations of the second degree A and K
Arithmetical progressions Band C
Quadratic equations C
Approximate evaluations of square-roots C
Complex series F

Problems of the type x (1—a,) (1—a,)...(1—a,)=P G

1. fraaveddntadsay g q;-a'aﬁq" | Ted AyaAmay i
WERTRAT 1 | Lo EF AIATIET 4 | InFqsmAYSd Qoo
L ? q
o —Folio 8, vorso.
2. aifz g9y 9a7 dfor 9O Qvsra aeay | fedla sfafedeqcana fa

qEIF | FT FIAT FAAT FeAAT AURIAT |

~Folio 6, rccto
3 .fefawm @@ a4 g1 aw gaer..vad 9 qwas qaq o

g aforat qed ar sefoat gaz afz.,, ... 9% aay afefa dua
--Folio 3, vcrso,
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The computation of the fineness of gold H
Problems op income and expenditure, and profit

and loss L,Dand E
Miscellaneous problems M
Mensuration

Such isa very rough outline of the work as it now stands.
Perhaps the most interesting sections are C, A and M; and of
these C is the most complete and was evidently treated as of cosider-
able importance. Section A is also of special interest as it contains
examples which may be described as of the epanthcm type. Section
M is of interest principally on account of the methods of expressing
the numerous measures involved and also because of its literary and
social references.

Generalized Arithmetic and Algebra

Although the work is arithmetical in form it would be mislead-
ing to describe it as a simple arithmetical text-book No algebraical
symbolism is employed, but the solutions are oftcn given in such a
general form as to imply the complete gensral solution, i. e., the
solutions, though arithmetical in form, are really generalized arith-
metic, or algebra, First of all a particular rule is given, which is
intended to apply to the particular set of examples that follows. These
rules are often expressed in language that would be impossible to
interpret without the light thrown upon them by the solutions..The
examples are themselves sometimes trivial, but the solutions, often
expressed with what at first glance appears to be meticulous care,
often redeem the examples from their apparent triviality. Proofs or
verifications are often given with some elaboration and on occasions
are multiplied.

Kaye has said that the work may be divided roughly into
algebraic, arithmetical and geometrical sections, knowing of course
that the boundaries of these sections are not clear, but according to
him it would be more correct to classify the problems as (a) aca-
demic, (b) commercial, aud (c) miscellaneous.

Judging by the manuscript as it now stands, the problems in-
volving geometric notions were comparatively very few, and we can
only guess at the meanings of the remaining fragments dealing with
this branch of mathematics.



Gencralized Arithmetic and Alpebrn o

One pleasing feature is the small space occupic(l h
cial problems. There is only one problem on intereyt, and
unobtrusive section containing problems on profit and losu.

Those problems classcd as academic are concerned with §
cular mathematical notions that in carly mediacval times had o
traditional value and interest, such as the cpanthema, the revula
virginum, certain indete: minatc cquations of the sccond degree, nnd
certain sets of linear equations.

The miscellaneous problems includc cxamples where the shilgl:
interest is rather in the illustrative matcrial than in the mathemntienl
notions involved; e. g., thcre are problems concerned with the abdne-
tion of Sita by Ravana, the prowess of Haihaya, the constitution al
an army, the Sun’s chariot, the daily journey of the planct Sntuin,
gifts to Siva, etc. etc.

Such, or similar features, are, however, common to muny
mediaeval mathematical works. The Bakhshali manucript is, however,
almost unique in at least two respects of some mathematical impor-
tance: (i) The first of these is the employment of a special sign in the
form of a cross—exactly like our plus sign but placed after the
quantity it effects— to indicate a negative quantity. (ii) The sccond
special characteristic consists of the set of methods for indicatiny
the change-ratios of certain measures.

Text is of Indian form

Whether of a purely Indian origin or not, Kayc says that tho
work is Indian in form. It is written in a sort of Sanskrit und
generally conforms to the Indian text-book fashion but there nro
certain apparent omissions. Pcrhaps the most noteworthy fcgturc of
the classical Hindu texts is their treatment of indeterminate equn.
tions of the first degree, whilc their greatest achievement is the full
solution of the so-called Pellian equation. A great part of the texts of
Brahmagupta, Mahavira and Bhaskara are devoted to onc or both of
these topics, but there is no cvidence of either in what rcmains of tho
Bakhshali text; and this apparent omission is the more noticcablo,
inasmuch as there is evidence of considerable skill in the treatment
of systems of lincar cquations und certain indcterminates of the sccond
degree. Another omission to note is of a different character altope-
thor. Every carly Hindu work of this kind has a scction reluting to
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the “shadow of a gnomon”, but in our text there is no evidence of
such a section.» We must not, however, as Kaye says, “pay too
much attention to these apparent omissions. The possibility of entire
sections of the manuscript being destroyed is not great, but negative
evidence and a mutilated manuscript do not carry us very far.

Is the Work Homogeneous ?

On the first examination of the manuscript it would be noticed
that the writing was not uniform, and that, in particular, certain leaves
different 'ated themselves from the rest by a bolder and,on the whole,
a better style of writing; and Kaye has distinguished this set of leaves
as the “M” section. This early differentiation was a most useful one
for it marked not only a difference in style of writing but also one of
matter. Indeed this *“M” section proved to have e many peculi-
arities that the idea that it was possibly a separate work could not be
ignored. But the rest of the manuscript is by no means uniform in
style of writing or anything else, and Kaye is not convinced that the
“M" section is the work of a separate author, although, he rather
suspects that it is. It is, however, pretty certain that it was the work
of a separate scribe; but, as there are slight indications that the
other portions of the manuscript were dictated, this does not affect
the question of authorship conclusively.

The peculiarities of the M’ section, although 'they may not
prove heterogeneity of workmanship, call for some special mention
and are here summarized.

1. The Script:

(a) The writing is bolder and, on the whole, more uniform
than that of the rest of manuscript.

(b) Flourishes or extensions of the bottom endstrokes are
common. These flourishes occur particularly at the end of ligatures,
but also in the cases of the numeral figures “5”, “7” and “9”, and
even in the case of the stop bars, and occasionally they even occur at
the ends of the frame-works of the “cells” (e. g., see fol. 47, etc.).

(¢) The numerical symbols of section “M” havc been shown
in a table by Kaye [not reproduced here, Table IV (7) line 1], where
the looped * 6" should be noted. This is useful but not an infalli-
ble criterion,
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(d) The following table relating to the formntion of muodinl
vowels a, i, and o taken from Part II.

'
Medial ai Mediul ot
ai ai o’ o o'
‘M’ section 0% 100%  32% 29 Mo
Whcle, manuscript 249, 76% 759, 159 10w,

Here the indication appears to be very definite indccd, but i
must be borne in mind that such criteria only apply in tho muus,
that the total number of ai examples is only 19, and so on, 1

II. It is curious that all the mythological and scmi-historical
references (see Sections 47-48) occur in the **M” scction, Indecd

this section is peculiarly Hindu in contrast with the remainder of
the manuscript.

III. The mathematical contents of the “M' scction ny ho
described as miscellaneous problems, which are gencrally solved by
“rule of three”, but a special feature is the occurrence of numerous
“measures’’ and a special method of exhibiting their change-rution,
But, of course, these points in no way indicate work—rathcr other-
wise for if section “M” were an entirely different work wo might
expect some duplication, and there is none here.

IV. The method of exposition is somewhat diffcrent. Tho
example is followed by a statement and the answer is then given,
generally, without any detailed working, and generally there is no
“proof” or verification. There are, however, exceptions.

V. There are differences in language. Certain technical tcrmu
that are extremely common in the rest of the manuscript «do not
occur’ e g, pratyaya and yuta.

An Indigenous Hindu Treatise

Dr. Hoernle believes that arithmetic and algebra developed
in India entirely on indigenous lines. According to him “in tho
Bakhshali manuscript, there has beecn preserved to us a fragmont of
an early Buddhist or Jain work on arithmetic (perhaps a portion of
larger work on astronomy), which may have been one of the sourcey

(1) The symbols used hore are mercly mnemonic,
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from which the later Indian astronomers took their arithmetical in.
formation.” Again according to Hoernle, the arithmetic in India
developed without any Greek influence, “Of the Jains, it is well-
known, says Hoernle, *that they possess astronomical books of a
very ancient type, showing no tracees of westeren or Greek influence”
(Here is a probable reference to the Suryaprajnapti,). In India arith-
metic and algebra are usually treated as portions of works on astro-
nomy. Tn any case, it is impossible that the Jains should not have
possessed their own treatises on arithmetic, when they possessed
such on astronomy. The early Buddhists too are known to have
been proficients in mathematics. The prevalence of Buddhism in
North-Western India, in the early centuries of our era, is a well-
known fact.”

Kaye, however definitely asserts that there is not the slightest
evidence in the manuscript itself of its being connected either, with
the Jains or Buddhists. It is Hindu (Saivite); the author was a
Brahmana (fol. 50); to Siva, he attributes the gift of calculation to
the human race (fol.50); offerings to Siva are mentioned on more than
one occasion (fols. 34. 44); references are made to certain incidents
recorded and persons named in the Hindu epics (fol. 32 etc.) and there
is not a single reference that could be construed as indicating acy
connection with Buddhism and Jainism.

Various Opinions about its Age.

The originzl Bakhshali work has been assigned various dates
by several scholars. Hoernle says : ““I am disposed to believe that
the composition of the former ( the Bakhshali work) must be referred
to the earliest centuries of our era, and that it may date from the
third or fourth century A. D.1” This estimation about the age
of the original Bakhshali work has been accepted as fair by emirent
orientalists like Buhler2 and historians of mathematics likc Cantore3
and Cajori¢. Thibaut has followed Hoernle in accepting the
date of the present manuscript to te lying between 700 and 900
A.D.5 But Kaye would refer the work to a period about the
twelfth century. *The script, the language. the contents of the
work”, says he, “as far as they can give any chronological evidence,

(1) Indian Antiquary, XVW, p. 36. (2) Indian Palaeography, p. 82.

(3) M. Cantor, Geschichte der Math, ). P. 598.

(4) F. Cajori, ‘History of Mathematics”, 2nd ed. Boston, 1922 p. 85.
(3) G. Thibaut, Astronomie, astrologie und mathematik, P 7
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all point to about this period, and there is no cvidene
incompatible with it"1, Bibhutibhusan Datta agrees with
that the work was written towards the beginning off the
era, and he has discussed this issue in his paper, “7h¢
Manuscript”’ published in the Bulletin of the Calcutta Mathowationd
Society, 1929, XXI, p. 1. We shall present his arguments hero,

Bakhshali Mathematics Older Than the I'resent  fnnnseript

Hoernle thinks that the mathematical treatise containel in the
Bakhshali manuscript is considerably older than thc present muannn-
cript itself. “Quite distinct from the quesiion of the age of 1ho
manuscript”, says he, “is that of the work contuined init, ‘I'hwe
is every reason to believc that the Bakhshali arithmetic is of 0 very
earlier date than the manuscript in which it has come down to us,"9,
This conclusion has been disputed and rcjected by Kays who
thinks it to be based on unsatisfactory grounds. 1le then udds, *of
course it will be impossible to say dehnitely that the manuscript In
the original and only copy of the work but we shall bo ablo 1o
show that there is no good reason for estimating the age of tho work
as different from the age of the manuscript to any considerablo
degree..”3 Kaye has adversely criticised the linguistic und puluco-
graphic cvidence of Hocrnle. Datta, however, thinks that Kuyo's
arguments, it proved sound and sufficient, will cstablish at the most
that the present manuscript was written about the twelfth century,
as is contended by him.# Hoernle himsclf considcrs it to be nol
much older, belonging probably to a period about the ninth ccntury
of the Christian era.f Most of the other reasons of Kaye against
Hoernl¢’s vicw, based on ccrtain intcrnal cvidence, such as (i) tho
the general use of the decimal place value notation, (ii) the occurenco
of the approximate square-root rule and (iii) the employment of the
regula falsi, on imperfect knowledge of thc scopc and develppmcent

(1) Bakh. Ms., § 135

(2) Indian Antiguary, XVil, p. 36

(3) Bakh. Ms. § 122 (4) Bukh. Ms, § 135

(‘S) Indian Antiguary, XVIl, p. 36.

§. In support of this opinion, Kay. statcs : “There is cvidence that Ms. |n
not a copy at all. Itis not thc work of a single scribe : there aro crous
roferences to leaves of the manuscript; there isa case of wrongly numbe-
ting a Sufra and the mistake is noted in another hand-writing” (p. 74 fu ).
Tho facts noted in the latter part of this statemont cannot possibly suppmt

what is stated in the beginning. On the contrary they strongly tond to
show that the present manuscript is a copy.
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of Indian mathematics. There is, however, other internal ¢cvidence of
unquestionable value to show that the Bakhshali mathematics cannot
belong to so late a period in which Kaye would like to place it.

Bakhshali Work a Commentary

There 1s another noteworthy fact about the work contained in
the present Bakhshali manuscrip:. From the method of its treat-
ment, Hoernle thinks it to be a Karana work.l In the opinion of
Datta, the Bakhshali work is not a tieatise on mathematics in its true
sense, but a commentaiy’ a ranning commentary, of course— on such
an earlier work. The manner of its composition and particular’y the
very elaborate, rather overelaborated details with which the various
workings of the solution are most carefully recorded, without trying
to avoid even unnecessary repetitions, strongly tend to such a conclu-
sion. Here and there are given explanatory notes of passages,
literary synonyms of words and technical terms, some of which will in
no way be considered difficult, or which are already well established.
For instance, on folio 3 verso the word parasparakrtam ( @EIFaw )

has been explained by the word gunitam (tata parasparakrtam gunitam
qaTErREd gfad ); again on a subsequent occasion, this latter term

has been interpreted as equivalent to another more difficult and less
known term abhyasa (tatra guna abhyasam TAYT A¥ATE folio 27,

recto ) 2. On another occasion we have qvrttipravrttigunanam,
anqﬁ[-ﬂqh'gw# (folio 12, recto)8. It is stated in several instances that

(1) Indian Antiquary, XIi, p. 89.
@ Fa qeerg i snaw (folio 3, verso);
Eﬁ!ﬁ T l g l ] ﬁh.’teq*q"; (folio 15, verso)
gq% w9 fafiferer | ga% & faacd o wat qa@ qor
|_3_|_?_| aerd | 9% | ®9@F | QAT

2y | & fad e
(folio 27, recto)

=q| smafa-wgfaqee o | ¢ | @37 g
UG,

@) ey aa:

ot

(folio 12, recto)
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ksayampastum syieres Here s a very typical
the work?,

LU Dvighnamadi' adidviguna | 2 | clmyoiihftum |
uttaram ato uttaram | patayitva ckam bhavati .. ...

The above stcyle of composition is very characteristic B
commentary. And the wholc work is written more or less in tho
same style.

Then are some cross-refercnces in the Bakhshali ﬁﬂl” .
which are of immense significance. For instance it has becen oy
about the 10th sutra (rule), which refers to a method of muliip!
that “this rule is explained on the second page”3 A similar
has becn made about the 14th sutra that it is “writtcn on the
page”* The importance of these two observations in dete
the character of the Bakhshali work cannot be overestimated
It will be easily recognized that -those observations canh
in any way be due to thc author of thc original treatl
For evidently those sutras occur at two places in the w
author is likely to retain consciously such recurrences in his
and pass them mcrely by giving a cross-reference. So the duplicat
as also the observations, must be attributed to a second person, tho
commentator. And they happened in this way : The original Bukh-
shali treatise was not a systematic work. It was an ordinary compon-

M O) gear w7 99 qiEafafs

—Folio 12, recto

(i) Feqr w7 o4 qregfafy
—Folio 10, vorso

(iii) et w7 a7 O | 3 3 ¥ | Sg &qow ST

el 3 L
—Folio J4, recto
@ fgsamifs ol faqor | R | 7 Dfemd 1 T I 1wy Iw
qrafaear @ wafaee
—Foli6 50, verso

) i g@ fadtaad Frafnifia
) qeam-+++-adfix fafaar -fea (fe)o

—Follo 1, recto

~—Folio 3, rector

(5) ¥ wrer |readt | qaRsRy qasfwfafan gy
3

—Folio 4, vers
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dium of mithzmatical rules and examples in which the rules relating
to the same topic of discussion even, were not always put together
at the same place. We notice this irregularity of treatment to a
certain extent in the portion of the treatise which has been left to
us, It may be pointed out that such irregular treatment is not at
all unusual in case of early works and we find another instance o:
the kind in the Aryabhatiya of Aryabhata (466 A. D.). The commen-
tator very properly attempted to improve upon the order (rather
disorder) of the author, here and there, as far as posssble, without
disturbing it too much, by noticing and commcnting upon at the
same time the sutras which are very closely connected. So that he had
sometimes to expjain a sutra earlier thanits turn according to the
plan of the author. Sometimes a commentator is compelled to refer
to a subsequent sutra before time owing to indiscretion of the author.
Therefore, when there comes the proper turn for the explanation
of such a sutra, he simply passes it over, very naturally, by giving
the cross-reference to previous pages. Thus there will remain very
little doubt that the present Bakhshali work is a running commentary
on an earlier work. Further there are found other cross-references
which very strongly suggest that the illustrative examples are also
due to the original author.!

Present Manuscript— A Copy

Inspite of what is statcd on the contrary by Kaye? there are
many things to make one believe that the present manuscript is not
the orlginal of the Bakhshali work, but isa copy from another
manuscript. For it exhibits writings of more than one scribe, possibly
of five3, This can be explained most satisfactorily only on the

(1) For instance, the author may give an illustrative example which may
involve a mathematical principle which is yet to be explained. An instance
of the kind is found in the Trisatika of Sridhara where the auteor very
indiscretely gives two examples (Ex.7) in illustration of the Rule 16,which
involves mathematical principle explained in the Rules 23 and 24. In this
work the commentator, who is no other than the author of the treatise
himself gives the cross-references.

(2) Bakh, Ms., p. 74 footnote. “‘There is evidence that the Ms is not a
copy at all. It is not the work of a single scribe : there are cross-
references to leaves of the Ms: there isa case of wrongly numbering
Sutra and the mistake is noted in another hand-writing.”

—Kaye
(3) Bakh. Ms. p. 11, 97.
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assumption that is a copy. Further on folio 4,

observation as regards a certain sutra (rule) that
in the rule' (sutra bhrantimasti).* The style of wr
vation is sine as that of other writings on the leaf, §
utely no doubt that all the writings on the leuf areg «
scribe. Moreover, though this observation is placed
lines of writings, it is not an ordinary case of interlining. Fram tho
apportionment of space in and about the remark, It is nppurent that
the remark was introduced at the time of maiking the copy, but not
on any subsequent occasion. Now that obscrvation cannot be duo
ty the author of the originul trcatise. For no author would paiu
over a mistake in his work with a mere observation that it is wranp
So it must be from another person, possibly the scribe. Thero is
also another possibility, «und there are reasons to belicve it to ho
more probable. that the scribe found it in the copy which he used.
In any case, it will follow that the present manuscript is 1 copy. A
more conclusive proof of this is furnished by the colophon thut the
work is “written (likhitam) by a Brahmana mathematiciun, son of
Chajaka, for the education of the son Vasista.*3, Had Chajukn been
the author of the work, the more appropriate and usual word for this
colophon to begin with would have been krtam or viracitum
(‘*‘composed ’).

The scribe seems to be a careless one. For the manuscript
is full of slips and mistakes. Here are a few of them :—

(1) On folio 4, verso, occurs the passage *“‘sodasamasutram 179,
Bvidently the figure should be 16.

2. On folio 8, recto, a portion, ‘“uttarardhcnabhajayet” i.

fax end g7 Y@ Swnd wag: fefeassewsqm aawuw
ARG | IR W afog gqfexr fassla 1 srraraary
gar I quagfer e fudw qumenq @ o
geaw TIfOE F AT, |
T @Aq *** N—TFolio 50, recto.

@ qrgui §& 99—Folio 4, verso

* gawifiqafea
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deleted. This was written by mistake for ‘‘urtarenabhajet”” which
is the relevant portion of the sutra meant for quotation there.
Thc deleted portion can be tracced to a preceeding sutra (folio 7,
verso®, where we have “uttarardhena bhajitan”.

3. On folio 11, verso, 158

1
5
1
64
is twice miswritten for 158. This latter fraction is once again
13
64
wrongly written as ““158 to 1 se 1. Another mistake on the leaf
64

is 93 to ...masa 9;’’ what is meant 93§.

(4) In the Bakhshali manuscript2, the end of a sutra is usually
marked by a special design. 3 Owing to the carelessness of the scribe,
the sign has been put many times aL an intermediate place in the
sutra. These illustrations are sufficient to show the carelessness
of the scribe.

Exposition and Method

(i) The text consists of rules, sutras, and examples. There is
no explanation whatever of the processes by which the rules were
obtained, that is, there is no m.thematical theory at all. In
this the work follows the usual Indian fashion, as exhibited in all
early texts. But there is a good deal of mathematical theory implicd
and the rules and examples are often set-forth in such a way as 10
convey the principles followed quite clearly to the student.

(1) (garad wrerag), this is doleted in the MS; this was written by
mistake for I m )
IauaT wrfsgy—Folio 7, verso
(2) We have denoted this design by % .
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(ii) The rules (surras) are written in
numbered; and often in the solutivns of the cxumplow.
the sutras arc quoted. When Dr. Hoernle tried 1%
leaves of the manuscript, e took the numbered
of his order, but they weic too few in number !
factory result. These sutras do not 1epresent, as might he
the most valuable part of the text. They are usually of
application rather than gencral and are often very
expressed.

(iii) The examplesgiven are gencrally formally statcd |
without the usc of notation or abbreviation af any kind; und §
cases they are stated in verse. They are introduccd by the ter

are quoted. Finally comes demoustration—often moie of th
of verification than proof. Generally these demonstrations
aid of the answer found to the question, rediscover on
original elements of the problem; and sometimes severdl
demonstrations are attached to an individual problem, but
times the variation is mercly a matter of the form of statement,

The full scheme of exposition is therefore :
Sutram*4 or rule.
Udaharnam*5 or *“‘example”; indicated its abbreviation wly*?

sometimes the cxample is called prasnal*7, .

1. Folios 46, verso, and 65 recto.

2. Folios, 23, rccto 25 verso ; 29, recto, and 55, verso. Compare  nlwo
folio 35, recto (a) and verso (b).

3. Folios 32, 36 44, verso and 46, reclo.  These references must v
cscaped the notice of Hoernle who remarks otherwisc.

*q (R); "k (ImgROE);  *3 (waw)  *e (gaw);
*(RTE); Y (@) Mo ()
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Sthapanam or “‘statement”. Soinctimes it is also called
nyasa?*1 oY n yasa-sthapana3*2,

Karanam*3 or “*solution”.

Pratyayam** or -‘verification”. (Some times a solution
Is verified in more than one way.

The end of such sutra is marked after last cxample by the de-
vice and the number of the sutra is also given at the end.

The above will explain in general the mcthod of the exposition
of the Bakhshali work. But therc are also occasional deviations
from it. For it is not always that a sutra is illustrated by examples
and an example is followed by its solution. There are at least two
sutras in the sutviving portion of thc Bakhshali work which have
no examples attached to them. They have been passed over as
having been explained or written on prececding pages. Two examples
are left without solution with similar remarks. Again solutions of

examples in the beginning of the work have got no verifications, and
so also a few others? .,

The above method of exposition differs considerably from what
is npow commonly met with in other Hindu mathematical treatises.

(1) For exawple, on folio 11, verso, there is mention of verification by the
fourth method (anvam caturthapratyayam krlyantc)

(2) Vide folios 1—3. also folios 23—25.

(3) BrSpSi. ed. by Sudhakara Dvivedi Benaras, 1912, Solutions of some
ofi the examples have been included as “authentic in Colebrooke’- Sid-
dhanta (H. T. Colebrooke, Algcbra with Arithmetic and Mensuration
from the Sanskrit of Brahmagupta and Bhaskara, London, 1817) trans-
lation of the arithmetical and algebraical portion of Brahmagupta’s. But
they are not found in Dvivedi’s edition of the work. Dvivedl also pro-
cured for himself a transcript of the copy of the commentary by Prthuda-
kasvami which was originally secured by Colebrook (vide Dvivedi’s
Preface, p. 3). In these circumstances, we accept Dvivedi’s version of
Brahmagupta’s abovc mentioned work to be more authentic. So it wiil
have to be said that Brahmagupta did not give any solut on of his exam.
ples. See also the Brahinasphuta-Siddhanta, New Delhi, 1968.

*{ (mara); *« (rmEeman); *3 (Fm); *v (veEw) o
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Brahmagupta (628 A.D.) gives a very few |
illustration of a limited number of his rules, b
This want has been amply made up by his :
Prthudakasvami (860A.D.) who has supplicd qulilucnl num
trative examples with soluiions uuder cach rule.Mahavira(cd. 8'10/\ l) )
gives a copious number of examples for cach rulet. Ho calls EiSE
uddesaka*. But he too does not give solution The flrat writ
give statements (nyasa) as well as answers of his examplos v
udaharana is Sridhara (c. 750 A. D.)2. Then comes Bhaskara®,
These writers have not rccorded working of their solution. And no
other Hindu writer is known to have given any verilication of tho
solution of their examples, We do not find this even in the works
0. the latter commentators,

(iv) The method of grouping sets of figures is of interest, and
shows features in common with mediaeval Sanskrit mathematicul
manuscripts, where also it is the practice to place groups of numbers
in cells. In the Bakhshali manuscript, however, this fashion is rather
more ¢laborated than in any Sanskrit manuscript so for exumined,
The mathematical possibilities of this scheme do not appear to have
been realized and the student must always be careful to interprot any
group of figures from the context, and not from any similarity with
other groupings. However, there is a certain amount of consistcncy
in the arrangements, as the examples exhibited below will show. The
real purpose of the arrangements appears to prevent confusion by
demarcating the numerical figures from the text itself. The text is

(1) GSS., editcd-with English translation by T. Rangacharya Madras 1912,
wfore qrEng

.

(2) Trisatika, edited by Sndhkara Dvivedi, Bcnaras, 1899,
fanfasr

(3) Lilavati edited by Sudhakara Dvivedi, Benaras, 1910, Bijaganita, edited
by Sudhakara Dvivedi and revised by Muralidhara Jha, Bcnaras, 1927,
English translation of thesc works arc incorporated in Colebrook’s Hindu
Algebra,

fromfora Srarrf
TR
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often written almost independently of the figure groups. and a word
may be arbitrarily divided by the cell araangement, which may also
cut into several tines of the text not necessarily connected with it. The
economic neeessity of utilizing the whole of the writing surface of the
birch-bark availabe seems to have been the determining factor. The
text itself should be consulted but the following examples may be
helpful :

(@) Integral numbers occasionally occur without any marking
off by lines or cells, but often.

(b) cach integral number has a cell to itself, e. g.

1] 142 ] 139]

(c) Sometimes an integer is marked off by two vertical bars :
thus | 14 | and invarlably a series of integers is thus de-

marcated, e. g.

120140 60180) evam 200 |

(d) Fractions and groups of fractions are placed in cells or

groups of cells, e. g.

(i) 1321 (i) | 6055040625 | GGi) 1111 1|
| 33] | 3227520000 | 1436 12|
(iv) 1 (v) | 40 i) | 21 (vii) ] 7
!} : 20 IIZ,
21
‘1‘ 3+ H 12
1
; M
1
i st
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re) Complete sets of operations arc somctimes
a similar manner. For example, (d) (iii) mecan:

(d) (iv) means (I |-5) (1-1 §) (14-1); (d) (v) 40 (1—1)

() Series of operations may be connected together by cell
arrangments; for example :

2 di°|  1dio| 100000 di° phalam di® 60010
1 1| 947 947
2 2 |

3dio | 1di® | 157500 di° phalam di® 60000
1 1 947 947
2 3

4dio | . 1di°| 216000 di° phalam di® 60000
1 1 947 947
2 4

which means,

I | . .100000 .. 60000
2-2 dinaras: : 1 3 days : : ~947 dinaras : 547 days
1 o . 157600 _ 60000
3 7 ') . 1‘3‘ days — W »”» . _-947~ ””
1 ] .. 216000 . 60000
4 i‘ ” . I [ 947 » ooy v

(g) The data of the problem and the solution may be indicn-
ted in one combined statement; e.g.

si% 1 |
1

4 a° che® 2187* | phalam sara 2024400
1 1

6
1
1
4
1
3

This is a statement of properties where the sccond term meuns
4
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1> (1-+4) (14+%) and the number marked with an asterisk is a
charge-ratio.

'

(h)lo 2133,124 dro 300
i1 11 11

may be roughly expressed by means of x + 2x 4 3x3x + 12x4x
=300.

(v) The use in our text of the sexagesimal notation in the form
in which it occurs is of rather special interest, for there is, as far as
we know no other example of the kind in any of the classical Sanskrit
works. The Hindus, from Aryabhata onwards, were well aware of
the advantages of the sexagesimal notation for astronomical
purposes. but they never used it for an arithmetical purpose.

Apparently there is only one purely arithmetical example of
the use in the text and this example occurs, in connection with a
problem in arithmetical progression, on folio 6, verso, and 7. recto,
where the fraction 178/29 is expressed as 6 +8' + 16" -+-33''4-6iv,
This sexagesimal fraction is actually written thus—

6
8
60
16 cha®
60

33 1i°
60

6 vi°
60

se0 6
29

The upper three figures are missing in the manuscript but the resto-
ration is certain. Of the abbreviation, 1i® stands for lipta, faex (Gk.
lipte) which in Sanskrit words ordinarily means a minute of arc,
or the sixtieth part of a degree; vi® stands for vilipta fafea, ordi-

narily a second of arc : while se stands for sesam, ¥SH or
“remainder”,
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Here one may not agree with Kaye that the purel
(and perfectly legitima'e) usc of the notation points
influence (Kayc thinks that although such a o s
Sanskrit works, it was cxtremcly common in niedi
works).

sval Munlin

It will be noticed that the term lipta here applics to *‘third
parts instead of ‘first parts’, and vilipta to ‘fourth parts’s Tho
abtreviation c/a® has not yet been traced to its origin.

(vi) The modern place-value arithmetical notation is employed
throughout the text and Kaye says that there is not the slightest
inlication that to the author, it was a new or strange invention,

(vii) As already indicated algebraic symbols arc not generally
cmployed, but a symbol for the unknown quantity is. This symbol
is the arithmetical symbol for ‘nought’ or ‘“zero’ and on severul

occasions it is referred to by the term sunya-sthana (YFTE4IA) or
‘empty place’.

The symbol occurs some twenty times but only in sections I,

C, F, G, H, K. Its employment is illustrated in the following
exmple ;—

(a)

a® 1 u° 1 pa° 0 labdham 10
1 1 1 |

This is a ‘statement’ of anm arithmetical progression where the
first term is 1, the common difference is 1, the number of terms
unknown, and the ‘quotient’ is 10 (where [0x=the sum of the
serics). Here the symbol simply indicates that the number of *ternis
pada is unknown, i.e., that the place in the statement is empty.
The symbol does not enter into any operation here or elsewhere.
The giving it a denominator of unity is curious and really indicates
that it is an integral number,

(b) a?

u® pa° 0 | dha®
1

5 6
| 1

a° 10| uo 3 pa° 1 dhao
1 1 |
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Here are two equivalent arithmetical progressions in which the
number of tcrms are equal and the sums also are the same in both
cases, bul both are unknown.

(c) 0 1 l 1 1 bha® se 16
1 1 1 1 1 1
: 3 3 3 3

which-means x=16/(1—1) (1—4) (1—-% (I— %) and since thisis a
deduction from a problem it is a distinct step towards a proper
algebraic symbolism.

(d) l 0 2 3 4 drsya 200 !

1 1 1 1 1
which may be represented by x+2x+-3x+4x=2(0 But the method
of solution is by the regula falsi. Any number is put in the place of
the 0, and the sum of the series is obtaired. Here the given sum
multiplied by the assumed value and dividcd by the (false) sum is
the correct solution ...

(e) 0 5 yu mu O sa 0
) 1 1 1 1

mu 0

——-3

0 M v
which means x4 5=53, x—7=¢. Here the symbol 1 |stands for
three different unknown quantities. It simply indicates in each case

an unknown number.

(viii) Negative Sign : The only distinct mathematical symbol
employed is the sign for the negative quantity, which takes the form
of a cross + placed after the number affected. This is peculiar and
has geven rise to discussions. In Sanskrit manuscript a dot before
the quantity affected is the asual method of indicating a negative
quantity. In the translitzration of the text the original negative
sign (-+) is, perhaps illogically preserved; but itis a rather special
feature of the manuscript, easily printed, and leading to no ambi-
guity.

On this negative sign Dr. Hoernle writes ()

(1) Indian Antiquary, XVIl (1888), p. 34,
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“Here, therefore, there appears to be a mark of great antignity

As to its origin I am unable to suggest any satisfactory” explun.atiom

I have been informed by Dr. Thibaut of Benares that Diophantor
in his Greek arithmetic uses the letter ¢ ( short tor ¢llvipviy )
reversed (thus 4) to indicate the negative quantit/. Therc is undoub

tedly a slight resemblance between the two signs; but considoring thnt
the Hindus did not get their elements or the arithmetical scienco
from the Greeks (2), a native Indian origin of the negative sign secmy
more probable. It is not uncommon in Indian arithtnetic to indicate
a particular factum by the initial syllable of a word of that inmpoit
subjoined to the terms which compose it............ ..The only plauuibly

suggestion I can make is, that it is the abbreviation (ka) ol the woud
kanita, diminished”.

' (ix) Abbreviations :—Abbreviations are employed to such an
extent as to become, at times embarrassing, and they embrace nlmosit
every type of term. None of these abbreviations is used in un al.
geliaic sense, although, at first sight, when we find a%, u®, pn* uned
consistently for the clements of an arithmetical progression, an
algebraic symbolism does not seem very far off. But a®, ha®, u*, po"
are the abbreviations of names of animals ya®, go” and sa” of plants.
etc., ect. The qarﬂes of measures which are numerous, are ncarly
always abbreviated. Certain common terms of operation are often
abbreviated, and of these the following occur most often—

bha! for bhaga?, placed after a term to indicate that it is u
divisor.

se%3 for sesam4, a remainder.

mu©% for mulam®, a root, a quantity that has a root, capital,

pha®? for phalam®, an answer.
etc.. elc.

Indeed the writers scem to have used abbreviations whenever
thete was no ambiguity incurred in their own minds. We are no' no
fortunately placed in this matter and occasicnally it has been i ose
sible to rediscover the term implied,

(2) They got a good deal from them, and particularly all thelr lnter une
tronomy came from the Greeks.

q(w) 2 ("Wl‘T) 3 W) ¥ aan) u (%) & (qq) © (%) & (wan)
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A lllastration

L3

Just to show how the problems wic treated in  the Bakhshali
Manuscript, we shall reproduce one il ustration:

(Folio 1, verso and 11, rect»).

b and quotations from ir
b+a
a-e given on Folios 1, verso and 2, verso. The example solved on |

verso and 2 recto is son.ewhat as follows :

a
The sutra means changcT 1o

The combined capitals of five merchants less one-half of that
of the first, one-third that of the second, one-fourth that of the third
one-fifth that of the fourth, or one-sixth that of the fifth is equal to
the cost of a jewel. Find the cost of jewel. and the capital of each
merchant!

(l)mqaq 10
F— Fwi frmgeaselvr Falq aafad T 1
gl q@ e garfaw  fafafeag
AN —1 9>t forar wed wfor fawtady frer
qavemr wfor fvar wfor qeat firag wig

LY

FY faT 9.2 959 T NIT
raar sea: agw ey S

12090 (8 75 72 aasﬁgq-ateil.0|90 80’75 I7z
60 |60 160 | 60 | 60 l

qQui a% F St 427 sty Aw 377 qu wfor geaw

agatd & adeaq

S4AET qiw qgy 90 | 80 | 75| 72 aguﬁt! avr 317 gaurdga
sftefirgd 377 qu guwex g 997 &9 |

FRT 7% e o wdedw 347 fgw faww 0 qw
377 qs fadraen a7 wafy
contd. on next page



An illustration ) k]

Verso 1 appears to give part of the solution and proofs ol the
yuestion on Folio 1, recto. Since.
< Zx—§x; =ZX— 5k =EX—Jxz=3x— jx,4
= Ex"_ |l;x5 = C,

WC havc ‘}x1= ?,x, = %xs = §X4 = 3x5 = k>

1204904807547 _ 437
Whence zx = s =% K
~_431C
437—60

q7: wqw fefa st qoawcgded 357 gwed ot 20 qo
g 377, qu gAaew g+ wafq |

gﬂ'(ﬁ gqu facha JhT g=aner 362 quiw sV 15 qu
gd 377, qq w3der a7 wafy Folio I verso.

a% 99 w@afes e 377
aq fzdaea 120 | wa 377 fgdroen wt waka

aq garaen frad 120 wd 377 T aaf wafy

agder firax 120 wd 377 wgden ud wafy

Tsaner frad eareTy 120 ed asaqwer 377

(PFolio 2, recto)
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If k=60, then C=377, and x, = 120, xz.—99, Xqe=86, X4
=75 and x;=72. . WS e

Then follows a proof which may be expressed,
90+480+75+4+72=317 and 31+ 17}°,=377;
120 +80+75472=374 and 3474 %° =377¢
120490+ 754 72=375 and 357+°° =377;
1204+90-+-80+72=362 and 362+ %5 =377;
120 +-90+80+75=365 and 3654 7@ =377

Again on Folio II, recto, there appears to be another verifica-
tion of the example which we had on I, recto and verso. '

130490480+ 75+72= 377 TR
1204-%" 480 +75+7 =377 H
120490+ 82 +75+72=377

120490+ 80+ % +75=377

120490+ 80475472 = 377

and this is the measure of the price of the jewel.

Fundamental Operations

In the classical Sanskrit works there is generally very little
formal information about mathematical principles and ‘methods.
Axioms or postulates seldom or never occur and strict definition is
seldom attempted. Rules are of particular application rather than
general' order appears to have been a matter of convenience rather
than logic; and the fundamental onerations reczive scanty attention.

(i) Examples of addition (1)
(a) 960 | 64 yutam jatam 1024
(b) , | 10| sa rupam ‘ 13 I
o 3 3



Fundamental Operations XA ]

(¢) | 2] rupa samyutam |3 |
(d) 840 |49 | datva jatam 889.
(€) 924|836 | 798 | esham yutim kriyate 23558
(f) 12019080} 75|72 | esham yoga krite jata 437,
(g) (120 | evam 377

90

80

75

12

() ]10]30)90| ekatram‘ l30|
1

(i) 29 36
48 |7 anena yutam, 48 .
58 58
k) ’Sshel l l 10 se 15 I evam 16
1 16 16
) 4; sardha traya yutam 52
2

(ii) Examples of subtraction (ii) :
(@) |59 vishesham | 4 |
(b) ’ 3 2 |vishesham | 1 |

21 l 2

(1) (a) 960 and 64 added : 1024 is produced. (b) 4 plus unity =49,
(c) 2 and unity added together =3. (d) 49 having been given to 840,
889 is produced. (e) 924, 836, 798 : the sum of these may bo
determined: they produce 2558. (f) 120, 90, 80, 75, 72;
the sum of these is made : they produced 437. (g) 120, 90, 80, 75,
12 : thus 377. (h) 10, 30,90 : altogether 130,
(i) 2948 by this (7) increased m 3638. (k) 5,%,4104§
thus 16. (1) 4f with three and a half added = 52/2,

(i) (a) 5,9 :the difference is4. (b) 3,2 : the differcnce is 1/2, (¢)
5, 3 : subtracted, 2 is produced; (d) 6, 3 : the difference is 3;(0) 42
less three is 39;(f) 3, 7 : having subtracted, 4, (8) J7 , 9°¢

having subtracted the difference is 3,17,
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() |51 3] rahitam jatam 12]
(d) 63| shuddhi|3 |
(¢) |42 ] tryunam ) 39 |
¢ |3] |7]vishodhya]|4 |
(8) ‘ Z‘il I 2?? | patya shesham , 2};

(ii) Examples of multiplication :
(@) |2] dvigunan; |4],i.e.,2x2=4,
(b) | 30 | asta gunam | 240, i.e. 30 x 8 =240,

(©) ' g 4(1) , gunita jatam 16, i. e, 2x4° =16,

d tlti , gunita jatal 2;/ i.e. 44+ (1-H=¥.
247
() |f { , anena gunitam jatam l 4
|
a4t 2

i.e.6 X (1—-3)=4¢

(f) l g ’ 2 l g l gunita jatam §

i.ee3 X§x 3=3

(8) | 40 | phalam 16, ice. 40(1—3) (1—) (1-§)=16
14
3
1
4+
1
5+
(h) | 3| 4| abhyasam 12, i.e., 3x 4m 12.
(i) | 8| atma-gunam 64, i. c. 8 x 8 x 64,
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84 168 14112
880,964 848320
84 168~ 14112

(k) I 737 , ,178 anena gunitam jatam | 6533?

G) 880 964 gunifa jatam ' 848320 -
i. e.
737 178 65593

1.6 —33% 29= 41
) I108625| pada-ghna | 6455040625
65600

3227520000
108625 o 50425
¢5600, Multiplied by number of terms l&@zoo

_ 6455040625
~ 3227520000

(m) | 405280 | 44074 | samgunya jatam , 179945781120
38724 | 77448 | | 2999096352

o 405280 44004 179945781120
38724 % 77448 72999096352
(iv) Examples of Division : Fraction quantities are expresscd
in the usual Indian way with the numerator written above the deno-
minator with out any dividing line, and they are usually placed in
cells. This indicition of the operation of division often does away

with the necessity for an explanatory word or phrase.
Examples of division :

(a) | 168 | 168 168 | labdham 42 | 28| 24 |

168 . 168 168
l'.e.—4——42, i —— = 28; —-_24

(b) |4 |vnbhaktam I ‘l‘ l 35 gunitam’ 33

i.e. 4 divided =}, which multplied into 35=3F

(c) 3 |vibhaktvam 10 | 1
| i
ie. 10, 3 having divided =77
(d) I 447 I dalita 447
29 58
. 447 447
1.e. —29—halved = ——5—8—
(e) 132 vartyam jatam ' 4 l
33 1

ie. 33 redused gives 4,
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(I‘i 798 , projjhya 798
' 1463

i e. having described the denominater l?lzg becomes 798

.. (g) 2558 chchheda projjhyam 1095
ie, 2558 -1463=1095 where 1463 is the denomlnator of
the fraction.

(h) | 60 anena drishyam] 1 300 |jeta] 5
bhajitam 60 1 :

i.e. by this (60) the known quantity (300) is divided and 4%
of 300=5
Square-root and Surds

The method of extracting square-roots of non-square numbers
exhibited in the text is of special interest. The rule is much mutila-
ted but as it is given on three separate occasions the fragments pieced
together enable us to give the complete sutra 1

«In case of a non-square (number), subtract the nearest square
number; divide the remainder by twice (the root of that number).
Half the square of that (that is, the fraction just obtained) is divided
by the sum of the root and the fraction? and substract; (this will be
the approximate value of the root) less the square of the last
term.”,

(1) The rule is not preserved in its entirety at any one place in the mutila-
ted manuscript of ths Bakhshali mathematics that has come down to
us. But from references and quotations one can restore the rule com-
pletely :

21 \

20

21

aFq femee %?g:n NIRRT faaq: |
agat. q dfwase: gft gfe of e

Folio 56, recto
AFY frase FIAT VY=L fagyom:

Folio 57 verso.

(2) English translation of this rule given by Kaye (Bakh. Ms Sec. .68) is
discarded as being wrong and meaningless. He has admittedly failed to grasp
the true significnce of the text. “The rule as it stands,” observes Kaye,
“ijs cryptic and hardly translatable.” He further thinks that *no rule for
‘seccond  approximations® is preserved”. It is not true, The method of

(foot-note carried o next page)
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Then follows a notc to the effect that “by méans of thiy yul
an approximation (&%) to the proper root of a mixcd quantity i
found. ... .”.

The rule as it stands is cryptic and bardly translatable, hug
fortunately there are examples given in some detail, and theso shov
that the rule was extended to “second approximations",

The rule means that the first approximation to

VQ=VA4%1p is A+b[24 or q, ; but g,2— Q= (bj24)0

= e1'

No rule for ‘second approximation® is preserved but thero aro
several examples; and, of course, no fresh ruleis rcally rcquirel,

for /O = Vq} —er~q, — e, /2q, =

442 + 5
843 + 44b

12 4 2
=| e [ -|.b ' b
¢ [2q,L J _{-ZA] /4A + 3R
\
All the examples preserved belong to section ‘C’ and appear to
be merely subsidiary to the solution of certain quadratic equations

A+ and the ‘second error’ may be indicated by,

finding the third approximation is indicated in the second linc of th6 verso. In-
deed the only two difficult words in the sutra are samshlista (dﬁﬂ‘!’) and kriti-

kshaya (foﬂ'ﬁq) We have interpreted the form as referring to *“‘tho sum

of the root and the fraction,” That that is thc interpretation aimed by
the author will be corroborated by what is written in the folio 56, recto;
while evaluating the surd /481"

21 2
20 400 ) 1 (fafewee:) 2 (wr)
21 441 2 21

Compare also folio, verso. Kriti-kshya (i;ﬁ:m-q) literally moans **lo:n

of the squares” or less the ‘‘square”. It means that the square of tho approxl-
mate value thus found Icss the squarc of the last term of it will be equnl to tho
given quantity. The commcntator has attcmpted an cxplanation of it on lutio
§7, recto but it is much mutilated. Ho says: kritiksbayam kritam esamulam (g;ﬂ;.
o § qwa) Our explanation scems 10 bo the only rationul ono possible,
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arising out of  problems in arithmetical progressions. These prob-
lems have been fully worked out by Kaye in Sec.68 and below are
given merely a summary of the square-root evaluations. There
are no less than six such applications of this rule in the Bakhshali
manuscript.t

() /a1 =+/36+5 and by =6, while ;=44

and ¢,=6,"¢F%

(i) /105 =V100+5and gy =10% ; ey =1 ;

1 2
“10t R 2
9a=105- 2x10'—'° 328 e (ZXIO;})

_ 1
107584

(1)* Folios 57 and 64, verso; 45, recto; 56, recto and 56, verso: 45 and
46, recto. Note the expression mulam shlistakaranya ( ;Ia- foersevuy ) or

“the root by thc method of approximation” folio 65, verso).
64 verso, 57, verso, and 57 recto: are all (except the last line) concerned
with one example, the beginning of which is lost. The example is [a =1,d= 1.

§=25; therefore,

i= Vil ; 1]' The first approximation to , /41 is

5 71 65
q, = Gﬁ = 12 and t, =T4 . Therefore.
1 41 65
- 1 = (= — -
[( l) 2y + ] >3 3 24 + l)
89, 65 5785 25
& 74=<1132 =35un= 5+ <12>

The second approximation is introduced by the square-root rule (as pre-

viously on folio 55, recto) and is given by :
5 5 11858-25 11833
w=65-3(R) /6 iz= sia = 5@
11833 9985 9985

and fy = 5 (7a3 ~ —1)=5. 1848 = 3696 ¢
“this is the number of terms when thc sum is five)” —Kaye, Bhakh, Ms.
Part ), p. 181.*
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(i) /481 = V212440 ; 1=2143 ; e~=m( 40

S——

=14112°
20
92 = "(21) /2 21
9020 e, 2w 1
= 2lgeg1 > = s / (22
160,000
= 72,999,006,352

(iv) /889 = /297148 ; q1 = 2958 @ 24(

2

=g

-

384
(v) /336009 = /57921768 ; 9.=579 579
515,225,088
92=5T9 777307 500
e _ 21,743, 271, 936
84~ ~7,250,483,394,675,000,000 °
384\ 2
oo 384 \5m
M) /339009 = 579 + 579 N
2 (579 579,

There is not much doubt about the exegesis of the ru'e. It was
neither connected with continued fractions, nor with the so called
Pellian equation. Brahmagupta gave the converse of the rule,
namely (A4+x)? v» A24-24x from which the square-root rule givon
in our text is immediately deducible. In this ccnnection, Kuyo
has been of opinion that the square-root rule itself was not used by
the Indians and was not even noticed by them until the sixtcenth
century. Indeed the Hindus had a very good practical rule of thelr
own, which was given by Sridhara (Trishatika, 46) and Bhaskara 11
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(Lil wvati, 138), namely—<Multiply the quantity whose square-root
cannot be found by any large square number, take the square-root
of the product—leaving out of account the remainder—and divide by
the square-root of the multiplier”’. For example, /T]‘: V41 x 1000000

-+1000~5.403 +

The above approximate formula is now generally attributed to
the Greek Heron (c. 200 A.D.), and it is restated by the Arab Al-
Hassarar (c. 1175 A.D.) and other mediaeval algebraists2. But it
was known, as has been shown elsewhere, to the second order of
approximation, to the ancient Indians several centuries before3.

The values of these surds are summarised below :

0 q, qq g (approximately correct).
4] 6.41667  6.40313 6.403124
481 219524  21.9307 21.9317122
889 29.828 — 29.8161030
33609 579.664 57966615 579.65

We have in the “Sulba sutras (Baudhayana, c 800 B. C.) the
value of ,/7Z and the other surds, not only obtained by geometric
devices but also by the process of continued fraction. Kaye is
awefully mistaken in asserting that the ‘“Square-root” rule was
not used by the Hindus and was not even noticed by them until
the sixteenth century.

Rule of Three

The term trairasika* ‘‘relating to three quantities’” occurs in
the Bakhshali Manuscript about a dozen times—always employed in
the sense of arithmetical proportion. Most often it occurs in the

(1) T. Health, “History of Greeck Mathematics”, Vol. ll, p. 324 ;
Heron’'s time is uncertain. He may have lived in the 3rd century. A. D.

(2) D.E. Smith, History of Mathematics” in two volumes, 1972, Vol.
n, p. 254.

(3) Bibhutibhusan Datta ‘“Hiundn Contribution to Mathematics”, Bulletin
of thc Mathematical Association, Univcrsity of Allahabad, (1927-28), 269),
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.

phrase pratyaya trairasikena*® or *‘proof by the rulc of three™ wl
the proportion is generaily set out in the following manncr,

1 1 4| waq
3 1 1 | phalam 18
2 . 1

1

M 1 . . . .
which means 3¢ IT' : 4:18.

The term trairasika is orthodox but the term phalam*" is
used throughout our text quite appropriately as equivalont to

“answer””, and is not applied to the second term of proportion u#
in the Lilavati*4,

There are very many examples of the ‘rule of the threo’ used
cither as the direct method of solution or as a proof. Thero ure
also some very much damaged examples of what appoars to ho
problems in so-called compound proportion. There is nothing of

the nature of a theory of proportion discussed but several cxamplen
of the following principle occur—

If,

_al_ ﬁ_uo_..o_a_‘_‘. E_a_.A
By = b= = " =p, hem =g

Calculation of Errors and Process of Reconciliation

The Bakhshali mathematics exhibits an accurate method of
calculating errors and an interesting process of reconciliatiqn, tho
like of which are not met elsewhere. They are necessitated by the
application of the foregoing approximate square-root formula. Theroe
are certain examples whose solution leads to the determination
of the number of terms of an arithmetical progression whoso
number of terms is unknowa but first term (a), common differonco

(d), and the sum (s) are known. If the number of terms bo ¢,
then according to the Bakhshali work,

s [("l)% + a\ t, (1)
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whence ¢ = _~ 28— 4t /[2a—]d%+ 8ds
2d

The negative sign of the radical has been overlcoked in the Bakhshali
work. Putting p=2a—d and Q =[2a—d)?+8d, we have,

t = PV Q
2d
or  dt+p=y o } o)
also 2s =1t2d+pt

!

Oftentimes in the examples given the value /g does not come out
in exact terms, so that a method of approximation has to be
adopted. Let ¢, ¢,........,be the successive approximations to
the value of ,/Q and let the values of # obtained from them be
ty, tgy - o Neither of these values will evidently give the original
quantity s when substituted in the equation [1] for the purpose of
verification of the results obtained. Suppose the values of s
corresponding to the values of ¢ be s,, 5,... ...

Then,

25y =1, 2d o pty

or 8dsy, +p2 = (2t:ld_|.p)2
and  8ds+ p? = (2td + p)?
Therefore,

8 d(sy—s) = (2t,d + p)® — (2td + p)?

now, 2d, +p=q

(1) The Kriti-ksaya (ﬁﬁl’ﬂ)‘ probably rcfcrs to this second error.
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9 .
Hence, §g =8 = q‘SdQ

I P r
Since \/Q =\/a°+"="+_25=‘ll
up to the first approximation,

r 2
we have, ¢q}-Q0= (7) =¢€,, say

Then ¢, will denote the first error, Therefore,

€
S‘—S=‘L

8d
Similarly, for the second approximation, the error will be!

Ly
welaer i)

&
and s, —S=g4q

We shall now refer to a specific instance, in which?

a=l1, d=1, s5s=60.

(1) Folio 56, verso and 64, recto. Portions of the detail workings arc not
o
preserved in the existing manuscript. But they can be easily restored.
Folio 56, verso and recto as preserved are,

|8§2 fgg gforg I ls‘l‘ﬁﬁg T (aF AN 3T

| 1600 | qu IqraTeARS |8?ﬂlzgla?&srr€f | 60 |

...... | 21 ,aq'i' 3 qEan

20
21

st fimss FegAry AT 1 Ao
ag Tt &= afiwss: g gfa sfr @
re=orT fadqr g

(carried over to next page)
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The detuiled workings given are

8ds=480, 2a~d=2.1—1=1.480+1=48I

40 _ 882440 _ 922
VBI=25m="n &

922 1] %0

Theﬂ ti_!' 42 = -_8.4

_ h(n+1) 880 964 _ 848,320

Hece, =5 2 =784 *ies = 18,112 = OO
e, 1[40\ _ 1600
And 5 = 8(42) 1412

€, 848,20 1600 _ 846720

v OS=h — gy= a2 1422~ 142 =0
Again for the second approximation,
— 20 (20/21)2  425,042—400
V&= 2151 - 201139 =~ 1362
424,642
=719,362
21 21 ¢
20 4C0 T | Gfymes 20
21 441 214
quared-gr wfad el sax gforqsd ad
YAy
.| 425042 g I 424642
19362 l9362| 19362

(Folio 56, recto and verso)
Folio, 64, recto, is—

405280 | 444004 . ..
| 38724 | 38724 |G WA —

405280 | 444004 ,
| 38724 | ‘77448 IW'T | A— B XY I

179945941120 R
l 2999096352 ! SRR 160000+

—Folio 64, recto.
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., 1[aa642_ | 405280
S ta="g\ 193627 ' )T 38,724"

to(1a41) 405,280 _ 444,004

Hence, sa="3 = 38,724 X 777,448
179,945,941,120
= 72,999,096,352
€, 404 160,007
+8d T 3x21%x(2133)% T 2,999,096,352
e, 179,945,941,120— 160,000
S8 =82 —gq=""7999,006,352
179,945,781,120 _
= 772,999,096,352

Negative Sign

In the Bakhshali manuscript, a negative quantity is denotcd by
a cross (+) placed after the number affected. Thus, 11 7:]- meann
11-7. This is very remarkable. For in the manuscripts of Prithu-
dakasvami (600 A.D.) and later Indian writers a dct is usually pluced
above the quantity for the same purpose, so that according to them
11—7 is denoted by 11 7°. The origin of the use of a cross for tho
negative sign has been the subject of much conjecture. Thibaut hus
suggested its probable connexion with the Diophantine negative
sign 4 ( reversed Y, abbreviation for Aeoyis, meaning “‘wanting”,’
This has been accepted by Kaye?. But in the opinion of Datta such
a conjecture seems to be hardly reliable. For firstly, the Greek sign
or minus is not ¢ but an arrow-head { 1) and ‘it is now certain”,
observes Heath, ‘that the sign has nothing to do with ¢.’! And arrow-
head and a cross are too much different to be connected togethcr,
or too distinct to be confused for each other. Secondly, the Greek
symbol itself is of doubtful origin. And above all, we are not sure
if it is as old as it wili have to be for being the precursor of tho
Bakhshali cross. For there is no manuscript of the Arithmetica of
(1) Indian Amlqu;ry. )_(VII. p, 34
(2) Bakh. Ms. 127, JASB, VIll (1912), p. 357.
(3) Heath, Greck Mathematics, Vol. I, p. 459,
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Diophantus "which is older than the Madrid copy of the thirteenth
century A.D. and again in many cases in this work, the negative
quantity is indicated by writing the full Greek word for ““wanting”
in its different case ending. So we cannot be sure if Diophantus did
actually use that symbol for the minus sign2. Under such circum-
stances it will not be proper to assume the possibility of Greek connec-
tion for the negetive symbol of the Bakhshali manuscript, Hoernle
thinks it—though he is not quite confident in this respect—to be the
abbreviation ka of the word kanita or nu (7 or uma, ) of the
word nyuna, (qq), both of which means “‘diminished”” and both of
which abbreviations, in the Brahmi characters, would be denoted by
a cross®. Datta thinks that this supposition has got a very notable
point in its favour. In the Bakhshali manuscript all other arith-
metical operations are generally indicated by the abbreviations
(initial syllables of the words of that import, though often the words
are written in full and occasionally nothing is indicated at all).l So
it will be very natural to search for the origin of its negative sign in
that direction. In this way, Hoernle’s hypothesis appears to be a
very probable one. But its principal drawback is that neither the
word kanita (wfag) nor the word nyuna (ﬂ‘{ﬁ) is found to have been
used in the Bakhshali work in connection with the subtractive opera-
tion. The nearest approach to that sign is that of ksha, &, abbrevia-
ted from kshaya (27, ‘“‘decrease”) which has been used several times,
indeed more than any other word indicative of subtraction. The
sign for ksha, (&), whether in the Brahmi characters or in the Bakh-
shali characters, differs from the simple cross (+) only in having a
little flourish at the lower end of the vertical line. The flourish might
have besn dropped subsequently for convenient simplification.

(1)' D. E. Smith, History of Mathematics, Vol. ll, p. 396.
(2) D.E. Smith, History of Mathematics, Vol. 11, p. 396.

(3) Indian Antiquary, XVl p. 34.
(4) 1t may be noted that abbreviations of all sorts of things, mathematical

as well as non-mathematical, have been freely used in the Bakhshali
work (vide 62 of Kaye)

&, a° (for asva, 174, horse.

g, ha (for hasti, grd, elephant)

&, u® (for ustra, 3%, camel) )
(carried over to next page)



Least Common Multiple 41

Least Common Multiple

The plan of reducing fractions to the lowest common denomin
ator before adding or subtracting is known correctly to the author of
of the Bakhshali mathematics, We have a few instances of ith ap-
plication in the work. In one instance!, it is rcquired to find the
sum of the fractions.

1,15,15,1%, 13

They are first reduced to a common denominator (m fisndd)

so as to become,

120 90 80 75 72

60 * 60 60° ©60° 60 °
437.
respectively. Finally, the sum is stated to be — ~60

Y, go® (for go, M, cow)

@, di (for dinar, A7, a coin)

f&, i (for lipta, fca, a minute of an arc)

fa, vi (for vilipta, fafaea, a second of an arc)

*, g, or zero or empty space, a cypher

g, y, pa® (for pada, 93, a term)

and similarly of plants. In mathematical opcrations, T (bhu)
for WRT, a divisor; & (she) for Y, a remainder, ¥ (mu) for §u
a root, and % (pha) for!' %, an answer.

(1) e fawmr qRin TS9N gSw T
eaay svea: qa fFad - sran

|l20|90 80 60|72|a'a g s 12090 | 80, 95, 72

qut A 3 sa 437 sy w377 qw Afor gaay

Folio 1, recto and verso,
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In a different instancel, it became necessary to add up,
%’ ’ % ’ % ’ %
{t is stated that the sum, after having reduced to a common

. S oy e 1 . .
denominator (gTwR¥ 3d ag), will be —6663' On reducing the fractions.
18,7211
to a common denominator, they are stated to be respectively?2,

924 836 798
1463 ° 1463 ° '1463°

(1) H0 & | FYOT FABT QF TATI |
2134

i5|3r4]5|

ag gfawiady I gy 53 ga[

163

l a"gé'r:"'
60

Folio 17, recto,

(2) 3aT0 1) PN fafeq fawe s afus gaq )

fa--- I qdr
7+ | 34 |5+
12 12 6 l
12 12 6

siwt faatsa fasiadq =i feaa 1 ou - frad
AR LA T F{ A
“SATAHER

| 924| 836' 798
1463 | 14631 1463
| 924 | 836 | 798 | uui gfa fraa > smar | 2558 | =
siverd 1095 qarfrgeas

Folio 2, verso.
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A fairly difficult case is to simplify?,

134 133 14, 4
TRt ts + ‘it

(Q) """"'arlt!'ﬁ[
g FITMRATE WIS AAGAN]
Frawrr aafedd fedgafocn e g
WOIR FRANT T o feaqen &
oy oy gt § X w5 gfg afteq
FLFAEAT Freauqer spoerd sfeaearar

1
44-2 3 5
Jar 12 334}l 1 | srogy 1200 syfirenfr

L 1 1 1 360| ll I
( 2 3
Translation ;

----- and also twelve and a half in thirty three, and one third days for the
best wine for the consumption of merchants. In the treasure house was stored

twelve hundred. Say O Pandita, how long can this expenditure continue.
The statemcnt means—

daily income =

1
Daily expenditure = I.gg +l3; 1% + i

84 '3 1}
1 21 12§
+ta+5tasy
1807
240
1807 9 727
(The daily loss is, thercfore.'—u—o— =240

1200 1 800,
and 7—2—;7——-'-:2-&6 x 360= 7‘2‘7' is the pel‘iod)
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The method of finding the least common multiple is found in
the Ganita-Sara-Samgraha of Mahavira (c. 550 A. D.') and probably
also in Prithudakasvami’s commentary on the Brahma-Sphuta-Sid-
dhanta?, but not in works of Aryabhata, Brahmagupta and Bhas-
kara,

Arithmetical Notation—Word Numerals

The arithmetical notation generally empolyed throughout the
Bakhshali work is the decimal place-value notation. This fact has
been differently utilised by different writers. On the one hand,

Hoernle® and Buhlert, who believe in the antiquityeef the Bakhshali
mathematics, consider it as evidence of the earlier date of the dis-

covery of that notation by the Indians. On the contrary, Kaye®
who believes in the non-Indian origin of the place-value notation
and in its late introduction into India, considers its general adoption
in theBakhshali work as proof against the hypothesis of the previous
writers about the early date of this work. It is now definitely known
that Kaye's notions about the origin of the place-value notation is
wrong. It was invented in India about the beginning of the Chris-
tian era, probably a few centuries earlier. For this, one may con$ult
the writings of Datta®. But apart from that controversy it should
be noted that the nearly exclusive application of the notation in the
Bakhshali work is very much noteworthy in asmuch in almost all the
available Indian mathematical treatises, save and except the Arya-
Bhatiya of Aryabhata (499 A. D.), we find copious use of the word-
numerals. There is, however, evidence to show that the author of
the Bakhshali work did know the principle of the word numeral
system of arithmetical notation. In it we find the use of the word

(1) GSS. Ganita Sara-Samgraha, 111, 56.

(2) Colebrooke, Hindu Algebra, p. 281, footnote; p. 289 fn. Also pp. 178—9.
(3) Indian Antiquary, XV, p. 38.

(4) Indian Paleography, p, 82,

(5) Bakh. Ms., Sec. 131.

(6) Datta, “4 Note on the Hiudu-Arabic Numerals “( Amer. Math. Month.,
Vol. 33,1926, pp. 220—1), “Early literary evidence on the use of the zero
in India” (Ibid., pp, 449—54); ‘‘thc present mode of expressing numbers’
(Ind. History Quart., Vol. 3, 1927, pp. 530—40 “Al Biruni and the origin
ofthe Arabic Numerals' (Proc. Betiares Math. Soc., Vol. 7, 1928)
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®q, rupa (= 1), T, rasa (=6, and qrz, pada (=1)? with numcrical
significance. The use of the last word is as old as the Vedas. ‘I he
first occurs as early as in the Jyotisa Vedanga® c. 1200 B.C.) unl
second in the Chandah-sutra of Pingala (before 200 B. C.)*. Aganin,

in speaking of a very large number,

2653296226447064994 ...83218
the Bakhshali mathematics writes® :
Sadvimsasca tripancasa ekonatrimsa eva ca

Dvasa (sti) sadvimsa  catuhcatvalimsa  suapltati

Catuhsastina (va)... msanamtaram

Trirasiti ekavimsa asta....... pakam,
Clearly the principle of the word-numeral system has bcen
followed in this instance. The only departure from its populor
features lies in (1) the use of the number names in the place of tho
word-names and (2) the adoption of the left-to-right system in tho
arrangement of the figures. But, according to Datta®, these featurcs,

(1) fafed sndasaqaans aftsq: |
fedrd q=afead @Ay ga: b

—Folio 60, verso.
(2) - fawe | 1| T30 3Y oy idfore | 35 |
| 4] | 4]
—Folio 4, recto.
(3) Yajus-Jyautisa, 23: Arsa-Jyautisa, 31. *
(4) Chandah—Sutra, VI, 34: VI, 2, 3.

(5) Saro asfamma farsaidaT fada =1
grw ... gsfaw ageacataa awfq |
ageafss 43 Fad O |
fatriteastamee - -qwq 1

(2653) 296226447064994...(83218)
—Folio 58, recto.

(6) Sec Datta’s papers in the Baugiya Sahitya Patrika, 1335 B. S. (1928), pp
8-30 on the comprehensive history of the origin and development of the

word-numerals,
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<
though not common, are not altogether foreign to the system. Once
at least the author has followed the right-to-left sequence. For the
compound word ‘Catuh panca’ (ar{.-q'sil’) has becn used to denote

orce | 4|5 and again | 5|4 . (Folio 27, recto).
Regula falsi

The rule of ““false position” or “supposition” is used in two ways
in our text? in solving linear equations.

(i) f (x)=p is solved by assuming a value e for x. This gives
f(e)=p’ and the correct value of x is ep p’.

An example is,

The amount received by the first is not known. The second
receives twice as much as the first, the third thrice as much as the
first two and the fourth four times as all the others. Altogether they
receive 300. How much did the first receive ?

Suppose the first receives one, then second rcceives 2, the
third 9, and the fourth 48 ; or altogether they receive 60. Actually
therefore, the first received 300/60=>5.

(ii* 'f f (x) =p, reduces to bx+c=p and f (e*=p’ reduces to be
+c=p’, then x=(p=p’)/(b+e), which appears to have been consider-
ed useful when it was desired to keep b and ¢ unchanged.

For example, if x, +x,=a,, x,+x3=a, x3+x, =ag, we have
2x,+(as—a;)=ay ; andif in place of x we put e then 2e+(ag—a1)
=a’y and the correct value of x, is (a;—a,’)/(2+e).

This rule of ‘false position’ is interesting as being, in a way, a
precursor of algebraic symbolism. It connotes the idea of an un-

(7)) Norule is preserved in the text but Bhaskara Il gives the following (Lila-
vati, 50) :
“Any number assumed at pleasure is treated as specific in the particular
question, being multiplied and divided, raised and diminished by fractions,
then the given quantity, being multipled by the assumed number and
divided by the result yi¢lds the number sought.
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[
known quantity and even of a symbol for that quantity (c. g, na in
our text) but it does not embrace the notion of such a quantity heing
subject to operation or being isolated. As soon a8 we intreduce
algebraic symbols, the rule, as it were, disappears. Algebraicully, the
rule solves bx=p by x=ep[p’, where p'=be, which shows that the
transformation from bx =p to x=p/b was not conceived.

There is no algebraic symbolism in our text but it may bo noled
that Bhaskara gives both the regula falsi and also an early form af
algebra’c symbolism. Neither Aryabhata, Brahmagupta nor Sridhava
gives this rule or makes use of the principle. On this, Kaye says that
its occurrence in the Lilavati, therefore seems to indicatc that it wan
introduced into northern India after the time of Sridbara (XIth cent,),
Mahavira (IXth cent.), however, uses the method in rather a spccinl
way in connection with a geometrical problem!.

But such a surmise according to Datta is wholly baseless, Wo
shall sum up here the views advanced by Datta :

The rule of ‘false position’ has been applied in certain cuses in
the Ganita-Sara-Samgraha of Mahavira. For instance, for f inding
out unknown quantity (avyakta, srach; ajnata FA1d), the sum of 1he
various fractional parts of which is known, Mahavira says :

“The given sum, when divided by whatever happens to bo tho
sum arrived at in accordance with the rule (mentioned) before by
putting down one in the place of the unknown (element in tho
compound fractions), gives rise to the (required) unknown (elements)
in (the summing up of) compound fractions?2",

We have a few other instances of this kind in the work®!,
Further Mahavira has applied the method of supposition in solving
certain geometric problems#, Hence Kaye is not truely accurate when

(1) Ganita-Sara-Samgraha., VIl. 112,

[2] Ganita-Sara-Samgraha ll1. 107. Comparc the original cxpression in the work
gqegTaey cic. with the passage gy ¢qY &9 gl and similar oiher
passages in thc Bakhshali work [folios 25, verso and 26, recto; compare alsa
folios 23, 23]

[31 Ibid M, 122, 132, 135--7

[4] Ibid. VI, 112, 221, This should be more accurately called the gcometrie
prototype of the regulu fuls! of ulgcbra,
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he says : ¢“Mahavira (9th century), however, uses the method in
rather a special way in connection with a geometrical problem”!. Ia
fact Mahavira has made more extensive use of the method in connac-
tion with certain algebraical as well as geometrical problems. Stlll
it is quite true that he has not made as general use of the method
as is found in the Bakhshali work, or even in the Lilava/:®, In any
case, Kaye's hypothesis of the foreign import of the rule of false
position into India after the eleventh ceptury must be abandoned.
It should be further noted that Mahavira (c. 850) is a contemporary
of the earliest Arab algebraist to use that rule, namely, Al khowar-
rizmi (c. 825). Hence it is quite certain that the Hindus have not
taken the regula falsi from the Arab scholars, f they have done so at
all from a foreign nation3.

Known still earlier in India—

It should be observed that the rule of false position was report-
ed to by the Arab and Furopean algebraists at the early stage of
development of their science when there were no symbols, It almost
disappeared from amongst them, as it is bound to do so, with the
introdnction of a system of notations®. It will be nothing unreason-
able to expect that such had been the case with that rule in India
too, if it was ever followed here. Now it is a well established fact
that the Hindus reached Nessel-mann’s third and the last stage of
development of the science of algebra long before all the other
nations of the world. They invented a good system of notations

(1) Bakh. Ms., Sec. 72, This statement of Kaye followed by another of the same
kind, “It (the regula falsi] occurs in no Indian work until the time of
Mabhavira” Sec. 134], v ill obviously contradict his previous statement, *‘Its
occurrence in the Lilavati, therefore, seems to indicate that it was introduced
intonorthern in India after the time of Sridhara [l1th century]” Sec. 72].

Thus it appear that Kaye is not sure of his own grounds.

(2) Certain problems in the Bakhshali work, the Lilavati [pp. 10 et. seq], the
Trishatika [pp. 13 et seq] and GSS [IV, 5—32] which are of the same kind
but differ only in detail, have been solved in the first two works expressly
by the regula falsi, but not so in the other two works, thought in them the
unknown quantity has bcen tacitly assumed to be one.

(3) 1t should be noted in this *connection that while there are ample proofs in
the writings of thc carly Arab scholars of their heavy indcbtednessto
Indian Mathematics it is still to be provcd that the Indians took anything in
return from them.
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by the beginning of the seventh century of the Christiaf era. It huw
been laid down by Brahmagupta (628 A D ) that a thorough kuow

ledge of algebraic symbols (varna) is an essential qualification Tor i
good algebraist®?. We find mention of a symbol for the unknown
even in the Aryabhatiya of Aryabhata (499 A. D.). So the mothod
of false position must have disappeared from India before that timo,
Oritis at least bound to have been regulated to a very inforior
position from that time. This wili account for the absence of (he
method from the works of Aryabhata and Brahmagupta as well uu
for its limited application in the Ganita-Sara-Samgraha of Mahaviru.
There is now left no direct evidence from the Hindu source to show
that that method was followed in India before the fifth century A. 1),
Unfortunately no Hindu treatise on arithmetic or on algebra which
can be definitely referred to that period has survived and come down
to this day with the exception of the Bakhshali manuscript, Thero i,
however, external evidcnce. A mediaeval. Arabic writer of nolo,
possibly Rabbi Ben Ezra (b. 1095) refers the origin of the rule of
false position to Indiat. And if our hypothesis about the origin of
the term yavat tavat (714 araq) for the unknown in Hindu algobra
be true, it is in all probability so, then there will remain very little to
doubt that the rule was known in India much earlier.

The rupona method

There are several references to the rupona (@ﬂﬁ ) method, and

the phrases rupona karanena (gftw q;zaw) or pratyaya rupou
karanena (scaa ®ator F7qur) occur. In all the cases in arithmetical
progression according to the rule.

SH (=1 § +a]t

[t] Smith, D. E, History of Mathematics, Vol. W, p. 437.

J2] Brahmagupta says : ‘By the pulverizer, cipher, negative and affirmative
quantitics, climination of tnc middlc term, colours [or symbols and facium,
well understood, a man becomes a tcacher among the learned and by the
affccted square’ (Colebrook, Hindu Algebra, p. 325).

(1] Smith, D, B., listory af Mathematics, B, p, 437, footnot ¢
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The recurrence of the phrase rupona karanena (gq‘m q;zui-q)

seems to imply that the rule in question began with the term rupona
which corresponds to the (t—1) of the formula!. The rule is not
preserved in our text but we find the following in the Ganita-Sara-
Sangraha of Mahavira?2,

“The number of terms is diminished by one, halved and
multiplied by the increment. This when combined with the first
term of the series and multiplied by the number of terms becomes
the sum of all”.

The rule is exemplified in two ways in our text of which the
following are particular cases :

(i)arrll i3°1\q’°l9 ’
1

TNT FI(T A9 I 19
1

() #aw lanl|qo1
1, 1

go 19 | g7 FoiT s 19
1 1

Folio 9, recto, verso.

3o 3'3‘0 490 3|sﬂ=r$tv‘rawa'qs. 21
1 1

Folio 7, verso.

g7 * &1 I qifaqen s woqw | 210 | f
& sqafy fafad o \ 217
Folio 4, verso
SeFd | SIS TAT WI{, 65|m
fg 65

Folio, 5 recto.
(1) Isthisa faint ccho of Pythogorcan style ? Anatolius writes : The Pytha

goreans statc that their master, in conncctiun with numbcrs that form a
right-angled triangle, showed how such could be composcd by means of
unity’. i. c.,

[§@*-D))P+a?= [ (@®+D)?
See . Tannery : ‘Mcmoires Scientifiques, 111, 14.

() AR B TAF@ ¥ IO A Ak

AT qIIRRGEEFfGd  wafa  aqwi 0
GSS. n, 63,
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which means : a=1, d=1, t=19; by the rupona method, the
answer iss=1 0.

(ii) In section ‘C' the application of the rupona method ix
aiways worked out step by step. For example, when a=§,d. 1,
t=1178/29; then s=[(t—1)345] ¢; and the rupona method is applicd
as follows! :—

149 149_ 447 447 447
(t=D="355: 3x 55= 953 X 3= "5~ ;
447 73T 737 178 65593
58 58° 58 * 29 T ®ar
836
=154

The origin of that name is supposed by Hoernle? and Knye"
to be lying in the fact that ‘‘the rule in question began with the
term rupona [(&3--3A), i.e. onc less] which corresponds to the
(¢—1) of the formula’, The term rupona literally means, “dcduct-
ing one””. Asthe rule is not pressrved in the available portion
of the Bakhshali mathematics, it is not possible to verify this

(1) 6| 447 ' efed| 447 | ey | 737 \
zlz 29 | 58 ’ 58
! 60* | & 77 @ | 178 | s gf e 65593
i 16w r ! L 841
60*
33f | e e d frad ) | 65569 , Wit g&"
60* ‘ 841
6 fa
60* | scag dufudwa | 1 | 7 dYo | 178 wwyq
We 6 | 1 ' 1 9
29
AT 42 W 38 frdads  *++77
. 29

(Folio 7, recto.)
(2) Indian Autiquary, XV, p. 47.

(3) Bakh.Ms., Sec. 13
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supposition. Kaye, however, points out that the rule has very nearly
the same beginning in the Ganita-sara-samgraha® of Mahavira :
Ruponena gaccho duli krtah... (w7 TSBY =AY Fa:). According to
Datta, the above interpretation of the origin of the term rupona
karana, though not impossible, does not appear to be very convinc-
ing. The technical terms which are commonly vused in the Bakhs-
hali matbematics in connection with the arithmetical progression, such
as adi, prabhava, caya, uttarapada dhana, etc., are all the same as in
the other ancient Indian treatises; the name rupana karana is unique
for it. It is not met with elsewhere. It is further noteworthy that
no other term in the Bakhshali mathematics, or in any other Indian
mathematical treatise, is known to have been formed in the same
way, with the opening word rule.

It may be noted here that in the Bakhshali mathematics, the
word rupa (gq) occurs also with different significance than unity.
For instance, we find?

4

4
LB (bha) jitam ) ! jatam | 2 | Jabdham sarupa | esa

rupadhikam | 3 | esa kala... av \ 3 ‘ u° 4 pa® 3 I
1
|

rupona‘karanena phalam ru® 21 | dvitiyasya trairasikena...
l d1°’ 7 ’ 3 ’ div pha® ru® 217 |
1
or ‘ ..divided becomes 2; ‘quotient plus 1 (rupa),’ this increased

by 1 bec mes 3; which times..by the ruponakarana, the result is
ru® 21, Of the second, by the rule of three, the result is ru® 21”.

1) ii, 63.
(2) Folio 7, verso. The problem is
Tt= [(t-l)—%~+3 ]r, whence (= 2@“ =3.

By the rupona method, 5$=[(3-1) 443] t=21 and by the
‘rule of three’ 1:7::3:21.



Prools X7
~1n this passage. the number 21 has twice been marke¢
abbreviated from rupa. 'Again in a sutra (folio 8, recto) relufed
an arithmatical progression, we find the passage /al
vinirdiset, (mse &1 fafafedry), that is, ‘the quoticnt should he indi.
cated as rupa’. Herc again the term rupa seems to huve n prucly
technical significance. Therc arc other instances in which rupn does
not mean one, but is uscd in connexion with an integert. Similur uno
of the word rupa is found in liter {ndian mathematical treatiso wheie
it denotes, besides 1, an integer or the intcgral part of u mixed
fraction®. 1 venture to amcnd the word rupna (:gvﬁ:r) to rupunm
(waor) 8 Then it will mean ‘making rup.® which mcans ‘known or
absolute number,” ‘known quantity as having specific form*’. So
rupana-karana (gqurFor) will mean the method of making ahsolute
number’, that is, ‘totalization’ or ‘summation’. This hypothesis will
be strongly supported by the expression ‘rupana karancna phulim
rupam rupa 2I’ (gqu 367 & ¢ w7 21, or ‘by the method of
making rupa the result is rupa 21°).

Proofs

To many solutions are attached proofs, which are genernlly

introduced by the term pratyayam, ge1a9. ‘proof* or ‘verificution’,
Th's is sometimes amplified into pratyava-trairasikena (seqa @ufir-

(1) Folios 21, recto; 60, recto; etc.

t%hm"' fax qar | fasy a=afafedar 7

—Folio 21, recto.

gFAfqufan ,‘l‘liﬂ lo' ®q 8 ‘ \ - faafarfea
1 1

—Folio 60, rccto.

(2) See Br.Sp. Si, XW, 2; Trisatika, pp. 7 e\ seq; Lilavaul, pp. 6, 7; Bija.,
pp. 2 et seq; (Colebrooke : Hindu Algebra, p. 149).

() Rupona (gqYe = &qY) may be an archaic form of rupana (gqur)

(4)  Sce Monier-Williams, Sanskrit  Euglish  Dictionary, revised by
Cappaller and Lecumann, on rupa. Compare this use of the word
rupa with its usc in algebra in the sense of absolme known number

~ia 1410 00 equation..
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F7) ‘proot: by the rule of three’, or pratyaya-rupona-karanena
AT EQAFET ‘proof by the rupona method’.

Sometimes the ‘proof’ scems to be merely a matter of rewriting
a statement in another form, but generally the answer is utilized and
one of the original terms of the problem is rediscovered. Occasion-
ally the ‘proof” consists of a solution of the original problem in
another way, e. g., by steps; but sometimes it deals with a subsidiary
aspect of the original problem. In certain problems approximations
are employed and then the ‘proof’ may be described as a process of
1econciliation. These ‘reconciliations’ entain a comparatively high

degree of mathematical skill. Occasionally several different proofs
are attached to a problem. The following are specimens.

(1) Problem & t~7=¢ t+7

Solution ¢=2x7/|(5--3)=30.

Proof t—3:5::30 : 50, 5:6::30:36 and 50—7=3647
—Folio '61, recto.

(2) Problem—A gives 24 in 1} days,
B gives 3} in I} days.
C gives 44 in 1} days.

In what time they have given 500 dinaras altogether ?°

(1) arm =137 awear wafd o
sag gufnda fivady
3 ,15,30’% 50  weu frfaeea zar | 7 |
1 1
SN 1 0 — N
lsmso 36 43 | Q¥ |wyaT Arar

—Folio 61, recto.

(2)"'I473500 afqa Sar & & 500
947

(carried over to noxt page)
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Solution, 500 60000
t=3r 3T ap = 947 988
"1+ T+_1’
LI R
And A gives 100,000/947, B gives 157,000/947, ¢ !
216,000 ,.
047 dinaras.
100,000 . 60,000
L o JL oo 770774 o 270
Proof, 2§ :1% :: 947 - 047
3y 11y 137,000, 60.000
947 947
a1 :q2 s . 216,000 60,000
704 947 947

Folio 22, recto.

(3) Problem. Oneearns e and spends / daily. How long
will a capital of C last ?

Solution, = ¢ —

(02 e)
Proof, 1 : f: : ¢ : F (the total expenditure).
1 :e::t: E (the total earnings) and F—E=C

(4) Problem, If 7 are bought for 2 and 6 sold for 3, and tho
capital is 24, what will be the profit ?

Solution, p= —[sg: =24 (3+

: 24 : 84 (the number of articles)

§—1el8

Proof, 2 :7:

and 6:3::84:42 (the total proceeds),
and 42~24=18.

or wlie::Cimysiliin:CHp
and C+p--C=p, o
2 &o 1#o 100000 Yo & o 60000
1 1 947 947
2 2
3%e | 1ld&ro | 157000 o % dto 60000
1 bl 947 947
2 | 3
D 216000 o % ave 60000
1 | 947 947
2 4

Folio 28, recto.
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(5) Problem. x(1--%) (1—1%) (1 -A})=x-—280

Solution.! 4%0= 200, 400— 200 = 200

.‘2_0=50 200 = 50 =150

'io—zo 15030 = 120

and 400 - 120=280.

—Folio 52, verso.
(6) Problem.

(4% (2+4% (3+§ @+3 G+
Solution=192
Proof. ((((( 8—1) 2~2) 2—3)-4) 2—5—})=0.

(7) Problem. Solve x+S=s52, x—T=r2
Solution. x= (5+7 ) +7=11

Proof. 114-5=40 ; 11-7=2,

/

—Folio 59, recto.
(8) Problem. F= s () +5@+103)+3 4

l+2+1-; 4
163 - 60 163
Solution. F e — 16 &0
L 163, . .. 163
PrOOf 10: 60 HEE IR W

(1) ser gumt wawr @5
wa wafa 150 sarfr a==amT 30 1 Q@

1 |1 %o fiquar 280
4 1S5
1 11
24| 44|
l+|

qAHT AEFIO Fa...280 | sfwgfa | 28 Ism’ 40 |
40 28 |

&g 280 ford N 400 Q¥ G wafa

vy

—Folio 52, verso,
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0. 163 ..,.. 163

%0 Z—SFO
| 10: 1660:2::3::%
10: -13%3::4:::56—3

or, since F= 2fxw y SW I Sfxwiiw, twF

sw
(9) Problem. Dt= [ (t—lz)‘—l +a] t

Solution. ¢ —--g—(Bd"- q)—i- 1

Prcof. By the rupona method, s = [(r - l)% +a] t

and Dt=y.
(lo) Problem. s = [\’;211‘—1 +a] t

Solution. t={,/(2a—d)?+85— (24— d)}+2d
—Folio 65, verso.

Generally the solution is an approximation ¢, or f, depending
on the method of evaluation of the surd quantity; and the rupona
method gives s, or s,, neither of which is the same as the original s.
A process of reconciliation is therefore cal'ed for, and this is given by
e
84
and e may be termed the square-root error. Problem. a=1,d=1,

5=60. First solution, #;=={,/(2.1 —1)24-480— 1}-+-2.1 .

s—s' = where s’ is the approximation to s given by the proof

1 40 880

—Folio 65, verso.
88_0 x 964 - 848,320
84 168 14112
e, 848,320— 1600

40 \?°
e = ('42‘) and sws,— P 14”2_.-.50

Fi“t pl'OOf. Sl=t1 ('1+l)+2-

—Folio 56, verso.
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Second Solution. 1= (324542 ) 405,280

19362 o= 38724

405,280 444,004 _ 179,945,941,120
38724 71448 ~ 2,999,006,352 °

Now e,-( ) +4 (214 ———2-)’
od 160,000
a 7 2,999,096,352 ’

e, _ 179,945,781,120 —60
8d ~ 2,999.096,352

—Folio 64, recto.

Second Proof. s,==

and s=s,~

(11) The problems in section ‘G’ are characterised by nume-
rous proofs—as many as five separate proofs being attached to one
example. The following is fairly typical

Problem. x=500(1-%) (1—%) (1-§)(1-})

Solution, x=158 {3
Proof (i). ¥ (1=-9) (1-§) (1-1) (1—4)=15843.
whence x'=500.
This is written horizontally.
Proof (ii). x' (1-4) (1-4) (1-3) (I1-§)=158}3, whence
x'=500. This is written vertically.
(1) S0 agwiw TR A AA-TSAHY |
see veon a‘w m

0 158 go w& g& 500 1 IAA FEAR WY
1 1

1, 5*ato

T

1, 64

4 500“ 1 l \ % e
1 1| 14]1

gt +l4 14t 4+\

AT 158 o 1 ®o 1
64
—Folio 11, verso.
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15843
=T 0= (= 1= 3= 3
Proof (iv)—By steps,
500+-4=125, 500 —-125=-375;
375+-4=933, 375-933 = 2814;
2813+4=T0%, 2811 =70, =210}1;
21015-+-4=5247, 21015 —5247 = 15813,
—Folio 11, verso.

Proof (iii), x’=

Solutions,

The solutions are sometimes very detailcd, procceding most care-
fully step by step, so that they become expositions in general termy
of the processes involved. Also they often give actual quotationn
from the rules,-to such an extent sometimes that the original wording,
of the rule can be reconstructed. Unfortunately, however, such
helpful suggestions are more often missing than not : in many cnscs
the particular portions of the manuscripts are lacking or damnpe
beyond repair. In some sections, e. g. section ‘M, nothing but the
bare answer is generally given, and in others the outline only of tho
working is given,

The following examples illustrate these remarks :

(i) The problem is DT+ Dt=={(t—1)4a} t where a and d nre
respectively the first term and common difference of an arithmeticnl
progression, and ¢ the number of terms, to be found. The rulc is

t={2(D—a)+d+/\2(D—a) + R 4+8DdT}+2d and the puiticu
lar example gives D=5, T=6, a=3, d=4., The actual working of
the solution, translated as literally as possible, is as follows :

“The daily rate diminished by the first term;* thc daily rate is
five yojanas, 5; the first term is 3; their difference is 2: this doubled
is 4: *this increased by the common difference is 8; and squarcd is (4
which is known as the ksepa quantity.* *Multiplied by elghl" s the
fixed term (30) multiplied by cight is 240; and multiplicd by the cam-
mon difference—multiplied 960. *The quantity known as ksepa is
added*. Now the quantity known as kshepa is 64, which added gives
1024. The root of this is 32; the quantity set aside is 8 and thiy
added gives 40. *Divided by twice the common difierence: *twicce
the common difference is 8—divided 5.

* The phrases marked off by asterisks are quotations from the sutra or
rule.
9
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The ph}ases placed between asterisks are quotations from the
rule. A perfectly literal rcndering would not be very intelligible to
the ordinary reader and one or two gaps have been filled in; but the
translation is a perfectly fair representation of the original.

(i) The problem may be represented by x(1—3%) (1-1) (1—-3)=
x— 24 and the solution is given as follows : —

*Having calculated the loss on unity* the terms become
4, 1, 3, and these multiplied together give 2. This subtracted from
unity gives 3, which, inverted and multiplied® by the given amount
24, is § of 24=40,

(iii) Something travels 3 yavas a day. How long will it take to

80 5 yojanas ? Here the solution is indicated by the following pro-
portion only :

3 ya° : 3—:’0years : 2 5x4,608,000 : 21,333 years 4 months.

Symbols for the Unknown
In the Bakhshali mathematics the unknown quantity is referred
to by the symbol O, which is called ‘sunya,’ i (‘void’ or ‘empty’)?,
Datta thinks that stricilly speaking it is not a symbol for the

1. Literally “divided and multiplied” into. This is generally used to
indicate division by a fraction.

2() faqvi fgdtuea samr @7 | sww Sgin 47 wgd
SO ¥ "@as g | 9967 AW I {5 s
N HF dhie
l]2|3|4|...@q‘gﬁqrm
120140 | 60 | 80 | g5 2C0 | gyt
lanzlolaZ?’iw”sﬂmw‘rmsaMo

_ —Folio 22, verso.
The problem of this type :

‘‘A certain amount was given to the first, twice that to the second,
thrice it to the third and four times to the fourth, Statc the amount given to
the first and the shares of others, if the tota] amount given was 200.”

The shares are represented by 0, 1, 2, 3, 4. (Here zero stands as a
symbol for the unknown). Now having added 1 to the unknown (nought), the
sum is | 42434 4= 10, which shows the proper share of the first is 2(;0110
or 20, and the serics is 204-40-4 6080 = 200..

The proof by the rupona method gives, (Contd. on the next page.
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unknown as has been supposed by Hoernle! and Kaye?, For tho
same symbol has also been used for the ‘zero’ (sunya) for the decimal
arithmetical notation. This is, indced, its true significance. Ix 1no
in connexion with an algebraic equation, in a sense other than for
arithmetical notation, is simply to indicate that the quantity which
should be there is absent or not known3, Hence its place in tho
equation is left vacant and this is clearly indicated by putting tho
sign of emptiness there. Or in short, the use of the truely arithme-
tical symbol for zero in an algebraic equation is a clear proof of tho
want of a symbol for the unknown in the Bakhshali mathematics.
Correctness of this interpretation will be borne out by the facts
[1] that this symbol does nowhere enter into any operation, us it
ought to have done had it been truely a symbol for the unknown,
and [2] that often times it is referred to as sunya, sthana or tho
‘empty place’, proving thereby that nothing is in that placc®, This

[ (4-n%-+2014=200.
2(ii)...q faavi—
= sqwea g I wag
|0, agr 2 , aar (
1 1 .
agser fead g seT | | | qemd g S 1
‘2236...;;&1&3&[3‘ l|2|6[24|...
Illl'lll ll‘
wafert 33 1 qud fawag | 132 aedoa m
Folio 23, recto,
The example may be rcpresented by
x+ 2Ty 3T, 44T, =132, where Ty, T,, etc, represent the values

of the first, second, etc. terms. Make x=1, then the terms are 14246424

=33, whence x= lg; =4 and the series becomes, 4+8+%44-96

= 132 (Kaye).

(1) Indian Antiquary, xii, p. 90; xvii, p 30 .

(2) Journ. Asiat. Soc. Beng.. viii (1912), p. 357 ; Bakh. Ms., §§ 42, 60.

(3) Compare such expression as mulam na jnayate, Q’\ﬂ' T Fraa (oo 13,
verso; 15 verso, prathamam na janami) 99y q qErfe (24, verso),
padam na jnayate gz 7 sygeq (54. verso), efc. in each case of which
the ajnata, gryq (unknown) element has been indicatcd in the state-
ment by sunya, graq,

(4) Folio 25, verso ; and folio 26, recto,
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hypothesis will be further supportcd by thc fact that the similar use
of the ‘zero’ sign to denote the unknown element in the statemen ¢

(nyasa) of problems is found in the crithmetics of Sridhara! and
Bhaskara2. Thus we havc?,

anfz:20 | 30 wsw: 7 | wforawm 245 |

which is a statement of an arithmetical progression whose first
term is 20, number of terms is 7, sum is 245 and whose common
difference is not known. Both thesc writers have well-defined
notations for the unknown, and do nevcr use the cipher in this way
in their treatises on algebra. But as the use of algebraic symbols is
not permissible in arithmetic, they make use of the cipher to indicate
that certain clement in a problem is warting. Of course, the cipher
has wider use in thc Fakhshali mathematics than in any of these
works.

The lack of an efficient symbolisin is bound to give rise to a
certain amount of ambiguity in the representation of an algebraic
equation, especially when it contains more than one unknownt. For
instance, in®

0 S g 7 0
1 : 1

a 0 74 0
1 ° 1 q

| 1
which denotes ,/x45=s, Vx—71=t, different unknowns

will have to be assumed at different vacant places. Again in the
statement®.

3
|
i

AN 5,36 /g0 O
1 1 1 1
ar 103 3|q0|g O
1 1 1 1

which refers to two arithmetical progressions whose first
terms:and common diffcrences arc different but known, and whose

(1) Trisatika, pp. 19 et seq.

(2) “‘Lilavati’, yp. 18 scq. This is not evident frem Colebrooke’s transla
tion of the works wherc the cipher has been replaced by the query.

(3) Trisatika, p. 29.

(4) Nearly similar difficulty and inconvenience were cxperienced by the
Greek algebraists who had only one symbol for the unknown.

(5) Folio 59, recto. Hoernle and Kaye are not right in thinking that this
statement represents
X+5=s%and x~T7=12,

©6) Folio §, recto,
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tums and number of terms arc equal but unknown, ? stands in the

place of two different unknowns!. To avoid such ambiguily, in ene
instance which contains as many as five unknowns, the abbrcvi-
ations of ordinal numbers such as pra, g (abbreviated from prathama,
qqn ‘first’), dvi fg (from dvitiya, fgda, ‘second’), tr, § (from trtiya,
g, ‘third’), ca 5  from caturth, a‘qﬁ, ‘fourth’) and pam, ¢ (l'mm
pancama, gsa%, ‘fifth’) have been used to represent the unknowns;

e gt

9gq|7 faimq 8= |llq|gqsd Sea®

7fgli0 g

which means,

8= 'lld | 9g! (%)
16117 18119 | [20]

X 4x3=16, x4 x;=17, X5+ x,= 18, x,+x,=19,
x54x, =20.

The want of a proper symbol for the unknown eventually lecads
to the adoption of the method of ‘false position’ or ‘supposition’
for solution of algebraic equations. The solution generally begina
with putting ‘any desired quantity’ (qq‘—,g yadrecha) in the vacant

place?d.

m

2)

3)

Itis not easy to say what is intended to be implied by placing the
unity below the cipher. It is supposcd by some to be an Indication
that the unknown quantity will be an integer (Kaye, Bakh. Ms.,

§ 60). Such a supposition is quite untrue. For in the instance clted
while dhana is an integer (= 65), pada is a fraction ( =13/3).

Strangely this very statement has been quoted by Kaye just after tho
remark referred to. In certain instances, it is a mixed surd (vido
folio 6 and 45, rectos),

Folio 27, verso. In one instance in Bhaskara’s Bijaganita, initiul
syllables of the names of particular things have been used as %ymbols
for the unknowns. (Colebrooke, Hindu Algebra, p. 195; compare
also p. xi. cf. g FAITHSATHIT IATET FaqeAeqwed; Bija. p 2,
Yadrccha pinyase sunye ag=BT fomme vyﬁ or yadrccha vinyase
sunye, grs@r fea g"(:a' that is ‘putting any desired quantity in the
vacant p‘ace' (Folios 22, verso, and 23, recto). On anothcr cccasion
it is said Kamikain sunye pinyastam, gifa ?:a-fq;m or ‘the desired
quantity is placed in the vacant place (Folio 23, recto and verso). We
have also such expressions as sunya-sthane rupam dattava, [ OTE]

&9 ITFT Or ‘pulting one in the vacant place’ (Folios 25, verso and 26,
recto; compare also folio 22, verso).
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Plan of Writing Equations
In the Bakhshali mathematics two sides of an equation are
written down one after the other in the same line without any sign
of equality being interposed. Thus the equations,
\/-x_—|-5=3’ ,/xj= L,
appear as!
IO Sgqg0 Im‘ 0o 7+ q 0‘
1 1°°1 1 1 1
The equation,
x+2x+3:3x + 12:4x = 300
is stated as?
IO 2 l|3 3|12 4|§eq'300
11lt1]11 1

Sometimes the unknown quantity is not indicated. Thus the
equation

X , X ,x
Tty ty =6
is represented as®
1]1]1|aeg 65
HHHAA
This latter plan is followed in the arithmetical treatise of
Sridhara and Bhaskara. According to the former*

HHMAE ‘
means
X , x x
(55 )=
Bhaskara does not use the lines®. It will be noticed tbat in
all the aforementioned works the absolute term is called drsya, (qw,
meaning ‘visible’ which is sometimes abbreviated into dr (g) A
distinction is sometimes made in its connotation in the different
works. “ The problems in connection with which the above equations
arise are of the same kind in all the works. But in the Bakhshali
work, the term drsya (iw) refers to the ‘gives’ while in the other
works it generally refers to the ‘remains’®. There is, however, one

(1) Folio 59, recto.

(2) Folio 23, verso. See also folios 21, 23, 24, recto, etc.
(3) Folio 70, recto and verso (C). See also folio 69, verso.
(4) Trisatika, pp. 13 et seq

(5) Lilavati, pp. 11 et seq.

(6) The term drsyaoccurs also in the (GSS), (IV, 4) in the sensc of
‘remainder”,
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instance in the Lilavati in which the connotation of drsya is exactly
the same as in the Bakhshali work!, This term is closely related to
rupa (GQ‘), meaning ‘appearance’, which is the same for the absoluto
term in the Indian algebra. We find thus the true significance of the
Indian name for the absolute term in an algebraic equalion. It
represents the visible or known portion of the equation whilo its
remaining part is practically unknown or invisible.

The above plan of writing equations differs much from the
plan found in ancient Indian algebra in which, (1) two sides nre
usually written one below the other without any sign of equality
and (2) the terms of similar denominations are written below ono
another, the terms of absent denominations from either sides being
indicated by putting zero as its co-efficient (Datta).

Certain Complex Series

As already stated, the author of the Bakhshali mathematics is
well acquainted with rule for the summation of series in arithmeti-
cal progression. Indeed he gives considerable importance to its
treatment. There are instances of the geometrical progression in
the work2. There are further elementary cases of a certain class of
complex series, the law of formation of which is quite clear. Ifa,,
Ay, Agyeee oo denote the succesive terms of any series, we find serles of
the type3,

(1) Lilavati, p. 11.
2) |l '3'9!27|81|a;32?|

FTU | IAT " FAAT YwAt N 87 qw gAr geAT WEAET o
242---|gw|1|3|9|27l81]1ﬂﬂ[12l|aﬁa’ WIZIW
A srqmer gy | 2| 6 | 18 | 54 | 162 | g€ 477 Wt

HiE AL '

—Folio 51, verso,
This appears that it represents a double series :
t, + 3t + 3% + 33 + 344
0 + i+ 2 (ht+t) +3 (h+Htatts) 3 (r1+r,+r,,+:,)}"329
Set t, =2, then the first series beccomes 242 and the second 87, and the

1 14 444
combined series, 2-|- ;-"Iés + 27——{- 9 = 329,

(3) The serics of thesc types occur respectively on folio 22, verso ; 23,

recio ; 23, recto and verso ; 25, verso and 26, recto : 24, vorso, and
25, recto ; 51, recto and verso.



72 Bakhshali Manuscript

(1) a3 427, 43a, + 40, +oee .. ... +na,,
(2) a,+2a,43a,+4a,+ .. ... na,-,,
() ay+2a,+3 (a, +a))+4 (ay+ay+az) + ...
@ a,+Q2a,£b)+{3a, &+ (b+d)}+{4ay+ B+2d)} + ... ...
(5) ay+Q2a,+b)+{3a,+(b+d)}+
{4134+ (b+2d)}4- ... e ...
(6) a,+(2a,+b)+{3 (a1+a5)+ (b+d)+
{4 (ay,+as+az)x(b+2d)+...
) ag+(ayr+day) +{ar+d (ay+ayr)}+
{aar3+d (ay+ayr+-ayr?) }+... ...
Evidently the serics (4), (5), (6) are obtained respectively from

the seties (1), (2), (3) with the help of the subsidiary series in
arithmetical progression,

b+ (b+d)+(b+2d)+ ...

Systems of Linear Equations

Examples of the iollowing type occur :

Xy +Xg=ay. X+X3=as....o.uXn+Xn1,=an Where n is

always odd. We have,

ne='ag—a)+...... + (an 1—an 9)+2x, ;
and if we assume x; =p
then, ap'=(a,— @)+ .--... + (an_1an 5)+2p.

Subtracting we get, x, =p+ (an_a’n)/2, which is the solution
employed in the text.

The following examples occur

(i) X3 +x3=13, Xa+x3=14, x4+x,=15.

The value of x, is assumed to be 5, then by ‘subtraction order’
Xy=8, x3=6 and x,;+x,=11. The correct values are therefore,
x1=54+(15—-11)+2=17, x,=6 and x;=8,.

(i) X3+ x3=16, xa+x3=17, x3+x,=18, x4+ x5=19,

Xxg+x7=20.

Here the value of x; is assumed to be 7 and x's+x',= 16
therefore the correct values are x;=9, x,=7, x3=10, x,=8,
xg=11.1

The following are implied,

1. Since in these two particular examples the values of a1 ag,etc. are in
o . . . . n .
arithmetical progress.on a, simpler solution would be x1 = ) where m is the
mean of the series a1, as etc.
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1. (l“) x1 +xa=9, x‘+x3= 5, x3+x1=8.
(iV) X4 +xa= 70, x2+x3= 52, x3+x1 = 66.
(V) x;+x,=1860, xa+x3=1634, xg+x,=1722.
(vi)! xa+x3+x4+x5=317
.\'! +x3+x4+x5=347
Xy +xa+ x4+ x5=2357
Xy +Xq+ x5+ x4=365
X1+ Xa+ x5+ x5 =362

and the following, which, however, is too mutilated to be sure of

(vii) x, +x3=36, xg+ x3=42, X3+ X, =48, x4+ X5=54, Xg+ %,
=60.

The directions seem to indicate that we should cancel by six.
We then get,

a’y=6, d’y=7, a’'g=8, @’,=9, a’5=10 of which the solution is X'y =4,
X’y =2, etc., whence x; =24, x, =12, x3=30, etc.

Further Examples

The next set of examples can be represented in the form
SX—Xp=Cc—d1X1, IX—Xq=C—dy X3, ¥X—Xp=Cc—dnXp.

If we set, a=1-—d, these become,

1. This can be arrangedin the form Nt+y,= 365, ya+ys= 347, ys+y4
=362. y,+ys=317, ys+y1=357. Solving this we get X, 4 %= 210,
Xa+x3=170, xg+x,=155, x,+x5=147, x5+x,=192, which
solved gives X, =120, x,=90, x5=80, x,=75, x;=72. (Seedolio 1)
Also note that most of these six examples can be expressed in the form
SIX—Xy=0a1, IX—Xa=dq... X— Xpn=0apn.

The examples given in the text ere undoubtedly akin to the ‘Ephanthema’,
za—3x
n—1
where xo-x, =a;, Xo+X3=ay...X,+Xn=0y. In Aryabhata's ‘Ganita

usually attributed to Thymaridas, which may be expressed by yo=

is a similar rule Ex:nz‘dl where IX—Xx;,=d;, Ex—x3=da o

SX— Xp = dp, which Cantor ( Voriesungen uber der Grsrhlrllu_' der Mathe-
matik 1, 624) considers to be a modification of the rule given by Thymnridas.
Sce also P. Tannery Memolres Sclentifiques, ‘Tome i), pp. 192.-195,

10
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SX—@Xy=3X—dy Xg= ....=2X—AnXn=C, aDd A1X1=AaXy= «c0.GnXn
=¥x—c=k.
1

Therefore »x= ( —+ + + k =3 Py,

A solutionis ;=L %= 2 ,.xn= 9 and c—p=9"
ay as an

There are four examples illustrating this process which may be
tabulated thus :(—

l dy dy d, dy ds P=9 ) c |x X X X4 X
437
(i) Iy 3 8 & |Teo |377111 91 81 71 71
(ii) 73 11 2118 |1095| 914 836 798
27476 ia63|
(iii) l12 1/ 8 161] 41 18 14
(iv).. 2 3 4 171 6 3 1

Of these only fragments remain. For example, of the first we
have;!

(J) Compare with this the treatment of the (p:ml/lem by Jamblichus
(Heath, Greek Mathematics, 1, 93-94
(1) The nearcst approach to this that 1 (Kaye) have came across in an
Indian work is given by Mahavira in his GSS, V1. 239-240).

Five merchants saw a pursc of money. They said onc after another,

by obtaining §, 1, L, 1, .1 of the contents of the purse I shall become

three times as rich as all of you.

‘Let p be the value of the purse and X149 X4 CtC., the original capitals:

then 3 (Zx—x;)= %+xl.3 (3X—Xp) = %-i-x,, etc. whence
6508,

(11,1
llz"‘(6“'7*'“8‘*9+lo~)"=' {0080
6508,

= {Togsg- 1f#=110880, then x,=261.

But al-Karkhi (XIth cent.) gave (iii, 6) the following :—

A certain sum is divided among three peopie, one-half being given to the
first, one-third to the second and one-sixth to the third. But then one-
half the share of the first, one-third the share of the second and one-sixth
that of the third is pooled and shared equally by the three.

(Contd. on next page)
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1 1 1 1 1 12,9 8,75, 72 4N
7 3 4 5 6 0Tt TEwT 60" an

90+80+75+72=317, 317+ —'? -377

120480+ 75+ 72347, 347+ %0~= n

120490+ 75+72=357, 357+%°_ =377

120+90+ 8072 = 362, 362+ 152 —377

120+90-+80--75= 365, 365+ 163._. 377

The second of these examples may be expressed in (he form

XpFxe— (5 + 1) Xxg=Xa+x3— (43 xa=x3+X1— (F+3) X,

.. 19 7 1 X 12 , 4 6

= %—2—3— The solution given is Ix=2558 and c=2558— 1401

}

1091, whence x, =924, x,= 836, x,=1798.

Of the third, there is sufficient of the formal question preserved
to enable it to be restored.

“One possesses seven horses, another nine mules (7), and a
third ten camels. Each gives one of his animals to each of tho
others and then their possessions become of equal value”,

In. A. D. 1225 this problem became famousas it was one of thoso
propounded to Leonardo of Pisa and solved by him.

If x;, X5, X3, be the shares and 3c be the amount pooled, then,

X

X3 — 1‘63 +(=_}?x and Yx—xX;=2c, IXx—2x,=3c,

¥x—S5x3 =6¢, whenee yx = ~4.;¢. Make c=7 and

X3=33, x,=13,x3 =1,
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-+ _The fourth example of similar form?.

Mutilated Examples :

The following occurs or some very mutilated scraps that have
been pieced together. Tt is now impossible to say how it originated
or what its context was,

X (x+y+2z)=60
Y (x+y+2)=175
z (x+y+2)=90

We have (x+y-z)%2=225 whence x+y+4z==15 and x=4,
y=$5and z=6,

Solution in Positive Integers :

There is one nearly complete statement and solution of the
following pair of equations :—

X+y+2z=20
3x+3y+4z=20

of which the only solution in positive integers is x=2, y=35, and
z=13,
i

This type of problem was a favourite in Europe and Asia in
early mediaeval times. Later it was known asthe ‘Regula Virgi-
num’, ‘Regula Potatorum’, etc. 1t was given by Chang-ch’ iu-chien
(sixth century A. D.)2, by Alcuin the Englishman (eighth century)
and .others. About 900 A. D. it was pretty fully treated by Abu
Kamil al-Misri who gives some six problems, varying from three to
five terms and attempts to find all the positive integral solutions3.

(1) This set of examples is intrcduced by a rule which simply means : change
the fraction A/Binto B/ (B~ A). This illustrates the fact that the sutras
or rules often makes no pretencc of indicating in any way the general
theory : they are mercly intcnded to be helpful.

(2) Yoshio Mikami.

(3) H. Suter, Das Buch der Seltenheit, etc. Bib. Math., (1910—11), pp. 100—

120. Suter’s Die Mathematiker und Astronomen der Araber und lhren
Worke, p. 43.
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In the earlier Indian works problems of this type do not occur,
but exactly the same example is given by both Mahaviral and
Bhaskara 112.

Quadratic Indeterminate Equations.

There are two types of quadratic indeterminates preserved.
First Typc : (i) x-}-a=s2 x—b=12,

The solution given may be represented by
1 ra+4b 3
x=[g (55 - )

which makes both x+4+a and x—b perfect squares. In the
actval example preserved a=35 and b=7 and the solution is x=11,
which is the only possible integral (positive) solution obtainable from
the formula. No general rule is preserved but the solution itself
indicates the rule. It proceeds by steps thus :

54+7=12,12+-2=6, 6-2=4, 4+2=2, 22=4,447=11.

The value of this type of detailed exposition is here selfevi-
dent. It seems to have been almost necessitated by the absence of a
suitable algebraic symbolism3.

Second Type : (ii) x)=ax—by—c=0

(1) GSS.,vi, 152.

(2) Vija-Gan., 158.

(3) This type of equation occurs in many medeiaeval works from the time of
Diophantus onwards (c. g., see Diophanius, ii, 11ff : Brahmagupta, xviii,
84: Al-Karkhi, p. 63, etc.) and has here no very special inlerest beyond
the indication it gives that the Bakhshali text followed the fashion. Dr.
Hoernle, however, thought that it indicated a ‘peculiar’ econnexion between
the Bakhshali Ms. and Brahmagupta’s work : and from this deduccd that
our text ‘may have been one of the sources from whence the later astrono-
mers took their arithmetical information.’ (Indian Antiquary, xvii, 1888,
p. 37).

o
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The solutions which appear to be followed in the text are
x=(ab+4c) +~ m+b, y=atm; or y= (ab4-c)+m+a, x=b+m,
where m is any assumed number. The only example that is preser-
ved! is xy—3x—4y41=-0 of which the solutions given are 15 and 4,
and 16 and §,1i. e,

(34-1) = 1+4=15,3 }1=4; 3.411) + 1+3=16,4+1=5.

Happy Collaboration of the East and the West

In chemistry, astronomy, mathematics, medicine and surgery,
there was always in our history a happy collaboration in the ad-
vancements, in which all great natiors of the East, Middle-East and
the West took part. The Bakhshali manuscript in its original form
(agreeing to Dr. Hoernle’s suggestion) must have had its authorship
in the early centuries of our era. From gencration to generation, it
must have been copicd out with alterations and additions. By this
time the western mathematics had incorporated almost all that could
bc traceable to Greek sources, and had assumed new forms and
included some new notions also. On the whole the western medi-
aeval mathematics tended to become less rigorous and but more

1. Unfortunately the text ‘folio 27, recto” is so mutilated that the correctness
of the interpretation here given cannot be guranteed. But the equation
was well known to mediaeval mathematicians and has historical interest.
Brahmagupta gave a general solution (\viii, 61) which, however, he appears
to have thaught unnccessary.  Bliaskara also’gives a general solution (Biju
Ganita, 212-214) together with demonstrasion in  both algebraical and
geometrical forms; but he also on another occasion (ib. 208-2C9) gives
an arbitrary solution, The general solution is also given by Al-Karkhi.
Mahavira gives (vi, 284) the cquation in a different form, namely @

< a+ ) (b—; l ):ab-{—A which reduces to xy— 2 x- b—v

A A
ab-+A ,_a
A_} m\ A2 ’)=7+

m;ory— —{ W(}_H“b/t) =--Q—+ m. If we makem:a—b -1

A
then x= bj;l , Ve a+t ab-l— A - which is the solution given by Mahavira.

- 7—0 of which the solution is x=

His examples are : The producl of 3and 5 is 15, and the required
product is 18 or 14. What arc the quantites to be added or subtracted ?i.e.
() G+1/x) (5+1/»)=15+3, (i) (3—1/x,) (5=1/y’= 15~1, His
answers are (i) 2 and 7, (ii) 6and 17.
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mixed than the mathematics of the classical Greece. Practicul
calculation (logistic) altogether supported the earlier pure arithmctic;
mensuration took the place of pure geometry, and algebra slightly
developed. Such changes uare, indeed, indicated in the later
Alexandrian works, and what we sometimes term degeneration had
already set in there. The introduction of a place-value arithmeticul
notation made calculation easier and more popular, and more intri-
cate arithmetical problems than those exhibited in the (Greek Antho-
logy, appeared in the later mediaeval text-books. The general body
of popular mathematical knowledge bccame more diffused.
(Identical problems occur in Chinese, Indian, Arabic and Europcan
text-books of a comparatively carly period). Indeed the mediaeval
mathematical works of Asia and Europe had so much in common
that at first it seems almost impossible to pick out that which is
definitely western or eastern in origin. In this connexion it should
be remembered that the early astronomers (Aryabhata 1J, and
Varaha-Mihira, an astronomer of Greek or middle-east origin,
settled and naturalized in India,) were among the first to collaborate
with Greeks in mathematical and astronomical learning; that later
the Arabs, aflter sampling Indian works, entered into this collabora-
tion; and that it was from the Arabs that Europe received once more
the learning it had previously rejected. (Kaye)

We give here a summary chronological table of the period,
that may serve to recall the chief mathmatical writers and thelr
works :

Before Christ—Rgvedic period Earlier than 4000 B. C.
Taittiriya Samhita 20L0 B. C.
Satapatha Brahmana 1000 B.C. *

Baudhayana Sulba Sutra 500 B. C.
Vedanga Jyautisa, Lagadha 500 B, C.

2nd to 3rd Century Bakhshali Manuscript 300 A. D.
(original)
5th Century Hypatia d.415A. D.
Proclus 410-485 A. D.
Boethius b.470

Aryabhata bh.476
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6th Century

7th Century

8th Century

9th Century

10th Century

11th Century

12th Gentury

Bakhshali Manuscript

Bhaskara I

Butocius

Damascius
Simplicius

Dominus

Chang Ch'iu-Chien
Varahamihira
Isidore of Seville

Brahmagupta

Fall of Alexandria
Papyrus of Akhmin
Bede

Muhammad t. Musa

Alcuin
Sridhara

Mahavira
Tabit b. Qorra

al-Battani
Aryabhat 11
Avicenna

Pope Sylvester 11

Albiruni visited
India

al-Karkhi
Psellus

Omar Khayyam

Adeland at Cordova

“ Bhaskara 11

Leonardo

522

529

550
505—587
570—636

b.598
640/1

b.735.

b.804
750

850
835—-901

c. 950

d. 1003

1017—1030

b. 1046

1120
b. 1114
b. 1175

For the contents of this chapter the author expresses his in-
debtedness to the critical account of the Bakhshali Mathematics
given by Kaye in his publications and to the critical paper of Dr.
Bibhutibhushan Datta in the Bulletin of the Calcutta Mathematical

Society, 1929.



APPENDIX 1
WEIGHTS AND MEASURES

The measures exhibited in the manuscript are of rather special
interest. As a whole they are Indian and the terminology is Sanskrit;
but there are some Sanskritized western terms such as lipta, dramma
dinara, satera employed. Most of the terms are well defined but tho,
values of some are doubtful. Money measures, however, are, as in
most early Indian works, very ill-defined and hardly show any
differentiation from measures of weight.

Change ratios : The change ratios are often given with cone
siderable care and elaboration, and are expressed in several different
ways. The change ratio appears to be considered as a divisor for
it is most frequently marked by the term chhedam which indicates

the operation of division.

Examples are :
chhe® 80 rakti®—su© i. e. 80 raktika=1 suvarna
- chhe® 24 am®—ha° i. e. 24 angula=1 hasta
chhe® 2 gha®—muP i. e. 2 ghatika=1 muhurta
chhe® 4608000 ya®—yo© i, e. 4608000 yava= | yojana

urdha chchhe® 768000 a®—yo°, i.e. 768000 angula=1 yojana, and ie
this particular example the operation of multiplication is to be
performed. '

urdha chchhedam 108000 viliptanam rasi, i.c. 108000 vilipta=1 ras;
and multiplication is indicated.

adha chchhedam 2000 pa® —bha?, i.e. 2000 pala = 1 bhara and division
is indicated.

Another form is illustrated in the following examplet #
tolenasti‘dhane 12, i.e. 1 tola = 12 dhana,
dhanenasti am® 4, i.e. 1| dhana=4 andika
dinaranasti dhane 12, i.e. | dinnrn» 12 dhana

11
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Abbreviations :

The Bakhshali abbreviation for weights and measures aré

usually as follows :

Adh, yr= Adhaka, smzs
Am, 3= Amsha, gjg
Am, 3=Andika, sfogsy
Am, z=Angula, Hqa
Bha, wr = Bhara, gz
Dha, yy=Dhanaka, gras
Dha, g:=Dhanusha, E5 ]
Di, fg=Dina, fgx

Di, € = Dinara, {91
Dram, g =Drama, g+
Dra, z=Drankshana, gejor
Dro gy=Drona, gfn

Mu, T=Mudrika, gf&®1

‘Mu, = Muhurta g

Pa, 97= Pada, 973

Pa, 9= Pala, 91

Pra, = Prastha, 9%
Pra, % = Prasriti, 5gfq
Ra, T= Raktika, THH
Ra, 1v= Rasi, ufor

Gav, 7= Gavyuti, qura
Gha, g=Ghatika, gfesr
Gum, 1 = Gunja, =9t
Ha g=Hasta, geg
Ka, g = Kakini, sifigt
Ka, s =Kala, sy
Kha, g=Khari, grf:
Kro, 5y= Krosa, #g
Ku, g=Kudava, ELEl
Li. fig=Lipta, faear
Ma, g=Masa, qrg '
Ma, yy=Mashaka, mu®
Sa, @ = Satera, &<
Si, f = Siddhartha, fagrd
Su, §=Suvarna, gau
To, @="Tola, a7
Va, 9= Varsha, 39
Vi, fa=Vilipta, fafar
Ya, 3=Yava, 99 .
Yo, 71=Yojana, dwm -

Time Measures
1 Varsha=12 Masa =360 Dina
1 Dina=30 Muhurta= 60 Ghatika

Arc Measures
1 Rashi =30 Ansha=1800 Lipta=108,000 Vilipta
1 Ansha=60Lipta (A€ 7 v 9)

1 Lipta = 60 Vilipta
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Money Measures

1 Dinara=2 Dramkshana
| Dramkshana=6 Dhanaka
1 Dhanaka =5 Raktika

Weight Measures

| Bhara =2000 Pala
1 Pala =8 Tola
1 Tola =2 Dramkshana

1 Dramkshana=6 Dhanaka
1 Dhanaka =4 Andika

1 Andika = 1} Raktika

1 Raktika =34 Yava

1 Yava — 24 Siddhartha
1 Siddhartha =24 Kala

1 Kala —4 Pada

1 Pada —4 Mudrika

Length Measures

1 Yojana =2 Gavyuti

1 Gavyuti =8 Krosha

1 Krosha —1000 Dhanusha
| Dhanusha =4 Hasta

1 Hasta =24 Angula

1 Angula =6 Yava

KA

1 Suvarnar:1% Dinara=22 Dramkshana =16 Dhanaka =80 Raktikn
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Capacity Measures

1 Khari --16 Drona
1 Drona 4 Adhaka
| Adhaka =4 Prastha
! Prastha =4 Kudava
1 Kudava =2 Prasriti

| Prasriti =2 Pala



Arithmetical Problems
INCORPORATED IN

The Bakhshali Text
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A--7

1t is possible that 52 recto gives parts of the solutions cf the
example on 51 recto which would make that page the reverse,
(of course, doubtful). What is left of the solution means :

Gt 1 1) -
19

or Y- §7
40

sox— 120,
A proof by the rule of three

12120::-1—-:12

10
1212000 : 4 ¢ 1S
12004 1
1:120:: 2130
1120 1 g

ii. The example, which is continued on 52 verso, may be
expressed by x (1- H -3 (1--})=x—280, whence r=400. A
proof follows : 400 x § =200 and 400--200=200; 200—50=150;

150—30=—120: and 400—120—280

1] ! ! 1,1, 1,3
Again, — + Z(l - i) + (1 - —4-)(1—72—)-—3 + 5t 8—=~'|-

A-—9
20 a, b ¢ recto. The problem and its solution here partly
preserved may be represented as
XpF¥a=13: xgb =141 vyd ¥ =15,
If x, =S5, then X', =8, x';=6, and hence ', +x, =5+6=11. From
this, the correct value would be
¥y =54+(15-1)=2-"

whence x,=6 and x,=8.
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The phrase *shodhayet kramat” recurs in the next example
and is a quotation from a lost sutra.

29 4, b, c, verso. The example here given (continued on folio
27 verso) is formulated with exactly the same phraseology as tho
previous one. It may be represented by :

X1+Xa=16; X3+ x3=17; x;4x,=18; x,+25;=19 and x; 4x) = 20.
If x,=10, then x,=6; x;=11; x,=7; x, =12 and x', +x'; = 22

Therefore, the correct value of x; =10— (22— 20)+2=9, and
then x, =7, x; =10, x, =8 and x, =11.

The phrases “icéhu' and ‘‘shodhayet kramat” atre quotations
from a lost sutra.

A—10

27 verso gives the answer of the problem given on folio 29
verso, namely x, =9, x,=7, x3=10, x,=8, x;=11 and the sums of
the pairs of 16, 17, 18, 19, 20.

27 recto. Solution of a lost problem which may have bcon
xy—3x—4y4 1=0, of which solutions are :

_34-1
|

34+1

' 4+4=15; y=3+1=4; x=441=5; y =—T——+3-16.

The quotations are from a sutra very much like the one
that follows. The phrase *‘prathak rupam vinikshipya™ ‘having
added unity in each case’, appears to be a quotation from a lost
sutra.

~

A—11

;i'l'ié.exa'niple is solved on 1 verso and 2 recto and appears to
have been somewhat as follows :

. The combined Capitals of five merchants less one-half of that
of 'the fifth is equal to thecost of a jewel. Find that cost of
the jewel and the capital of each merchant. L

All. 1 verso, .This appears to give part of the solution and proofs
of thé question on 1 verso.
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Then follows ‘proof’ which may be expressed by
90+4-80+475+472=317 and 317+413°=377
120480475472 =347 and 3474 % =377.
120490+ 75+472=1357 and 3574 % =377.
120490+ 80+472=362 and 362+ % =377.
1204-904-804-75= 365 and 36547 =317.

Compair with sutra 11 on | recto,

A 12

A 12.2 recto This appears to be another ‘verification’ of the
example on 1 recto et verso; and means :
120.4.904-804-75+72=377.
1204 %" +804-75+72=13717,
120490480+ %" + 72 = 377.
1204-904-804-75+%* =377.

and ‘this is thc measure of the price of the jewel'.

A13

A 13. BExample : One possesses 7 horses (a=asva), another
Y horses (ha®= haya) and a third 10 camels (u®=ushtra). Each
gives one of his animals to both the others and then their possessions
are of equal value. It is required to find the capital of each mer-

c_l:ia:lnlt or the price of each animal. If thou art able, solve me this
riddle.

Bl i

B 1.8 verso. i. The sutra is partially reconstructed from the
quotations in the solutions below.

ii. The example is : There are ten horses of which five are
yoked at a time to the chariot. How many changes should there
be in a journey of one hundred yojanas and how much will each
horse do ?

The solution is 4%’ =(0 stages and 10 x 5=50. Mahavira
gives a similar example (vi, 158).



Problems N9

“ravi-ratha-turagas sapta hi chatvaro’sva vahant ) dhuryuktah
yojana-saptati-gatyah ko vyudhah ko chaturyogah”. 1t is well known
tiat the horses of the Sun’s chariot are seven. Four horses are yoke:l
at a time. ‘lhey have to perform a journey of 70 yojanas. Ilow
many times are they unyoked and how many times yoked ?

B2

“For a certain feast one Brahman is invited on the first day,
and on every succeeding day one more Brahman is invited. For
another feast, 10 Brahmans are invited on every day. In how many
days will their numbers be equal; and how many Brahmans werc
fnvited ? The use of the term labdham is here rather curious. The
phrases labdham dvigunitam kritva, tathadvyunam, uttaram vibhajitum
and rupadhikam are probably quotations from a sutra,

B 2. 9verso. The example probably meant : A and B start
for a place 70 yojanas distant. A travelled at the rate of 1 yojuna

a day and B at the rate of 6. At what point on his return journcy
did B meet A ?

Since, —: - 2.706— X, where x is the distance traversed by A,

we have x= %x =20 as given in the text, and since A travols

at the rate of one yojana a day, this is also the time.

Proof by the ‘rule of three’.

1day : 6yo® :: 20 days: 120 yo° and 70—20=50 and
70450=120. Also 1day :1yo° :: 20 days : 20 yo©.

B4

B 4. i. One goes at the rate of 5 yojanas for 7 days and then
a second starts at the rate of 9 yojanas a day. When will they havo
traversed eqnal distances ?

The phrase gatisyaiva vishesam ca is a quotation from sutra 15
(folio 3 recto) and purva gata.is a reference to the same rule.

75 35 *
55 = Tdays. ‘Proof by the rule of three

c.§.. 9 175 Lo.. 35 315 175
1::5:: 5 ¢ 3 andl.9..‘4~ ."'4—-'4a

The solution ist=

35
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©ne travels at the rate of 18 yojanas in one day for a period of 8
days. A second goes at the rate of 25 yojanas in one day. Deter-
mine in what time......

DS
D 4 With some uncertainty :

A earns 3} drammas in 2 days, B earns 2} in 3 days. A |gives B7
drammas and this makes their possessions equal. How long
had they been earning ?

. -
Since, —5 1—T= 3} 147, we have 1= A 11%8 =|s%
T8
days.
And 3 days : Zi drammas: :1618 days : 294 drammas and

294 77 140 . 140
T S | “ ays i i drammas

ii. Another example of the same kind.

D6
D 6. 67 recto. i. The example seems to relate to a game at
which a certain quantity was staked and eventually all lost. The

statement means,
143 2+ 3+3 (443 543 D) =1

E1l

i
E 1, The problem may have been sémething like this : The
rates of purchage are one, two, three, four and six articles for one
drama,

The cost of one of each would be 144+ 44141 =27, therefore
the cost of 12 of each is 27 drammas, and the numbers of articles
are 12, 6, 4, 3 and 2.
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E2

53 recto. The following conjectural restoration of the problem
is offered :

One goes 14 yojana in a day and another 6 in 3 days, If tho
first had a start of 9 yojanas, when would the second overtake him ?

53 verso. The following is merely a guess at the problem :
One goes 18 yojanas in 96 days and another 27 yojanas in 108 days.
The first starts from A and the second from B and the distance Al
is 9 yojanas. When will they meet if they go only for ,% (or 35
ghatikag) of each day ? (60 ghatikas=24 hours).

E3

58 verso. There is basis for the following restoration— A man
earns 3 in one day, a young woman 1} in one day and..... § in one
day. 1f 20 earn 20 mandas in one, let x, y, = be the numbers of
each class. Then, x-+y42z=20 individuals :

3x+ —;-y + % =20 mandas

of which the only solution in positive integers is that given in the
text, namely x=2, y=5 and z=13. This problemis known aa the

Hundred Hens problem in China, and as the Requla Virginum, etc.
in Burope.

F1

* F122versol. This appearsto be the beginning of a new
section. This sutra is lost.

The problem was something like this : A certain amount given
to the first, twice that to the second, thrice it to the third, and four
times to the fourth. State the amount given to the first and the
shares of the others, if the total amount given was 200.

The shares are represented by 0, 1, 2, 3, 4 ‘Having added ono
to the nought’ the sum is 14+2+3+44=10. Then the proper share
of the first is %%°=20. Having added in this value the series
becomes 20+40+60+80==200 The proof by the rupona method

gnves[ @- 1) 0 120 ] 4=200.
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~ For the meathod of solution, the regula falsi, see Part I. Sec.
71 and 72, and for the rupona method see Sec.73. The whole section is
dealt with in Sec. 87, and the use of the symbol for nought in Sec.
60. (Kaye)

ii. The sutra beings. ‘‘Put what number you please in the
empty place (or for the nought).” This is quoted on folio 23 recto
and so is tada vargam tu karayet, etc.

F2

F 22, 23 recto. The example may be represented by x42T,
+3T,+4T,=132, where T,,T,, etc. represent the values of the
first, second etc. terms, Make x=1, then thc terms are 1424 64
24=133 and the proper value of x is 1>? =4 and the series becomes
4 +8424496=132. :

All the technical terms here employed zre of interest : ichchha
an assumed number’; varga a series; prakshepa’ something thiown
in’ or an interpolation®; vartya ‘cancelled’; drsya ‘the given number® :
etc.

ii. The term kamika (Fifas) is practically synonymous with
ichchha or yadrichchha® that you please. For an assumed number,
Bhaskara uses ishza much in the same way, A good deal of the
sutra is quoted on folio 2, 23 verso.

23 verso. i. The example may be represented by x=2T,~3
(T1+7Ty) +4(Ty+Ty+T5)=300. Put x=1, then the series becemes
14-24-94-48=60 and the preper value of x is %% =5 and we have
1 =5, Ty=10, Tg=45, T,= 240 and total T=300.

ii. The example is solved on folio 24 recto.

F3

F 3. 24 recto. The example may be represented by x (14-1§)
+ 2T; + 2§ x + 3T, + 34 x +4T,445x=1444 : Set x=1 and the
series becomes : '

5 15 52, 217 289 —_
72t t5+ 5=5= 144—;— which is the same as the

given sum and therefore x= 1 is correct. L
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24 verso. i. The example may be represented by °
x (14+18) + 2I48x+3 (Th+T,) + 3x+4 (Th+ Ty 1))
+8x=222.

Set x=1 and the series becomes + —“+ + 357 222  The

same quotation shunya sthane.. rupam datva occurs on foho 25 verso,
See also at the bottom of folio 26 recto.

F4.

F 4. 25 recto. The exainp!e may be represented by x (14 )
42T, - 3x+43 (T34 T)—3x+4 (T1+Ty+T5)—$x=78. Set x|
and the series became 485424 133=154¢ and x=1.

25 verso. An example, of which only the solution remains.’

ii. The example of which the solution is given on f(;lio 20
recto.

FS.

F 5. 29 recto. i. This is the solution of the example given at
the bottom of folio 24 verso. Let x=1, then the series becomes
8 4+5+8+% =1 and the correct value of x is %?+32 =1,

GL

G 1. 10 verso. i. Gives further proofs of the example on the
obverse, namely :

xp (1-5 (1—3%) (1 -%)=32, hence x;=108;

then two proportions in words and figures %7 : 1 :: 108 : 32 and
a: 333 32:108.

ii. Example—Of iron orce refined three-tenths is lost. What is
the remainder of twice seventy, tell me, O’ Pandit ? The loss on
unity is %; and the remaineder is ;. The original quantity is 140
and % of 140=98. The loss is therefore, 42 and 9842 =140,
Proof. Y% : 1 ::98 : 140

Continued on fol. ii. recto.

iii. The example may be rendered :
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The third part of the burnt bronze in three instalments (is lost).
The amount given was one-hundred and eight. State the remainder,
O’ Pandit.
The solution according to the rule gives
108 (1—%) (1—4%) (1 —3)=32. -But proceeding by steps '$®=236 and
the remainder is 72; %? =24 and the remainder is 48; %® =16 and the
remainder is 32.
The proof may be represented by
32
X1 = Sy T1 1= rims
(1-1/3y1-1/3) 1-1/3)
G.2

ii. Example—In purchasing one and a half palas the loss is one-
third. State what would be the loss on eighteen. Since /3 =32, the
loss on unity, the remainder is 3. Now 7 of 18=14 and the loss
is 4,

Proof by the rule of three : § : £ ::18 :4and 4 : 1§ ::4:18
Example—In refining bronze there is a loss of one-fourth,
What would be the loss on 500 suvarnas four times refined ?
The solution is lost. It amounted to

500 (1-1) (1—) (1—1 (1-1) = 153;4—?“;0
=158 su4-14; to®

(Since 5 tolas=1 Suvarna)

(11 verso.) This appears to have contained five proofs of the
example on the obverse, for the preseat third proof is designated
‘the fourth’. The proofs are—

i. Missing.

jii. x(1—F)(1—4%)(1—-1=158su®+1}4 to°,
therefore, x1 =500,

iii. 500 (1—4) (1—$) (1—$)=x* and x=158 su1}, to°
iv. xles(158 su®+ 144 to%)/(1—4%) (1-1) (1—4%) and x1 =500,
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L)

v. The first basis is %—0 su® = 125 su® and rémainder in

. 37
375 su®, The second loss is —42 su®=93su°+ 3 to°® + 9 masha (sin ‘o
12 ma®=1 to°) and remainder is 281} su®. The third loss is 2814/4. -
70 and the remainder is 210§§. The fouith loss is 210,%/4: -

3
52%: and the remainder is lSB%t

G. 3.

The example may be conjecturally restored : A traveller goes
on a journey of 4 gavyutis and takes with him 4 prasthas of wine,
After each gavyuti he drinks 1 prastha and then fills up his bottlc

with water. How much wine and how much water will there be at
the end of his journey ?

G. 3. (12 verso). The solution of the example on the obversu

is now done by steps. The original amount of 4 prasthas is expross-
ed in kudavas, namely 16.

Kudavas of Kudavas of Kudavas of

wine drunk wine left water
Originally 0 16 0
After first gavyuti 4 12 4
After second gavyuti ?=3 9 7
After third gavyuti §=2% 63 91
After fourth gavyuti %7 x3=33§ 54 103

G 3. 12 verso and 13 recto. Kumkum was purchased for 8,
and at each toll office the toll'was paid one-fourth. There were four
toll-offices, calculate the total toll paid, and the Kumkum left,
O’ Pandit.

Solution : i. 8x§=6, and 2 is paid as the first toll.
ii. 6 (6—1)=43, and the second toll is 14,
iii. 43 (1=4)=% =33, and the third toll is 1,
iv. 33 (1- $)=$4=211, and the fourth toll is 33.



96 Bakhshali Manuscript
The total toll paid is :
=24 15+ 15+ =35 (644484364 27)= 7 =544.

15 81 17
8-S =32 =23y
G 4.

G 4. (13 recto). i. Here are four ‘proofs’ of the example given
on folio 12 verso.

(@) 8(1—3) (1-3) (1-3) (1—)=35}.

(b) 8.2.2. 3. 3=34.

(c) 8(1--3) (1—-H (-3 (1-3)=35%

81/32
1. o o vy 1=§
D=z a=pa=pu=y e

ii. There is a quantity of molasses weighing eigut bharakas.
What will be left after giving away one-third, one-sixth and one-
fifth.

3(1—5) (1-3) (1=~3)="%"=34.

iii. Example--By a gain of five-fourth, ten dronas are obtained
Let it be said. O best calculators, what will be the gain by three
transactions.

Here the term Jabha seems to have meaning ‘‘capital profit”,
what is termed the ‘mixed quantity’ misraka on folio 62.

® * (1—1) (1—1) (1-1) = 1933 dro®= 19 dro®-+2a0+
' O pra®+2 ku® whence x!= 10,

The conversion table of capacity measures is given in folio 13 as
follows (marked with asteriks) :

4 adhakas (a°) = 1 drona (dro°)

4 prasthas (pr§°) = 1 adhaka

4 kudava (ku®) = 1 prastha,

ii. Example—The capital of a certain banker is sixty, One
half of it goes in loss and then he gains by one-third; next he loses
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one-fourth of it and finally gains one-fifth; so that he has two
gains. Whatis his gainand what is his loss and what'the remain-
der and let that be stated.

Solution : 60 (1—3%) (1—-1) (143) (14-3) =36.

36
-5 Qa+3) 0-% 1+3)°
whence x! =60,
(b) 60(1—H (1 +%) 1-3) (143)=36.
© x(A-»(1+5) (1= (1+3)=136.
whence x1= 60,

Proofs : (a) x'=

G—5

G 5. ii. Example—A known amount of molasses equal to

four is increased by one-third, one-fourth, one-fifth, one-sixth and
then forty is lost.

No solution is preserved.

G 5. (14 verso). i. Example—An unknown quantity of lapis-
lazuli loses one-third, one-fourth, and one-fifth, and the remainder
after the three-fold operation on the original quantity is twenty
seven. State what the total was, O wise one, and also tell me the
loss.

Solution :3.2.4.=3; 1—3=3; 274+-3=45 and 45-27=18
and this is the loss.

The meaning of ambha-loha, lapis-lazuli, was sugges'ted by
Dr. Hoernle.

ii. Bxample—Of the loss of iron the third is one-fitth of a
masha. The original quantity is not known and neither is the
remainder given but only the original remainder which quantity
stands as twenty. Tell me what is the unknown, original quontity
and what is the remainder.

The interpretation, however, is by no mecans certain. The
solution is lost.

12
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ii. Example—Of a ghataka of honey two-third is given, to
the second two-fifth; to the third two-sevenths; to the fourth two-
ninths, till only three palas are left). O’ Pandit, state how much
altogether was taken away by the tax collector.

H-1

H l. ii. Rule : Having multiplied the parts of gold with the
ksaya let 1his sum be divided by the sum of the parts of gold. The
result is the average ksaya. This means :

f = fi&1+/282+ - +/a8n
&1+8a2+..+8n

where fdenotes ksaya and g gold.

iii, Example—f; =1, fa=2, f5=3, f,=4, and g, =1, g,=2,
gs= 3, g, =4, therefore,

o 1422433444 30,
1+2+3+4 10

H2

H 2, ii, Example—Gold one, two, three, four; abandoned,
the following mashakas one-half, one-third, one-fourth, and

one-fifth,

4
C R14+32413434 163 163
F="—"1m1a =% *19 &0

Proof by the rule of three g : fg : : g, : g, F.

H 3.

H 3. ii. Example—Mashakas of one and two, gold of two and
five, mashkas of three and gold unknown. All that is known is the

sum of mashakas, six; and the average mashakas four. State the
mashaka of the unknown gold.

Statement : flﬂ‘- l,f‘- 2,f3=- 3; glnz, L= 5, gy=X; F=4
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. 4.6—(2.145.2) _ 24—2—10_24—12 12
Solution : -~ 3 = 3= 3= -3-=4

o

J1,

J 1. Example—If a man requires six drammas for his livel-
hood for 30 days, for how many days will 70 men (guards of a fort)
live on six drammas ? The delails are, however, uncertain.

K1

K 1. i. Example—What number with five added is a square
and that same number w’'th seven substracted also being a square ?
What is that uumber ? is the question.

Statement : x+5=s52, x—7=12

Solution : x= [; (LS-l2-7)_ -2 )]g+7=ll.; by steps thus :

Having combined the added and subtracted number 5+4+7=12:
that halved =6; two substracted 4; halved 2; squared 4; then that
subtractive number (7) is to be added and by the addition of this
44-7=11; and this is the required quantity,

Proof : 114-5=42,11-7=22
For such problems, if x+a= s2 and x—b=1t2, then the solution is,

m [t e

L1

L 1. iii. Example—In two days one earns five; in three days
he consumes nine. His store is thirty, In what time will his earn-
ings be consumed ? .

e e .S
Solution : = %3_?%=60 and the amount earped in this time is -5

of 60= 150 dinaras.

jiii. Example—In three days one Pandit earns a wage of five
and a second wise man earns six (rnsa) in five days. The second
is given by the first seven from his store and ly this giving their
possessions become equal. Let it be stated in what time,
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Solution : 1= 227 _ 30,
3

b
L2,
Profit and loss.

The author gives a number of solved examples on problems
concerning profit and loss. The following rules are given with
illustrative examples :

[Let C be the capital, p the profit, M=C+p, N=Cc,the
number of articles, C the cost rate, and s the sa'e rate, C=alb,
where a is the number purchased for b drammas (but money mea-
sures are not generally stated), and s=C/d, where C is sold for d
money- ]

e p . o o Cc
(i) C= - H (il) p= 5 C

<~

s

M _C+4p - 4

(iii) C= z =— 3 (V) C=~— 3
s T s

L 2.ii. Example—Two Rajputs are the servants of a king,
The wages of one are two and one-sixth a day, of the second one
and one-half, The first gives to the second ten dinaras. Calculate
and tell me quickly in what time there will be equality. (/ndian

Antiquary), 1881, p. 44).
Statement : 12, 3, given 10.

Solution : The difference of the daily earnings.
13 _3 =13 dinaras. \
Therefore, a dlﬂ'erence of 20 dinaras would be in 30 days.
L 2, 6 verso. i. Proof of example on the obverse—
1:%? ::30:65.
1:3::30:45and 65—10=45+10.

ii. The rule means, C= CL , Wwhere C is the capital, p the

<1

profit, C is cost rate and s is sale rate, -
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iii. Example—One buys 7 for 2 and sells 6 for three and ¥
s his profit. What was his capital ?

Solution : C= 7 18 3 =24. The proof is given on folin
2—+ -3 -1
62 recto.

L 3.

iii Example —Eight articles are obtained for three and six
are sold for four. The sum of the capital and profit is ¢ne-hundi«
and sixty. State, O’ best of calculators, what was the capital and

what is the profit.

The solution is lost except for the first quotation, but part ol
a proof is given on folio 63, recto. The solution was,

_ 160 _ . P____ _.p P
C = l6—90.Smce C=§/£ l_ ic : =3
9 3477 9~ 9

p=3% Cand C+p=160, and the number of articles bought
was § of 90=240.

L 4.

iii. Example—With five four-squared are obtaired by son'c
man. For one-six are sold and fifiy-six is the loss. Calculating
purchase and sale let his capiteal be stated.

The solution is C =5—616= 120 and the number of articles

- 5
is 4% of 120= 384,

L 4. recto. i. Proof of example given on folio 62 verso.
8:3::240:90 and 6:4::240:160 and 160=90-}70.

lc » Where /is the loss sustained,

s

ii. The rule means C=

i e. having investigated the selling rate multiply with the purchase
rate and having subtracted from unity divide and the capital iy
obtained.
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L 4. 63 verso. Proof of example on the obverse :

5:1::384:120 then with the selling rate 6:1:384:64 and 120 - 64
=56.

ii. Rule—That whieh is the tax on cloth is taken in cloth :
the tax on a piece of cloth is one-twentieth part.

Some one sells three-hundred. On the pieces being brought
to market, two pieces are taken by way oftax :ten is (?) the
selling price. What is the value ?

M1

M I. 20 verso. i. A mere fragment : 12,000 mudrikas...

ii. Bxample— A snake eighteen hastas long enters its hole at
the rate of one-half plus one-ninth; of that, minus one-twenty first
part of an angula a day. In what time will it have completely
entered its hole ?

Solution : Since 24 angulas=1 hasta, we have {43 of f—
siv ot 18%24 : x, whence x =% = 2 years 4 months 10§ days.

M 2.

M 3. 38 recto. i. Example—The earuing of dinaras is difficult
but consuming them is easy. One gives one-half increased by ratio
on one-half (six times) for food for the poor. What is the amount
consumed in 108 days ?

Solution : 1 : §.5.3.4.4.% :: 108:1 di°48dha®+1am® ie, 1:(§)®
:: 108 : 1 di®48 dha+1 am® and 4 amsas®=1 dhanaka® and 12
dhanaka®=1 dinara®.

ii. Example—(This is not understood, but appears to refer to
the number of hairs on the skin of an animal),
M3

M 3. i. A mutilated example about Ravana and Sita. When
Sita had been carried up 30 yojanas into the air she dropped some-
thing to earth, which turned over 8 times in 1, dhanusha How
wany revolutions did it make before reaching the earth ?

( 1 yojana= 8000 dhanusha )
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Solution ¢ (13—+%) dha® : 8 revolutions :
30 x 8,000 dhanusha :: 210, 181, 181, revolutions.

ii. Example - A snake which is 100 yojanas, 6 krosas, 3 hust..
and 5 hastas and 5 angulas long sheds its skin at the rate of 1 angul.,
in 2 days. In what time will it be free. ?

The solution is given (?) on the reverse.
30 verso. i.51 an®:2 d°:: 100 yo®:+6kr°+3 ha®< Sun® .
429,867 years 1 month and 4 years.

or 1:2::717,376,077 an® : !29%2(2)—154—)'&3.

ii. An example about some garment falling to the earth. 1he
elements are uncertain. Compare with -the problem on th¢
obverse (1).

M 4.

M 4. 36 recto. i. “This land measurement is completed’’ niy

refer to the fragmentary example at the bottom of folio 32 vcisa
but it is doubtful.

ii. The example appears to refer to heaps of salt. If une
heap or quantity weighs 1,075 palas how much will 56 heups

weigh ?
1:1075 :: 56 : 30 bha®4200 pn®

1075x 56 60200
~—300 ~ = 2000 bhara=30 bha®+-200 pa®.

iii. One-tenth of a cowry is givea in eighty eight... of this one
twentfeth and one-hundredth... '

36 verso. i. The statement means 3 yo® :1day ::5yo® u
21, 333 years 4 months,

or 3yo®: g1y years :: 5x4,608,000 yo® : 21.333 years 4 months,

5 x 4,608,000
e = 21,3931

ii. A boat goes one-half of a third of a yojana plus onc-third
Icss onc quarter, § of 3-+1—4, yojona in one-half of one-third of o
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day, but then it is driven back by the wind one-half of one-fifth of
a yojana, } of § yo°, in one eight of three days. In what time will
it travel one hundred and eight yojana.

108
(Jof §) 3-($of§).3

The details of the question and the solution are not clear.

= | year 3 months 124 days

M.

M 5. 34 recto. i. The problem is ; Eleven birds feed on
prasriti (handful) of corn; how many can feed on 8 Kharis of corn ?
It ends ¢Say, O’ friernd, say what are the Khagas, O’ Sundari.

If this be correct, the same Sundari, ““beautiful one” is used in
exactly the same way as Lilavati is used by Bhaskara.

The solution is 1 pra® : 11 Kha® :: 8 kha? : 63,360 khagas
which would make 720 prasriti 1 khari; but there are many elements
of doubt and the application of esha bahu pramanam to this particular
problem is not clear.

ii. By certain persons one kala plus one pada and one yava
are given in gold daily at the shrine of Shulin, What would be the
amount of the gift in five years, five months and fifteen days... 1
desire to know that.

Solution—1 day : 1 yo® +1 ka®+1 pa® :: 5 years, 5 months
15 days : x.

1965 x 30

or 1day:30pa® ;t1,965day ; —5o—e

tola
=12 tola®+3 dha°+14 am®,
Sec Part I, Sec. III (Kaye for measures of weight)

ii. The problem is about a diamond weighing 14 mashaka, and
obtained for ? 55 satera.

The statement means 1§ ku®4-4{ ma©, 55 sa®, and indicates
that 128 ma®=1 ku°=1 and that 40 si®=1 ma®. Sec part Ill

(Kaye)-
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Mé6.

M 6. 37 recto. i. The question may be roughly restored : the
Sun (Surya) traverses 500,000,000 yojanas in a day. State with
certaiuty the amount of the journey of the Sun (Divakara) in n
ghatika,

60 ghatika= 1 day =30 muhurta.

The statement means 30 mu° : 500,000,000 yo° : | gha® : K3,
333, 3334 yo° and it indicates that 2 ghatika=1 muhurta (=qp0fa

day). The origin of the length of the daily journey of the Sun, namcly
500,000,000 yojanas, is not known.

ii. The chariot of the Sun (Bhanu) is surrounded by the groups
of Gods, great snakes, Siddhas and Vidyadharas. In a day and
night, its journey is said to be half a hundred kotis. Tell me, O hest
of calculators, how much in one muhurta ?

1 day=30 mu®
30 mu® : 500,000,000 : : 2 gha® : 16,666, 6663 yo°.
57 verso. i. The remnant of a problem possibly related to the

daily motion ot Jupiter, which according to the Surya Siddhauta
amounted to very nearly 5 minutes of arc (lipta).

ii. If Bhanuja (Saturn) moves through a sign intwo and a
half years, state, O knower of the truth, what will its motion in
a solar day be equal to (1 sign=30°=108(00"") ? The soluticn is 2§
years : 1 sign : : d degree : x

Y= 1 sign x 4%, degrees

2} years
30x60x60x2 108,000 ., ., .
x360 - 90 —120'= 2 minutes.

of arc (not 2 seconds as stated in the text, where vilipta appears to
have been written by mistake for lipta) The terms employed aro
all orthodox except perhaps vasara for solar day, but its specia' uso
is quite intelligible.

14
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M7

M 7. 47, récto. i. This appears to Partha, the Mahabharata
hero who pierced each soldier with 16 (1—%) (1+}) arrows and
slew four divisions of the army. How many arrows did he use ?

Isi®:: 16 (1—4) (141 ::4:x;21,870: 2, 624,40)

The abbreviation si®= ?; a®=anikini. See Part 1. See 52
Kaye).

There is a very similar example about Partha in the Lilavati
(67) wkich has already been quoted (Part I, 47 recto).

i. Apparently, 3 chamus=1 pritana; 3 pritanas=1 anikini and
10 anikinis=1 akshauhini. The statement means that a Patti
cousists of ratha+ 1 gaja+S5 nara+3 turaga i. e, 1 elephant+5 foot
soldiers+ 3 horsemen) and that an akshauhini contains 3.710 of each
of these, namely—

1 %37 chariots= 21,870 chariots (ratha).

10x37  elephants= 21,870 elephants (gaja).
5%x10x37 footmen=109,350 footmen (nara).

3x10x 37 horsemen= 65,610 horsemen (haya).

Total 218, 700

Albiruni gives the following scheme :—
Each akshauhini has 10 anikini

* anikini » 3 chamu,

” chamu ” 3 pritana.

” pritana " 3 vahini.

" vahini i 3 guna,

ol guna ” 3 gulma.

” gulma » 3 senamukha.
» senamukha ” 3 patti.

patti ” 1 ratha.



Problems 107
M 10. '

M 10. 55 verso. If tola costs thirty-five drammas (dro), what
will be the price of one and a half tolas, one and a half mashakas ail
one and a half andikas and one and a half yavas,

1 tola=12 mashakas; 1 mashaha=4 andi=16 yava.
14 to°+ 14 ma®+14 an®+4 1§ ya®= 319§ ya©,

Statement - (i) 1t0° : 35d10 :: 1} to®+ 1§ ma®+ 1§ an®

763
! va0 : 58 %
+15 ya .58’92

135 1 3194/192 : 58 103 gro
or . .. q . 192

M1

Example—One pioduces ten and a half in two and one-third
days. For the sake of religion, he gives thirteen and one-thiid in
three and one-cight days; be offers for Vasudeva one-quarter less
than thirteen in eight and a half days. Desiring reward in a future
world he gives i.e. 123 to Brahmanas for food, one-third in three and
one-fifth days.. ..... .. (two and a quarter in five days.. .. ...(con'd.
on M 12).

M 12,

M 2. 43 recto. and also twelve and a half in thirty-three and
one-third days for the best wine for the consumption of merchants.
In the treasure house is stored twelve hurdred. Say, O Pandit, how
long can this expenditure continue. The statement means—

Daily i 104 9
aily income = TR
. Lo 133 123 1§ & 1
Daily expendn.ure...E +T + §.+ 13 + 3
24 124 _ 1807
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1807 9 727
The danly loss is, therefore, - 740 — 2 =240 and
727 .
m . l .o 1200 « X

where x the period.

1200 1 800
x-——z 360 years= 727 years.

_‘_

O

M 14,

50 recto. At the top of this page is the remnant of a problem.
too broken up to make out. The rest of the page is devoted to what
appears to be a colophon. This is not all clear but what remains
seems to state that the work was written by a certain Brahman, a
prince of calculators, the son of Chhajaka. It also refers to the
importance of the science of calculation which, it is said, we owe to
Shivo



The Bakhshali Text

Transliterated in Devanagari Script




INDEX
The Bodleian Library Order of the Folics

r=recto, v=verso

Al
A2
A3

A4
AS
A6
A7
A8
A9
AlO

All
Al2
Al3
Bl
B2
B3
B4
Cl1
C2
C3
C4
C5
Cé6
C1
C8
Cce
D1

D2

D4
D5
D6
D7
El
E2
E3

40?r, 392r, 38br,
40%v, 392y, 38bv
39r, 4Cr, 38r,
39v, 40v, 38v,
40r, 39r, 38r,
40v, 39v, 38v.
54v, 54r

35r, 35v

51r, Slv, 35v
Slr, 51v

52r, 52v

29r, 29v

27v, 29v

27r, 29r

Ir, 1v

2r, 2v

3v, 3r

8r, 8v

9r, 9v

v

4r, 4v

Sr, Sv

6r. 6v

r

65v

56v, 56r

64r

Sv, 57r

451’, 45v

46r

46v

70 (a, b, ©)r
70 (a,b,c,) v
69r, 69v

68r

3Ir

67v, 67r

28r

66r, 66V

53r, 53v

58r, 58v

E4
ES
F1
F2
F3
F4
FS
F6
Gl
G2
G3
G4
GS
G6
G7
H1
H2
H3
J1

J2

I3

L1
L2
L3
L4
Ml
M2
M3
M4
M5
M6
M7
M8
M9
M10
Mil
M12
Mi13
Mi14

21r, 21v

22r

22v

23r, 23v

24r, 24v

25r, 25v

26r

26v

10r, 10v

11r, 1lv

12r, 12v

13r, 13v

14r, 14v

15v, 15r

16r

16v

17r, 17v

18r, 18v

30r. 30v
65r

41r, 41v

59r

60r. 60v
61r, 61v
62r, 62v
63r, 63v
20r, 20v
33v, 33r
32r, 32v
36r, 36v
34r, 34v
37r 37v

47, 47r
48r, 48v
49v, 49r
55r, 55v
44v, 44r
43r, 43v
42r, 42v
50v, 50r




( v)
A 1

(40a recto, 39a recto, 38b recto, 39b recto 40b verso, 392 versn
38b verso)
qE I, AW T4 FIRAG dqdged.. 965 ud-gd e win-
Fq: 74105, W §ITW NFEIAT 1 GAIST WG I wieh a7,
ar g gt fa-fzas ¢ gwferaq 1 aw@m wigew 5 w8 i
qaer earTE fFad

&aq_qoo

...axl ‘R'I‘lsl\"

. TIOA_| §F......300 T ..,
49N ... QT G2,..

.. AT q@ & VAT A0 | §90 | uw awgEd wvE ward
o W TEE FH | '

qgeys A3, ) gﬁfg famfsr queqdr zfeasr v=gg wdfa
... JUG... F@AI | PIEA fFar I, awed.. qF agr afee wget
aESE 6 e ¢ &5, . A 7O

9...% 9 T | &Rq0 TAX T T | F...
q

A2,

(39 recto, 40 recto, 38 recto. 39 verso, 40 verso, 38 vetso)

v 8. QU1 AIEW qANAE  wgder.. MARagEs os..mar famy

TAYAT | QA &...7 7 waq | g9 anfr god 9wl . -
o8 Q.. 9010 TF CFF WM W0 ... gol{soIR001R00 QF UH
qReo ¥aT AUFAFT...00...9R00
— | ®° que
- %0 q%—
- %° qco
\ Re ‘B(’ Roo




(¢)
A 3.
(40 recto, 39 recto, 38 recto, 49 verso, 39 verso, 38 verso)

sy a9t 92 ¢F fafusas...
FIY | o7 oA falalea:

L | % T qEATH qq 9T

311 S S I |
U | 9% | 9%

¥ y %
|9 | qx
RS

@ | 9w

frad 1 sgfwasafasasfa

ny ... oy dacr ar wu amrl I a1 1 e daw e
q
aw | S0, FF W l % , qagt... ... §AT,.. TG || Q... qqas
"1

geafa: gadeed femar’ Sa g7 |1
.90 1l RRK9...91%...q AT &I 9% FATR 7T

R 8o s Sar
RTINS A L s
¥ qEAT "o fo WAT Ifw 30 fawew | 9 ""ﬁ'ﬁT
ED)

TAT* 991951351 TF g0



(%) .
A4

(54 verso, 54 recto)

() - feqosw ega 7 gAaer a7 WA YA YA )
wwfamfafe - gar 9T ATAgI@gan /g
FOUF (| TET 9& 7 [T QAT TN 97 |

(i) = gFageae-Aqt jo ||+ |

SRR
T 7 9 | |

H

arar | a@ErfaEy st una

IR R &, i3osR
9t o9t g7

? R ¥ g

q ? 9q 9

- wqyeqr fgafa | @@ saT i a9 A
(b) AR W°°°(C) T v§ UF FIHET ™

AS

(35 recto, 35 verso)

HEAI FXO | FAAACAATEATC Iy, e quw AN
[ .

'qrﬁarra#| 8 i"vau'at‘gaq‘n
AL

| fope | % | o e
1

R

o..@a

adq ard | 3 | ermd | q \gemm
!
| R



(%)
AG.

(51 recto, 51 verso, 35 verso)

Aiforat fgear | qaaw 91 913 | R |333(él
21
qai-§g wifaar g‘@t‘:\i\:‘q«i‘ qe.rjrle ,aa'\qa\aﬁﬁ
119 3 1

gfrd @ | ¢ | o swer o cofgpr | R fegd | ¢ @
fodvra et | R | fr | eR e | R | ow A oo
FMATRAT AGEA TR | A AR Fawrvrr"'v‘ q| w° ¥
9
| g do q | g sw @Y
garneee | & | am 19 Far ¢ g&T

wrfear gear: ¢ | 91 oo gy Ifa aar 2\5\ strforar io\
¥ ﬂ'i %o 39| ..
¥ e AR Adw wAY W

q Mo qGs Ao q| & ¥R I

R D . !

qule | 950 HWlo qrm 30 v+\ e

q A

qmlqaowfgo | q\tﬁaiai'.wl &

q 1 %

A7

(51 recto, 51 verso)

":lqit\q
I 9 i 9 ¢ 1 q

"'l‘\muil@igali""[kl?rm'ﬁgﬁwavu
q 3

o srifereeuT s @ wafd 1 91 931 ¥ 1 uFe 4% N
(i) 3are 1 Ffewx T g M gEIsAWE I9 |



(o)
qEq " FAEARIIEM: )
faqu-frpi. |9 swEwl
cooqgy T fF ATaHeR §13 1)

9 ¥ & v &89

FOM | T AR Ufwat a%r co qw gar gwar e
WTATRERCIGET N A1 A1 S0 R0 1 =9 1 AT R FXT v [ R |
oy &Y YIHET 979 |

US98 1 ¥¥ 1 9]R | SAREGTASTS

) ¥ l ¥y | 989 ¥¥e quiee
q l R R R R

A 8.

(52 recto-, 52 verso.)

(i) +>go° @ s 3 v wiferer Qg srac Ro ** g

eaT dafrA q° ‘*Ro T | R
T | 9 e | 9

99 | 930 la 9y
RN

Q7 | 9Re I 2 /ao,

T | | q

(ii) 210 N1 T Tt dwgEr r AgdEE |
T 4T TR W o |



(=)
sieTfas g9 99 feare o g
T FUTAT WA e Ewig N

o wafa quo FTfT a9 1T 30 11 Qe

T 19 q | wofeg R0 11
R | ¢ LS

| 9 q

| | «t

' 91

I T

Tl O W FAU 50 | HWIRT 5 WH Yo ¥ mo
%o 5
gford a1d Yoo Uy ® Wafw 1
A9.

{29 recto, 29 verso)

.o "'fﬂfﬂﬁ“ "

JAGIN 1) gAT* -
& fadts atfarsd ol dar @R
fadta pir arfer-wgda
SieEnieeiize - es CURSOR

shFeT gd ' By FHear uw:

"Hr‘i? L LS !

IR Adser o | X | @ aaw
[ 9% I 9% l 4 FIEEEE A O
q 9

wgdnfy wiey A § Qag T4
o e o s g



(&)
fafra gefta dYfmsd g qeaew eqa: ’
W@ﬁon
Y =97 fus g o awvafaufa o
W @«
e o 5 ang afsee

BRI

FLA 1| BT " AAWMIAG FAQ qarfe 9¢ g JAaw ey
o Iq9Td MeT qR oo **

A 10.

(27 verso, 29 verso, 27 recto, 29 recto )

esrolxsf‘ao | qofdo | & 7o | 99 o
9fie | qofdo | 50 | 9940 | & o

gd S SRAEC 9% 901 951 981 R0 'TE I FAQ

| 31 % | qvrme | 93 | 9 Q00 o AT TgP 959 ¥y 1 A ford
ml‘x'ﬂi'@f\aﬂ ...... g ﬁﬁ*’mllhl‘m"'

g 1 OV F GAR |1 oY SIGA qol §00
[¢ = swsurita]

A ll

( 1 recto, 1 verso)

(i).;mi cos I T wiwm‘: mw \-"...qswf WU
Q1
T gd & B



( % )

(ii) gAw) ot gy F9FAY qveew ghee @ 0
TUATR T IQAT AifTat
faadr araar fercet oraredrea fafa: 0
o g@q 1 ffa o frafanfea

0T A 90 I P

(iii) gasy 1 1 St frareasRv-Fatacaiad ™ 1
et aq e gifeaw fafafade o

(iv) Ir0 1 I=TEAT FfITAEY faRtay Bt
a'a’lwwﬁrﬁ!ﬂawﬁrqaﬁmz w3 |

I
e faI-arT qUItE ISR wEW T )

""" w qadt siowq: oqw fFad o

«Rol ’ ,ox ulaasﬁmm‘nolaol

Gol Y| O} QT ART FI AT ¥ AT oo gy Afoy e |
agut &% adeay |

TATET HTE " S0l wo) WY WR Sgut AT 390 ST gfRefr-
qd Yo TIAT g7 A7 & |

| T wqd ewer A aded 3%y facha favml 30 @ 39 3ee
Qv ficitaer g wafa

o7 59w fflr 9qd oowqaded e ThHTE & R0 ¥ I
Yov qF Jdtaer a4 wafy 0

A Jon-frfa-gha-asawer 353 SO TSIV QY O
I Y99 Q¥ Tgder w7 wafa 1



(9)
A 12
(2 recto, 2 verso)
() & i wafa

AT 99 gfez 7T 390 1)

#9 fgdaea | 930 | @@ vv fexitaer wafa o
3o
GO
0y
L2

aq garaen fFad | qRe | ud Yvv gftawT g9 wafa o
go
Ro
vy
X

wgded fFa | QR0 | oo 390 Sgier ue wafa
8‘
co
T
wR

qsIHeT fFad | Tq9d | QR0 | UE 95qHEA 309 |

s+ 1+ u+
] R
R OR &



(%R )
e ﬁvﬁgw faaivadq ot feaay | o§ - -Frad

l\slaalﬂhw&aﬂalﬁlvl ,vaa
| ¢ | |98 o | 99

&% | =3% i w&s | SisEw ar
9953 ) 9953 | 9¥ey |

| 83% [ 53% | vgs | wai gfr fFad omam | s | S
stoed QoY% AT Jeay'

Al3

( 3 verso, 3 recto )

Iqr0 |1 fefiae guiwa: IvTIRW g NS 9 qWT
yee g aforat geq a1 siforai gaw gl -qad qaywfeefy
qaa: Il
oo | &8 | o qo |
tia | 1]
afrssrr 3 -+ -afos; e g 1 fave wisiqo) ¥ 3 g A

RIg10 qF A 9T T o A |
19%511%519%51 T@AST g fau® | 985 | 955
¥

‘li*:l
9

e ¥ARGIRY) OF TAT yed Ghwed i srarfy e
3T FRET: IERIYRUIYo  GRFET " SATAT RRRURERIRIER
QAEEHGAT ST

CATEGHEAT ST NEAqed qg=1qrq

| ¢ 7o | « Mo | & umo
[ 9 T 11

QF NE A 3 IREEWEAT AT quIqelqe e g
LCTR:



( 93 )

(i) gaw n gFgaAt gear fg a0
od qraq &1 qraq ged qAr wafa o
g qafafafas feaa
g4 g ¥

(iii) gag u wfrcda fargsw faaw @ TG I3 FF wafir g
FAN

(iv) S0 11 ATEAT AT TF ;I 0T

B1.
( 8 recto, 8 verso)

(v & T3 n fyr awd gar faaem Frast qar
A Ay=BT = w7 fafafzig o

(ii) Sare 1 a<id WaF X Ffewad+y aw arwwy *
g FaY ad T4 wefewwraa:
e fraa w9 ganfe gaaeer<e |
q¢ @ g Wald 9 FIAT qreaany I

gfde 9>

lan'.?
| q

3‘03,'1'[ °
q

q

v

foqei ot e o | R | fga | ¢ | fram g e
Q% [IATET Wradq] 9

@ | gifawer AsqeTHdt Wio TR B CHWITAANG Jaw -
?q . L]
o 1 frat I wfasad gF a=u | wwasq Ao fEgg-
AT |go 9 | @A IS | 4 | AT AT oo
q | { 1
gEfawey waed a@ §4T | o | Wy 4Yo | qoo | arelt wrw g

s | qo | @ gwivw | v | cderer of ol S ArgAedwees o
waq: Tsafaend g1 @ - feax ) afg 2 DA ¢ eI

* X w g, o, = SeeRry



( 9% )
B2

(Y recto, 9 verso)

Iar. N aean fesent o
I R AR TW EGATAAI |
geTrr X wfararag sfa foor X sfy wseg o

So 9
q

9o o

&Aro 9
| )

1

W!ol
q

For || wse faagfet Fear a@ @sd | Qo | fYA | R0 | FMF 95
1

I Fywifsaaaras | q | AT AT aTd aRy swles | 98 |aw' 34T
srgon wAvAfaaf 1

ST °qqT Ao q | 8o 9| To S I@ﬁmw‘mmﬁ 98
q , q \ q q

ﬂ’loilmﬁo ‘l‘aﬂo\so T
q q {

faass | q
9

Hqsy A \ 0 st forar sram o | 9 |
q
fiepet | Ro | USTTER: 1 HATUHG  FEWA: AT FIATYEE-

D= (1f7 Ae35T | —ANF AfFE guraa wafy o

gaqr dufrdT s@q 1 ITeem QEAFAN qIf4wEAt 5 oo

%o e

q|%dq¥  Ro
|4 1

¢

qeaf Wigea AT yaeaeafy | oo | vy | o | s

q avo \ Re fg. %o AVo Qol
1 q

"
t 1



( )
B3,

[ 7 verso.)

Ao 3 To ¥ o ol fcusw \9|
? q

afs famger etz | 3 | frad | o | fawigen | @ | Sesmd
wifsra | 9% | ¢ | aﬁamfaai’?‘ ard | | wedmww 1 qu
R
wqrfes | 3 | oW F_

e 3 |To ¥ woalsﬁvnmﬁmso ¥/

1

G TR0

:&o,\s,aﬁ:o

QEIHEAT ST 1)

(i) 3=re 1 AT ST fed3-T=9-wRH 1
T FIAT GAAT 92 F TR U

qo o ﬁmaﬁm’x!
q

Ao q
q

So R
q

B 4.

( 4 recto 4 verso) .

(i) awm g=9Fq | gafonft awds @ @ | fda T
oYortF s at

q&oxu’to{ﬁa\sm- T 3y [fge 9 fao g 4o
q b | q q q q

nﬁrﬁafaﬁwwmu%mﬁruuelfﬁm’H|ﬁm’|:|m




(9 )
1y o TRTgRE 3y T fed aw et wafe A dvee
¥

seag aufasd= o | 3w |
1 fao ¥
q fgo etﬁﬂ‘o Y| B0
q q ¥

(o 1| AseTad AT oF a7 anfa
aearee faar waen |
feNa o= fair avstar fa arfa
¥} FTA7 A N

gaawend qa fafafaa g&@sfr 1

g gad 14 B

(iii) gam 0 srenfady Hedergaer fadwa: )

Gﬂtl:}ﬁﬂﬂm[‘l anfz Aw Q‘amlalﬁﬁr,wl?lsq

gy | 3 | oge dFfAY sern O @T oWy enfrer ®A-
F m‘ qu&f‘«r«w&sﬁthﬁa& I ST gd qu (5@ wfaafa)
Rqv

(ii) gam  srfas fopi @ 7 gfefarwfad § wafas qar

L T AT qII )
(iiii) S=T0 11 FWfE fawawda fada emfertat
FAIT WA AT T A ATEIAT 1
e fisa
3o R ‘ao 3% fgo [atro 3|03 |T0 0
‘l ‘l 1 1

" T | aefaus



( 99 )
cl.

(5 recto, 5 verso)

ATo Y So & |9 o o o
q 9 , q 2
3Ts Qo , So 3 , Qo o Ho o
1] ? t q

FOW | Frenfaday | anf w7 gl 99 g;le | I orfy-
AT Y faer | 2o | g fadrg 3 2

faaw | Qo i a"@q’l 93 ,aﬁ:r 1 gagar wafn
3 E

AT | FNO-HIAT Bl Y | o o amRay g7 96 0

faogy

(ii) (gaw)  fer TAmfs W oo aavar & dga 1
sfaffgasene 4 @9 Gy ol )
AT IOrT 39 FFAY AT JA
sfafrfea g3 fere i

e see s seendt ot fam AR TR T A AV @ qT

|« |anfe | 31 <fdar |2 | fogi | ¢ | assiero do
j 5 | oo | &¥ | g A9 @99 afe s §@g
o7 U | 30 | eyt | o | Ik qugaA | @ | o
gford snd | S50 | AT dIRY @ | qq @7 g9 eY | o
o | q0R¥ | e g | 33 | wfe fafew | s | gtond
| o |5

C 2

(6 recto, 6 verso)

(5) frv s | 9 | w | 4| o adTEng WX ay @EmEEE )
HHH



( 4= )
(if) 30 0 arfe qegmL dMfor AN Ao W= )
fedta wfa foi s e T == |
T FIAT GAAT FEAAT TIRAA U
l-mox Jo 3 qoolstfanfaw ﬁﬁ’zl
1 q
a7 fed e AefE dee | 3y | Fong ) T aaade W
aa fax a | o | emfachean onfe | o | @ -
(1) =¥ gfrd i | =80 | HAFT TeAT AF ] wifir | 8 gTAT
At | sae | T Sfq @uy 1w R
(ii) gaq 0 sfFry fere s Aoy REpr: @ o @@
wfres gfa 1 gfe sfa &

T gAw frassqaarTa eafanr-
(i) o i | 8 | el | o | g | 3
95
t E
l :mg ey wfsaq | Qe
G 3,
[ 7-recto ]
% lwxs gfar | 9| *aregd |3 e
1 8 | %= . ys
G ga 9% | qus | T qfo aw | qyusy |
%o ' 2a | ¥sq |
9§T0 | Per e U fRA ) | SUURS | WIT ED
ko 5¥q
33 fro | soaw daifnde | q | wale | qus W
%o lal a | s
% o
%o
o §
L83




( 92 ) .
aerT ¥R ir, s l frad &t | ve | uaa fawfaw qag 98 0
IR§

C 40
( 65 verso)

BRI

FOW | AW AR | AREF | ¥go | FEAR uA © faEA-

o
1

wife 1 anfe fomqor 1 R wAlifomd 1 @ 99O 1 A I qrafiear

o wife 1 91 7 fafer gaed 1 ¥sq) g fiwss woowr

Q| F | s8R | U
Yo %o
¥ ¥R
e g%, wary | €o | Ay | &3 o qfwad 1 aeet
.'0'.0q=° ?Q
C 5.

[56 verso, 56 recto]

ace | &4¥ IRIT AT [S¥5 IR0 (HATTLH T E1AT I 115000
5¥ ' %< 229R
QY IUUART WS | s¥guRe |7t wrd | o |
¥R
‘| Q| i T A
e
19

a5y frerss Feganq wa=e f& dqomy )
ag at za dferss: gfa-gfe -gha-era

=AY Fr—dqur g



()

R1 QT
Yo Yoo I q d«fwmss: o +
Rq  ¥%¥9 R 9

AS qRA &7 wifqa g I Jhrasd @ ar aoan

?QKoYQ’ ¥oo [T Y¥I¥E¥R

QTR 1ERER 983%R
C 6,
[64 recto)
2oyjgo | 8¥voc? | 3l Fey e

35R¥ | 3Is9ly

BoYGo  ¥¥¥oo¥ ig’guq SV A F gRY O
ELCEE S v9¥¥sg |

”’|‘1\9££9K£911?o yer TutR - qRoooo+

[ RRESERIWR

AR ﬁ*fﬁ"f. % | 9varF gaw
Y
R®
st | e g R | )
R® Y |
qu TR l|"'?l"1?f,3]'i'o'] ’30 q |90 &Y ,@fml vq [ " afaar
1 q ¥ | ¥
¥q [enfg €33 | &8
?: ¥e

C1.

(57 verso 57 recto)

e HEIC— TR Yo fysamifs =...fafaca | ¥y | ot

%
Y
%



oyt faagfor...
¥a: denrq wFY fiwss segar desgdy fagor: )
ag a &« dfvass: gla-gfa-sfaem: n

#Fa frmes - aqil @quga

§ |AgaE | %
l v ‘ % R, «H...
1R R | R 9¥¥
W 99533| € 195 a1 Ffa e F<: qw gaq 0 aﬂ,(u‘...'
Qs¥s | 95¥s

FRd 9 QF 8q i S [Sasy e fEger R e el

12=“’=’

i

S&aY| UF TSHRET 9T |l AEA T
%8R

gaq 1 o f fgar eared F@—

Cs.

(45 recto, 45 verso)

(i) [qo 3% [afaar | 9oy ¥ |"omfagd: | qos%RY | qaEAr
Rso g4goo §4go0 )
TIGZAT ... RYLLO¥ORY AV ISATTW "+ JATM: |§¥ U o ¥O{Y| ki)
|#330YRoo0eol 1]vY do0o0
A

e R QY HAH 1 ‘

(ii) 8To 9| 30 9|35 ¢ | €Y Yooo!
q '1' X
R R ‘ 1

“13a¥) JEmad qYo¥es Afm - 13qu¥IReqsIt qa ad gling

wfor - Far wifqa wa: l 99 54 | gimr qud - fw ant

§9qRYe




()

LTS Yok
wgs RE¥Eq™ L9¥YRoo000 EVEIR+
qYs vveIowYoo v IowY oo | VVIowYoo

L | wos BYoYgugVYEE

LYY 058 | ———=[ BVBIoWYoo

VVBIevY oo
m E%oco |

|
(o'
( 46 recto. )

V¥58RIVYogs | B¥IAGeYeooss ,,, | 1RQVSoRYooBY
¥§835¥Y000 ' ¥gE35¥hooo |  qUYY¥ELYooe

!ﬁfarrzlwcamxoaalanfam 993390 BOYRR [ TTEAT
14 BEqY 000 /48T QY000

LouYIIFIVURIVLGURIRVASIS | FTON qIF
WRY¥o¥5I3E¥ gV 000000

| R9923R0983¢ | qrfaa srar IwcRaTE TqTa

‘T["'\Sooo

L pAII5FOE(VRY0 0000000
' YYeB¥5 Y&V VY000 000

!
. ! D1

[ 46 verso ]

I‘ﬁ:l‘l’?ﬁ]ﬂ@%] UHT 0 AT N T AT § Q Aig-
SO AFEF T | N AT F T OGO AT AW A HO I
oy At e dgerr @ gt woR 1 ANR AR gRg

e



( =2 )

D 2,

[ 70 (a, b, c) recto, 70 (a, b, ), verso)

...... qe | 999"
L § Yo

"’R a ° m \souw R m qooow g "

S0 1) AT " fdey gt w1 g wfe e Ry
gt qa
...... Y N PR
RERNEEN
TRY-FFAT-F
e
e afa
“'Fd 99 & ,
32t0 11 g fa o qiww a9 qfee qav <<
Y A .
A A
D 3

(69 recto, 69 verso )

: l : I 2 I‘w“.m‘u.“m'



| (v
gafc it wager wafq  s@faw ) gar St SRESCI

fe warfe ~afa o3 ANfger da: eqmaaer

seaa dafuada | v ame '-2 Fo on Iq;o Fo &¥
9

ofmem fRav ) v
q

gy v:rﬁrr:‘ © R | 390

3210 W1 fafwds, Fagor famia g
** AT 1|

l:lzlﬁlgquolqﬁq’:olao

go w,qao l

g N ad fafaded axaar qaig

| | l goqao }8o|go,§o’qq.—a

o D 4.
(68 1ecto.)
% 2w ERT R Shrar

a9 39T k8 R
0o oo0 ooomuo



( & )

DSs.

(31 recto, 31 verso)

] z‘o ‘lﬁq fa-o oo
| 19
R

() -Aafaks 3 i
|

go

1

raen firad \ 3 fo
19

'ﬁ:ﬁm[ﬁa’o

R
q
?
| 90 | sra¥r ot qwq: FRITEAEAT ST )
| 29l

g Re¥ \trratin‘ 3t | ffraea
‘l‘l

qR*T 0 0 THEFHEAT ST )
(ii) gt wdwre=wr ¢ fRA 1 do qu AT
|
¥+

famer 1wt 3 fe 2o

1
3
ooo-q:r(vi.oooﬂa R"Iu‘.[ a:° q v a-, L] .
119
R

‘:—:‘o 9% qgm | e gfa g G | A AT

aai ¢ \7( q | eI ol et A X 3

o | 3| ey wag o gag



L R% )
D 6.

(67 verso, 67 recto.)
() =39 a fedqor qr°°°am )
faiee - afawam =<arfc @ 37 fgao Sd

T T 73 &g fona qeee a.a

qqs{ro1"{?‘“‘!‘?]2?‘"03{3?‘7“9
q 9 91919 11919 191 q
vqmoxl‘il"‘
11 qle
¥ R | W@ ﬁ‘l""ﬁﬂ" s 9| I
& © 5 9 s

\1% aa,mert,w
g g g8

% %

srral &3 | o & wafw 1
9%

mm|£3|1+? a+|a+a I+ | 3+ 4| e+
clq 9 9 9 99 T 99 |9

(i) gveFr aAmaT @ |
far wen fatrosa figpi frad
#7 Freraet fafafeig dufas faame
AR T Aol PN I T @ N

Wm " fm”. e



( v )
D1

(28 recto.,)

d R Wi weE 94 0 9 feEred o0 g@l q l 9
9\ | &

@f arrm"""angema’t"""'gvr ...... wrTer fzagt X
P q | 99 | wa* oe &
( g% | R

E I

(66 recto. 66 verso)

eqaTd g Tt oF-fe-fa-ageve - quafraa:
e e

g dufmaw

9 do|q ® | qR Fo| wF R
L B D
9 Fo| R ®| % #Ho| wd TR
9 q _1

q To|l 3 ®o| ¥ Fo| wAET LR
Al q q

 Fo| ¥ ®o| 3 Fo| FAEI
q q 9

q ®o] & ®o % ®o | w & 9%
3 q q




( 3= )
E 2.

(53 recto, 53 verso)

ao \ q &0 g-..... XY XXX

1

.o 1
q
R 1

ﬁi‘tﬁgwﬂf‘a\: :' faﬁml:,aéuﬁl

o | & | %37 o | 95 | s wfasafe

Wo R faT § A w7 &

g a‘rtrﬁa%al g fgo
A | q

Y[y
| a9

ssscesce] qg zﬂm o fqa‘ %9 Glo R

. 1‘ QD qu% s
IW* "o f2a :

39 Ao | Ro o 4T 3%
Ro Hfed ©
W 7o fam
E 3.

(58 recto, 58 verso)

o Il gg-famw fa-rsantwm-fada 7



( =e )
(RTRRY) ~ RELRREYVV0{VESY " (5R]LG)

A e ¢ |Za 9 |g@ 1 W Re
q

q q
3 9 |Awq 7w R
7 9 R
R

AR R CANERRE: K

E 4.

( 21 recto, 21 verso)

...... fasrr - ey a1 & asfir fiet
qw‘a '''''
® q|® q|® 3 iiw Qoo
9 8
AfRe [qfo |yfae |
bl R q '
FIOR N g Ialili o Qo>
119X |
ooooooooo aTa-' wm
T AFREt Qe wer 5 wafy
R Eo|3 Ho|?® Ho
q q 1
R S S
9 o9 @e|q o
1 q 1
R 3 ¥



(%)

""" gfada e ’10 9| 3% |go Yoo
15 [ Qe q
ES.
( 22 recto )
------ B9IYoo | aftd ST & & Koo N
&80
7T g ATFAHT |
3o | Q&0 | Q00000 &lo | wef f& o000
q q 8%e 31
R R
3o | Qo [ quuioo o | e fT §oo0o
q 9 §¥9 §%9
R R
¥ €Yo | 9 o | }9%000 o | T f& §ocoo
q 1 gve &%
] ¥
Fl.
[22 verso)

‘

(0)-foqui fehaea wum--dta™ | q9ar SFEi 99 9g4 99

TEAM T WANFH g I aTET 99% I fF q9wi |
?Ii/”,iw?t'o'
119/19 1

TS IF AT 9 1R 131 8 ) R gFAT—

|



( w0 ) X

AN o | ¥o | §o 1 5o 1 Q& X o 1 qut”

Ao o {3\"?0 ’wo ¢ l ENT FOT FF 00
4 q q

(i) gaq 1 738 fead g a<r @ g FA )

{
F2.

( 23 recto; 23 verso )

(i)""-ﬂ‘ fagu"ou
" sque g 5 WA

° a'ﬂ?lazrl
1 1
agel famay eoser | 9 | azrad g w19 |

HHRHE LI

eafad 33 1 3 fawsg

ﬁalaa't'rmf‘wl
33 q

Iam N adwTE: | ¢ s | ¥ 8| o

qy 3 0 wforw 0 aq g o f F
(i) gam o Frfes g faered aQr da w9 o7
@ g agd

“qeHE g t‘mw&q'



( ®)
(AR R NEER
‘I‘I\‘l‘i"l‘l

Fias g fowaed #1f0F 9 1 QW aaq

|

3o 300’
1

guds i | )| s} ¥s| qwigo | %o

aﬁaqw‘mhﬁ\;ao’ 300

AT !|LT."
9q

AT @G Qo | | o | ¥n | 9o | 3w Aforerw
(ii) ITro 1| TIWE 7' T 9 g |

@ 9 gand garad

F 3.

(24 recto, 24 verso)
WaSIGeTeATCw T 9 TG X

fF qauer
R
4

[AY 9 g 49 0 aa: gasda o war FA W ‘,* l
R

°
q

A D 0
Ao W

T % %o ¥
T 1]% 19 i
R ? ;
T 1 IR TR e AL | zo’gm’ g g
LR
meq'wm&wanlm‘fﬂﬂa""@
R

wifir o &8 Famfafw aar

oz [ e 3



( 1)

3cé | qd o0 | @4 AT IEAH —
2

(ii) - foamd 3
gt g T geT T
*++ fewrent @ifrafirt frwa s gwifag

. 3 “|3 b E‘Eﬁ‘mau‘
9 /¢ |1 IR

L EINEE S LR SRR AL

e’ ¥ ‘ AL l %9 ‘ EPAC) l iw RQ? “m
R IR 3

a4 0 7 LT RN

(ii) 10 W wod 7 w1 Feamef e

F 4.
( 25 recto, 25 verso )

¥ 8+
13

go &
|

o] e

|ﬁ?|wmlwﬁ"‘wm\x‘u W \‘Hi\i‘“\aq\
R IR R R 1

"



( a¢ )

| 9k% ‘ fﬂ""iﬁﬂ‘ vg
9%

1

(i) oy | g T wE AT | gt aﬁnl x\
q R

. ul w91 gavaer fage 34 J@
R
[ AT g arai‘?éi@awwml x|‘l!ﬁ‘
R

Iaa,ae
IR

go Mlsrﬁﬁf‘w‘wm’swsrra'
r"aﬁau&gﬁﬁa%alalu‘ﬂ, Qe\qm
garaa fafa: o
(i) 3aro 0 wow & & 7 9w 5 g faad o )
arfeeiT fapor &< T |
qar gaT fager o awg
T T T
AR g0

X o ¥ To & Izoae
! RPIT R+ R+

F 5.

(26 recto )

(i) FO ) [T e g9 9 | o |



(2w )
‘ X |mqa’tw'ﬁfgvr T
R

ﬂg’fﬂ'@iﬂwﬁtﬁ{dlﬁm‘l 19 "!
tR

' ala = |99 [ geo qa‘nawg&'ﬁzl?el

RIRIR R R R

...... ww | Re’ma]q]"gfwdaéal
- RS R

ad o At wafa

(i) fawa< - @waq 1 QA G AT | qEYE | qfaw

F 6.
(26 verso )
gAY ¥ o XA IA Wo
IS 5| I3 o o
o 1% 19% 1 5 Tdo Fo

W 1 9% THo Fo

¥ ¥ oq dogarr g

s 2 3%IRe1 ¥ ¥y faer
R ¥ el s ¥

-1 LARELIELTRCER: ¢ i

Yo% RWIRe) &



Gl.
(10 verso, 10 recto)
() gd ]
(i) g@ 1 Fear &7 & F gFT SqUAE @
st fadoe g fafafem 0
(iii) S=r0 N fawrr AwwEEr - famwwga -

FeRyav-narfy oo f5 A9 ag qfveg

o5 9 9 9
19 “I Q|
1+ L3+ At

FEAT ®9 a4 T 9@ | IR | A9 0 q97 @<
o | 3% | U5 | oy | felty smA @ | }¢ | AW vs ghw-
ey e | q% | A | 3R |

vrgg fad | eqray

v q | 9 9o AT IR | W NI o5 Il I9-
1 q 9 9 q
i+ I+ ®

gonfa fear

(i) oo oo fafiy gz %igei'"'"

q

q JreEaEfE [ v [ ¢ Qo | o Fo 3R
i+ |9 q

?

34 IEAFE T JE@ATR WAT q2A gl-
9



{

3 fommai fefafa

v )

1] 3| R w Qos

¢| 2 X
| &

(i) 3To N FHR IKTET AIGEA WA HIAI-FAA |

qead fggon = T 9’ q afosa:” 3| q¥o
Qo
3 | &g Faar

gear €qerd qreafafa &9 ‘ g

9 |

GITHQN\ ) s gford st | &= | @d | ¥R )
Lo

W\ W;

@ | v |
\9\2 8a | %9 q¥o
o1 9] 2

G 2.

( 11 recto, 11 verso)

(i) 94 °
9

3+
q0

(ii) gare - wAr WX qor i e Fif )

q 3‘"‘%’
| 2 R q

FIOT 1A TR | TRl §9

R
€|



( 3= )

qg & 1.aw‘§earsna‘| o ’q:
q 1

N A 99 |

ag | e |
g1 dafadT n
ALSTE 99 RN s &7 T30 !

ysz12W 9 Frar i &g a5 afoga

9 ' 9q q9s T ¥
LA 9
|
g7 fawrr fead asr agfv fefafa
q 9 | ¢ | wW@9qs
3 q 1 q
R i

(iify I&To I TFAVT AX I AT TATSAFA |

qqmq ......
1o qYs o | BT A Yoo Il ITA ST FAY
fq ‘lEﬁ"
: '
1y .
| q | %o 4 3 1 9 e A9
: %9 | 19 1 1 1
q
et e tetetet|anf
q
+ AT que do 9| 2
q §¥
|9+
w4 agd sy frawy
o 9 ¢ 9 9 W AY s |FE Yoo It
9 + 9 9 ¢ |
8+ 9484Y w*
q

¥



( 2 )
MT @ QY AW 30y 1 Iy @ &3 e AW @

A5 | 59 | @5 | vo | AF | 390 | | %R
q % AL L)
¥ 1% 1% &®

AY | q¥s ; O¥ §4F FHAT N
93
&Y

G3.
(12 recto, 12 verso)
113" AR RYARTYT:
mo“o"'ﬂ

Frar o7 ad qeafafa: a7 a9 : awd: gfw : q@ am
sﬁgwhﬁlglgl:l;,:lqﬁtﬂﬁtm .

fodg  aafa Ao | I AET AIRH | AR qEIERL

LGH sq

1]
QY HEF WIMATT §I ou | ngm‘lio‘litl t‘l ,m
S

=q | srgfe sgfadod aa: | ¢ | afm gferd e
W&

W &G 2 FIT R A | qxlqa'liil"'w’tﬁs TRTH STTNT
' 9%

orew gxar waf | qg | o @ 9R
(i) "'0.0oocmm l Y l 3 lmw.'.

FEL | [ (AT I FEATSRTI Ho | 9 e‘gw
9] 9 T4 ¢
VAR L




(¥ )

59
L%

F@rft gear v A qo% | st WA | AYgST

1%

U‘To‘llmgﬁea(qoa‘to ¥ ,qﬁg@aqg n
T 9% q 1%

(i) S0 1 T gew ATt At Fg AT
Y IoF U e O ax.afied

s ¢
1 |
|
FIOH | TAT €984 I TRG | & algﬁra'
q ¥
qd | &g R [ & Q qaq qiod sl
. q 'l_l_
¥
¥|@d q (98 ¥ ¢ | ar gfod siEr | je
q q }! 2+ 5
q R [R ¥

(i) 320 1 FTAEW-ANTE fa-IT:-TTFT @AY |
gtfaufa froeer faammrss gead o
foF @9 9T acan &4 T HA Feaa )

|ziiz‘t No 30
3 ¥ % q

mlwswﬁwl : ' 3 I : ‘gﬁ'm
W':,‘@W]:laﬁwﬂéw‘ﬁélaw’

WYR W ¥y A qIaW | N 09 ts ) O A 0



(ovt)

(iii) Iare. afkefioren agen fqur<i T=TAIgHR |
T A FgAFt T J AT TFOF |
safa f at faog Faei Faafy fegas
st gaeieat i ar 9 e ¥

R

e

G 4.

(13 recto, 13 verso.)

0

i i
= 9 9 9 9 gfwa'arail]-:igm
1 1 4 q q R

¢t et ot ot
s ¥ 3 3 3 SWlGQW s g
¥ % ¥ ¥ @ R q
9
‘+
q B
ot
g
et
9
.a+
o
,:2 o wad | 9 WA 59 ¢ W TGS SN
R ‘l+ R ¢ )
¥
q
9+
q
¥




( v )
(i) 3370 1 FrwTr SgAT T TRRVETEHTEH |

& a9 zafiiag o
5=|Rlx,gﬁr&m,aalqmw..

L RN e
(iii) are 11 S ¢ qSAFANA W Aorg FNFAT

ag fafreg fF v Foaa. oA 1

{10 : gford ot | 9o

| ":“:* B L
(i) 3 o Wro @oqs % qoll | o | % dYo 98 T

| | q
| o R 9| 350 0 Fs R

® e* gTo ¥

1 So o q

¥ ¥* ATo o Q

q Fo R 1

e Fo ¥* gfew ¥

i) gare 11 FeqTATITE qfes TATAT A AT |
97 I354T fawmirT @R adfaay |
qgsar § TV gfg gt T |

#1 gfg @ i a1 AT qgsaany |

%o | 9 | 211 T AT°°SIAT I N
1 1,] 9 1|9
R LR T
Sag gIdT | o 9 9 9 a,'molaalwiou
T 09, 99,1} 19 q
vty




( s )

gV 9@g | o % 3% N qE T AN
q
q
Q-I-
I 9
LI |
9, :
et
q
¥

+ + :

C oo mo % o~ X

GS.
{14 recto, 14 verso]

qE AT 9 ‘

I‘l tl‘limaargcva:ﬁvz'Wn

3 el w:

mmquumswa&m‘zla'v,arg#gw
ER B IR

ml a'wwﬁ‘e’wdwm' 3 'aﬁwwargm
Y Y

‘qug gfors ard | vo | wy fvey
e | 3 ”°[:xﬁramammlmvo'l'
L 9

HAHEY TAqG Yo % 9% &9 ¥ qF ¥o |




( vy

(i) 35.':(0 |l yefive A Jeateaq ey 8 |

fa=g ¢ 759 g ggeAT FEAriaw (W*) F ¥

G 6.

[15 verso, 15 recto]
s T AR
|1|ﬂ|1|a|§rzi
ER N RN R 1%
W | great aifad 3T 1 €7 99 S sd

%
59

,ﬂﬂ’gﬁld m,:z ¥sor o |
1313 05| ;

59
¢

e ' 2% ,gﬁna st - ayfafed: i o -
¢

fafe #err oo
wqai argraF T g |

T A5 ag gw T IR T wAT 0

I=z t ottt | W gsn

9 yea A qe T 9

°o 2 ¢ f § o Wo % | wA AAA 5L 1
g ttHetete+ 4
I ¥ 3 X



( ¥ )
3ar0°

Ffeg afe waw ag=aam 1
@ §g 193 graed fa=ro:

!?QY &o o 3R
¥ % 4

mumdgmgfwdmﬁ,s TG AT | &

T

wﬁa&ﬁw"',*”]w%qqmﬁh"
n g'

LAREME ETR e L LICEE CERTRTE::)

G 7.

[16 recto]
(l)fﬂ‘l’iﬁﬂ'ﬁl??{o gol al
g gfod ma‘% ew ‘ T I qegq 93 |
e yod aufud
AHb
(ii) gare n mfew (-weFwda fg-fa-srr gafgay

fedhd fe-asaml-welt gAY fg-geasmgwam
agd fe-nd wrrde o o A4y

o ??

aqaratfers gear i ad ag afvea )



( ¥ )
R

gy gfa | par

HI.

(16 verso)

() waifr gavea agarfa ek
(i) gaq n &g F FyoT Faweayfaviaig oo
WYAT AR hoed ey fg A
tiif) 9o 1) OF-fe-Fa-agedear gawl Arad @y |
oF-fo-fa-wgedean fear wrrmars o

‘ ww#ﬁmﬂsqw'r'q+|a+la+ ¥+|
9 I: 13 ’v

FOW '@d @ waleln’ 3T @pT @ q1” ¢

98 11 @ IRA N Y0 1 FAFT A qo HFT WY oy e

H 2

(17 recto., 17 verso)

q 9
qo :o' ¥ %o Hio o IR
19 9 ’ t

(i\

(i) Rro 1 ww-fe-far-ag ¢ w&AT gaoi shfomar
Ayt fi faqrs<da 9 ¢ asawciasy e LLE



( %o )

q
q

N
9119] 1
CAR AR AR

FO || “‘Fd 0T FATT qE AT )

HNNHM

“qegfaviadq aa:” g ared & gélt[l 1’| “d@gd X ead
%

WA qqr 9w | Qo | ¥AW WH WA | 953 | Qv <RF  gaviwr

%00
mll
seag dufada o[ | 953 |9 Bo  9%R
1] %° |1 %00
o} 953 [R | W0 983
1] %° |19 o0
Qo f qRI || Fe %R
9] _%o |a Reo
9o Q53| 7| %o 98}
! %019 X«
AV 37 ATV IR OF A |
gavwl ¥ § afresr Feqar rwas o
Tag | v+ 4+ | s +|e+ =+l e+|q+ + \+|
L3 & le |s=s | |V

"mﬁgw"ménotaow?luwaleoumanw

e Ry 1 30w FawET R ¥ AT WW,QQo
¥y

TSHIMNTAIBT fFad | el w?roz,qwq%asmﬁmm

sequ @qrfuda ,u’aao W??l

g3 wdut wewaq



(¥ )
Hst

(18 recto, 18 verso)

() (gam) v g dgoir iy Fegarft IR

FZAT 4 WACHAY § % ST AgF ||

(i) Saro 1) T-fg YT WIS &t T g 7 957w )
anex Ffafer ¢ seT w233 o Fg=e
agfwafidd sfr gozar war @

aawasfalin ¢ g gaot IR 99 )
la,ala %
SRS Y R
FWH || AAT AT FArf falilamca Ffa FE@qT 1 9 )
q

P I | ¥ ) “FSATi aqifamy” qeafis 959t @ S o

R |90 qIf 4R 1 foean v feedi ot Fw g0 a0 fuede e
1

" yefawfan gan
(i) gasq u seEr FA571 a9 foess famadg
g & au sawrerear fir Aw faedg
AT AISHT AT YT FIA%7 |

Todsd aq TA afresr ar firfafRing 0



( % )
- (i) 8o 1 ww-fa-fa-agwnar s Arvwfa g |
ua-fe-fa-ageden oramfaa fra:
TfoEHT AT FAFT FAFIIW A(GH |

N

m m m q..-.....o-..q: |

HENNY
g

J1

( 30 recto; 30 verso)

W | @& gd' qT”’ "'a’a“q q-g‘fq- qgoee e

¥ | 4¥ I %
vg 9

J 2,
[65 tecto,)
@ =@ fadgsar o amba s @

AL 5T .



| ( % )
14% qEe vATY-g¢ fefafufed sitaer | aeerd weqat
et aEmaaTa wrig-s3fn w19 o sita e wafa
FOY 1 AN ARAEF JERy gee-q-fd  wfivsiar
aq =it feg

93 o § ' 30 fXo | vo go 'W'!
9 Q 9

J3,
(41 recto; 41 verso)
**UEFT 3 Er-earfaafafet | aq aafat

g ¥R ey
q

go 5 Sy ' Yo ITYT L 2300
k| b | %

g ke Il IR oev-wa-yewrfys o g-aentanfy ag e,

areefiy wf Rt
" R IRy T ) Qo wgaY afc & 3afe
o
E
ufe gy | gy | e 3aft g firy q& et ©q
& %
R
3

e KT | @i o go xR



( ¥19 )
K

(51 recto.)

() 3o ¢ #Y ufirv=7 gar g a1 nfegsd T g WAy

ufafify ge:

° Zo |m0\9+qoo
9 q

FOM ) “gAEH ﬂ—&ara"" )R |aqaa’| % Ifk
g | ¢ | a | R oaw| ¢ | ‘DY gl T s

@ | o+ | avaglk | 99 | wwar ufw o Iy mar-

aqx 7 gy
99 Zo % Ho ¥ 9 s+ ToR
1 1 q 9 9 q
T A Lo
gay | Tat fady weied g7 {7 g
LI
(60 recto, 60 verso) .

(i - gefaafm ,maﬂ 90 sw:," lfaﬂfmt&au
1 1

THFISAH AT Xq 1
(i) gawy 1 o s fld g fwea goa | 6w
gewed T wad wrAwd ywa ey fafy



( 4w’-)
(1) garo 1 fe-fe wo a=w fa-feY 7@ Wl
wogn qeq faw 6 F16 oSt weqor

| R T s | o
fee | faa 3 30

FOT | "’arm-am.: faad g1 aau.i ] . , g

(1) a1 & qa> ] ISR AT Y W
(i) gam) wg e P e ag fawe FvoRa
| qeereyt fgqui Frefo aw1 @w-gar 9f7 0
(i) ‘gre 1 for-fex s o9 qA V-7 afosas
feerd o= fea@ W@ wrad gu:
sai fedtaes qwr @ frgran
éaar AH-GT ATAT BT FINT FLAAH
AP

L 2.
(61 recto, 61 verso)
‘(i) - s FraT gwaqr wafa
i ok fead

a o Yo sreﬁfﬁﬂmwmulu
30 5“'9%! ‘931

-

C. Y | o gug. S )



()
(i) s=re i TwrgAY gAY Hfa Aufedsy afa &:
aFeny gaY ag Aen fodrae frade
ga39 fedae qa faR q9a|

&7 Fror quAIy Aorfacar azrg ¥

! 3|ﬁf‘l°

FOM || ‘7 g7 fales=" | T

() | |13 30 | % &Y |smir=rfaa"tuw

q 3 Qc- % ¥
q R q ' CFE AT )

Sy | vy n wweAr @
(ii) g fr-osamew: gaw w3 0 B
gaq | famda #4 wied & §F AT
AN U g@ Ay wafe a@ T 0
(iii) 9&ro 1 g X Fronfy eaw faefonfa fafayg w2
AST(AW WG TINT &7 AN @ FAqQATH )
N

CIUC T E S

ATHAT

L 3.

( 62 recto, 62 verso)

A smar | & ser dafad



( ue )
af fafwers q=rd 1 aar agfaafafer X fieq )

|?|\9|?9|W60=%’ll

(i) wrea fawd 693 | afe wsfwaa  avad agr sguadfafa X fimg)

I’«Ii,:? B Y1 FE ¥ | TN 95 QO A7

s gag uv P
(ii) gaw 1 fawd ws¥ ¥4 Uik wa frvsang |
TG { qF AT qsg ATH T qTAT 1)

(iii) e |1 fgfir Monfa aeacq Rt fafwg gz

M BT

Bo ¥R | W1 Q@AY 95 | QF A7 )
-q

Fo mfaw’ I%I

T&9 qS90H gaq Yy

(i) g 0 fawd o %7 qudq Fq fveaq
fauch @ 9 Fdde qud fors qu:
IoeH {1 WA HE ASN ArRvEar )

i gare ) fafires awdet agfaes famde, we

g Arwgaar wd gite fafafaag

& ga’ $79 o 7 F43g TR 1)

, 3 l 3 l sy ‘lic; I

o | fawd w97 e

(YY) Xy ) vey



( w )
L4,

(63 recto, 63 verso)

(i) -'-' 5|3 ‘m maol
19
Ivl'.z'dolq;a‘tﬁo ﬂﬂ:|£°lmwl\’°|
i 1

(ii) 9% T FaY 4%
I fasgsa fawwed g faag
e ©7 qrs1 oo g aTgar 0 @
(iii) Izr0 | T=AfARTg T g AR 3T A
¥ g gz fadid § 92 959w w90 FE 1
%% fr%a dym Afaeqeda Fera o
I % I % ,w u+|

oIy 97 ’ 2 I

(.)gamfm, l q | a::jWIlwlaﬁ“l e |

wgeafee arer A9 | w& | o = 5o

qATSIAT gaw Lo P

(ii) ga% 1 36x gow ag wafr aq - ga FeTAH |
dafas faur ger frsa weaa: o



( us )

(iii) 93ro 1 Teer yew Famivi 5 faw-wae,
qEHEMET v FA gt 92 ga miEwat

U ged qu qmy ur: fF ged

M I

(20 recto, 20 verso )

(i) q R0 F °10 2 go 9 Bo wo* Iﬁﬁ-{lo XH 9 | HoHo ¥

9 19 q q q
1’4 Ho o
Jo 2 ]Jo q Tlo 3 Ho 9
L4
k1
g7 gAEET R Re |1 q
! q 91]3 A
k4 qqgog*
R
? 9% q*
¥ ¥ 'S

"B § o —Fo Fo Ulo ¥ Jo °* o I Fo q I
(i) 3310 1 & T59AT wmifr femfa adem:
am f&q
(1) 7o 9R000""
SIrgIor | qufeer-aw gt sfamamatyer

w 73w fa oF fawfa weragfa o

sfafeqa. 5 srm faer dsteay )



( % )

U5 Bo 3% + HoFo | B ToR Al0¥ fav
9 q Qoa

AR

R ?‘H‘ ¢ 3710
¢

3

IR | e X : Foordye feady feaq

M2,

( 33 verso, 33 recto )

3o 1 gae gfadt wig g afwesEg o

gad geagraioi gurred e |
gfawrr fa-a=atw femdasw w=6fd
avsrrar waer s agRrEfiresgaq |

FT FIAT &Y o9 qIN Ghreaay |
9 feo q glo c¥oo0o0 e T ELYY o
| q q
R

(i) 320 1 AR AFwfymr  fa PFaeNgd gaweE T )

TRAGAGST JqgAg 9 T [T G@0&  FI0IGT THL (1

9 l T 9 9 9 2 9 | %s

el 3 3 3 3 % % \ q
(i) ggro 1 od &R 77 JmmarT T )

TrRuefa-wifr sfa Qur-
‘R 3W |
q

Fo o q AT & To

I
oo |9} ¥ o %o AW
19



( %= )

M 3.
[ 32 recto, 32 verso,
(i) == frsmor
et A AT TG | W CUT ATH GIAANTAT | TP Iq@
agatT wg°* a @aorEt gw wr frndd 1 gd a7 oo o wE

g fren: feaqegauad yfd oy &0

g 9 9 qTo & qATo 30 Yo Gooo Flo To |
‘ 1 Qo+ l 9 q |
LS [ |

% 9o 95959 ¥ &
QM

. (ii) S=r0 1 AT MK 77 7 qW

(i) 900 FHYo WEGooo Ho—Tlo
% q

1
Ao V{000 HAW

3 | To ¥8a%9 Ao q fao ¥

Rt
(i) F&ro 0 T TR afired wfw @ 92 0
fawaiwag a@ =T )

TRiwg W gua 99 -qfe T
§ fot o g7 @ ¥ T 0

R Tqreq fiea



(% )
M 4.

( 36 recto, 36 verso )

4

@) o1 ST g a

ee0 co0

QT e S FATE 1)

(i) I=To 1 & ° FIIET A Fresaf ar FavT L
qui %t ufr g7g * cqwr a1
gt afy S wfregfaarty

959 gededl ggd waq gearse o fa
I l Zoox $% l AT R000* To Wlo m;o Wl Yo
q
o oo
aw Trfir a9 A B
(iii) TRF TW AR AR FEA )

aeat famfa i o i wassfa 1
Tq qEu”

Yo ¥ o Yioqooo-{-‘ﬂ'o Tqlo | %o o

@) |ﬂ0’\' T 9+
q

9 3%

9333 WMo ¥ )

(i) WorrEr fawrmd @ RIS )
ar t feafawrir AT weefi ) :
T gA: 959 WRTTH AT T

o fy fracdl argIaaemRar 1



(% )

QAT ATSEY G W FA WA TS 0
|feqarq 97 9 9 9 ¥ |
| 3 3 *¥ % R+ = '

M 5.

(34 recto, 34 verso)
lil & 7 gFrer @ YT Fa77 T 0

Y a8 /¥ {5 @ a7 i

So q [ o 99 | @ Ke%o | & @T* §33%0
9 q 9|
q¥ g AR 1

(i) wfeaq qut gavieg FaT 0= Zd TJI 0
seag gl gfe  foer q@ar
T=qrsd AraNag &7 gagueqa:
geqi - & gatr aigfaseifa acaa n

feq|q &*w|y =y 9" Fa-d

1119 1
9 9
g*

@)
fafaarg | AlTAET-aIRAIAA [E A
aufa

Wo 9 )AITo VO q & | HF—&¥o
zl R ©

9
G
q
$
9
%



Specimen of the Bakhshali Script
M 5. ( 34 verso )

L

Wi &

oy’ )
i

.

o

W et lon i Tl
\*MMW i i







{ %)

(i) wrmRd gAYy ewa -faea  gswOsAW A T W

Aot — — @ FYAET Yed Mo IgATRA fagid s

Fo q ﬁo ‘IQ&‘.* Hlo o q HTo 30 2o fao-AT0 To WY
A | 9 R |
?
M 6.

( 37 recto, 37 verso )
(@) - -gamrTe
fearreem afed X fF gawqes ag frsfaany

H 0 - @ * Fo-Fo Yo0o0,000,00> o § ‘Bolﬁ“—ﬂ'aaa“‘;

9 9 9 9

(1) war <& g A faged fared ¢ afgaq -
At | M wand g 9 gavenrq ag 1fg wra-
Foe " qdq 1 gFaw 7 e asy g § s
| X00000s00 Fo 3 | | Hodlo 945 8%, E8%Y
(i) ** Wi wag fir
FHRE Josooo fafermi  fawr ¥
(i) w=ard dacwR & T af wga: gy F aaw

| aralw fFy




( s )

aﬁa; qoGooo0 faferearat <whr mﬁ 4 fafaear fac
g
% fafeear R 1 o ag afag o

- 4ii) gare 1 uw ghafesdr w: qogdw

M.
(47 verso, 47 recto)
(i)~ =qg wif @aw =@
arseea ¢ 9fg T g QL
o+ 7T AT § AT AT AGEAIE, N0

o 7 93w famw o

% o Yo 4880 | FH ;T IgBYoo0
q q

Iﬁrt q
q

&
1
q
]
¢
?

T THY
(ii) w1 Ty Ty a5
(i)

Ferraror:
qqeg qaTfaafasmEy
Fvetfr qmqert aTg ‘enmgTangr 34 1
iy



( %% )

T qlues [1333333 %0 Yo
o tlaf@{999999 ¢
To Y | Ffowar i@ WM 9500
go 3 T B0
AT qo83Yo

@ suslo

(R9s¢00)

oy Fefgeit guoT N

(ii) 3o 1 Ffwwg TAFAX AFH |

M 8.

(48 recto, 48 verso)

fw | f@o | T0 9 To 3 o
To 9 3* HAlo &- co* q
q T 9 q
% 3 |¥®To 3
o 9 i‘ Hrlo L
B R*
4
Qo q fRo 9
g* 30*
oo 9
R

8™ ¥so* UWehaa yford Id ¥q88¥R 3% 9

99400
@o & qor dlo ¥ AT AT qQR* HTo 0 aﬁﬂ'tﬁﬂ",a“o Y50
(i) % Wlo - uArfed
| T Ro00 WTo 1 To Y00 N 'do s

Bo ¢©*

gl 3 | Aramale g A kG AN 9 Ao 5 N

o R

Lo 3

B w

Jo . ¥ T

T 9

1 4



( &)

(dh aft feANFT oF o ag TRW q@I"”

I&ot 1§ W |I§ W 3"‘|Wﬂﬂea'“
] 9o 9o 9 9
Roo00™ o
g dlo
5* Yo
5 Hlo
)R Fo
M9

(49 verso, 49 recto)

'"tfﬂ-i & 95 W‘
feaan fanfas 5 gaky agi a7 fegay

q jdlo 3 a7 ¥4 Fo W Fo 3%
q (A0 R go* |Wo Y q
iR* fe ¥ |
Fo 3 g* [fgo 3o
g* | 0
Jo 3

Fo ¢ &
qlo 9 b

T 1

%39 , aq Qﬁ'W'"! %o055q a’aﬁz’ Rooo

i’Re 148300

aagford | YusReseve
9800

”.\9 aa m-oo

(XX (X 1) XY



( ex )

() 7o 3 gamifca®o ¢

q o FAMTRAI
)

qRAET qgo ¥ 1o Fo I 1l

(ii) SRRy

- qEddafr ¥ sfmfgafag s e s Har fare

TR fa avERr AEFTAFANGH T 1 g 4 T X q

coowy m

ta’rqq*lq%o a1 9| & & Ko & AIfe vt

q q & 9
¥ 9* arEr qo gt arfed o ¥
T 9 9 97
? I 9 n
1’4
T ¥
q
3
F O9R*AT
q
1’4
a |
xt
q
'R




( &¢ )

)

M 10.

(55 recto, 55 verso)

g W | & | Tforw

Qo

o ¢
o ¢
rR*
FHo
9*
To 9 9* Ao

q
e

To q 3* WAl
q
¥

fao q * o
q
R

Fo q * o
4

R
qTo 4
%

Bo do

YR
qRoo0

a7 93 RS

wEqT T —
(i) [do q |70 ¥
q q
3

fao 9 q* Fo q
q %50 q

T 9
¥

vorfamaded wee faufaumr g7 gmwr |

WMo q8To q * o 9 9* T 9 *T0 9 *
q 98

? 1R 9% Q%o
* To q 9* Yo q 9
RRe 9 ¥goo q qéRo0



( % ) .

o e Zo Y5 flo | 39

ara Iaho qlax
2l 9 qRs

A D D A D D R D DN DD
-

TIFIR

dro q 9* 9 9* 9 9* [ us W0 B9
R 9 ¥s 9 9% 9%

R R

LAY
q

q
q
R

A O O

M1l

( 44 verso, 44 recto )

"
...... XXX YY) e00000

A qEI-NATAT FX FIAATIT A0 A

g e feaa
dTo q fEoq¥To Wo & fXo ¥ Wio § o3R WIOOC R IKWIOJ 9
q ? q q q 4 9 919 e
R 3 RE
WIUST 9oo
q
aqq ufirxy] amw afr  [Roo| TAA FRAFNT W .
I‘W"’I <1
[fa | | s | el qn w R LY
| ey %9 .o ﬂ“-‘

qu = 1|



(%)

a,emouraoqaroia=|
q

i %
AT AT o Q@ |9 | R&e
1 '2 %9
R IR
(1) - e Ruus | fE R IR | Q¥ [T SHOT
el 9 1%¥
W

(i) s&re Il oF zwrgwEhe @ fawm faT g3q
qurd & fawmrse adew qanwdy
gez W fear &rfor argReaa wrig

T FERAETsare @y et g 0
AT S AT qREHfgaia:

w fawwi e+ sl @ g9 AW foT adq

qo

e ard 2w

M 12.

(43 recto, 43 verso)

-----------

w fawrr qafead fedaifusaser g
WEER FrwaT Fqrwi feqqarea §

qar 377 ggeqaY X e qfg afosg 1)



( <& )

FIO AT gREW uaed wioEr? feqaar

Qo } Wio 93 I W 93 &WIOQ I WIo ¢ ¢ Wio 3 X WTo R qRQ wire
K 98 T 2 11 Tt [1919
3 is ¥+ 3N R } [vev v
q3 33 ¥ 9 9 WS 1Roo Forarfa
1 1 § %o b |
R R
] o ©&oo 37&‘%3 %0 fgge ... AT agu ava-faug
| g e
3 R
3’&R ’ o agar sag favg feo 9| g509 | 5oo
¥5% 9 ¥o | WM
(C{C) ' )
FURYE %0 B9 A &s | FT| se0 | @R | ¢
¥s% | 9l L1714 R
9le 99

IS %0 far o afafeas o gaov lr{a' ag fa-ufad.

%o
1K
M 13.
( 42 verso, 42 recto )
A g aaRT ard wafa ‘
¥o Wro | 9% | 3 ‘"'qwi =8¢ FAT AMAT THT
q q 9 |
R

- grg guewfa frfafa i q | ¥ I 9 |®o ¥¥ T§i*’
R

' ¢

Cuwe gaT FefR 9z Gegd B ’ q ¥ l
q



(e )
“ua qufs Teft dada g i wdg -

(i) smar e 1 wgfa ¢ 1023 1wt 0o ) oFER w0

g qufas s seaF ger fafy o

(ii) s =wmfa | Faadi feg - 0% 997 Qs a-

fufafea 1 e ssor fafe | 0 9 q | g g
T 113
R

AT 0 3 9 [8% | R0 9 a,m?r'“mai-sr-r's

1R 3 179

o nay fawdt fea - wafr) sa sefomvanmser oo

qurEr wafq oo

M 14,
( 50 verso., 50 recto.) -
(i) = agw ud wed Ao AWAX X T

qF fireg Fqar afora sfFar e

qo0 ¥ gaT
‘ 2
"N

q gF Y ’on

(1) ar¥ 9210 1 WY ¥ qAwd fexd avR Xy

DD DO N




(o9 )

gaw || AT dgoq qd FAW T |
Fd7 S A 7T FYA
ATy o qogf
faseard ga ot ITEE WaY:
fafed BvaF g ATFAS JTRIA |
qaara wrearrort aford gfew fassfa o
AATEET FAIR FqW A
Wﬁﬁzwﬁ'ﬁ%ﬂm
ggEaYEE AT §oT HITA |

ﬁ“. LA XT]






INDEX

Abbreviation 29
Addition 32, 33
Age of MS 14
Algebraic characteristics 10
Al Hassarar 40
Al Karkhi 74, 77, 80
Al Khowarizmi 54
Appendix 18
Approximation, first and
second 41-45
Arc measures 26
Arithmetic, generalized 10
Aryabbhata and Aryabhatiya 18
Bakhshali 1, 2
Bhaskara 1I of Bijaganita and
unknown 23, 67, 70
Brahmagupta and Brahmasp-
hutasiddhanta, Br. Sp. 22,
23, 80
on square roots 39
and rupona method 55
on equations 70, 77
Buhler 4, 14, 50
Cajori 14
Cantor 14, 73
Capacity measures 84
Chajakaputra, the scribe 1, 19
Chronogical table 79, 80
Colebrooke 50, 69

Commentary nature of MS 14

Complex series 71

Data and solution in cclls
24, 25

Datta, B. 2, 15, 16, 40, 45, 50-
51, 53, 58, 66, 71, 80

Denominator, common 47, 48

Dinaras 25, 82

Diophantus 77,
and negative sign 29, 40
on equation 77

Division 35

Drsya, absolute term 70

Equations, linear 72: quadra-
tic 77

Error and reconciliation 41, 45

Example, Udaharana 21

False position. see also regula
falsi 15, 52, 53

Folios, arrangement of conte-
nts of MS. 8

Fractions in cells 24,7

Fundamental operations 32-35

Ganita Sara Samgraha of
Mahavira (GSS) 23, 50,
53,74, 77

Heath 40, 45

Heron 40

Hindu treatise, indigenous 13
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Historical refcrences in MS 13

History of the find of MS. 1. 4

Hoernle 1, 4, 6, 7, 14, 15, 21,
28, 50, 78

Homogeneity of contents 12

Indeterminate quadratic equa-
t'on 77

Integral numbers 24

Karanam: solution 22

Kaye 2, 6, 7,10, 12, 14,15,
18, 27, 36, 38, 45. 57,
58, 69, 74, 79, 80

Language of MS 7

I.east common multiple 47, 49

Length measures 83

Lilavati 23, 40, 59, 71

Linear equations 72-75

Lipta 26, 27, 82

‘Mahavira (of GSS) 23, 74, 80

Manuscript, MS 2, discovery
3-4, condition 5, leavcs 5,
a commentary 16, cross
references in 17\,\ Sutras
18, a copy from other
MS 18, flourish design at
the end of a Surra 20,
exposition and method,
20, data, figures and
solutions in cells 24.

Minutes and second 26

Money measures 83

Multiplication 34

Mythological references 13

Negative sign 28, 45 46

Non-square numbers 36

Notation, place value 27

Numerical symbols 12

Nyasa (statement) 22

Operations, fundamental 32
in groups of cells 25

Place value of notations 15, 27

Positive integer, solution in 76

Pratyayam (verification) 22

Problems, solutions and
proofs 59-65

Problems and treatment 30

Progression, aiithmeticai 26

Proof 32, 59-65

Quadratic equations 77

Regula falsi 15, 52, 53

Regula Vorzinum 76

Rule (Sutra) 18, 21

Rule of three 40, 41

Rupona method 55

Script 6, 12

Solution, see problems and
proofs 59-65

Square root 36

Sridhara (of Trisatika) 23,39,59

Sthapanam (Statement) 22

Subtraction 33

Sunyam (zero) 67, 68

Surds 36-40

Sutra (rules) 18, 2|
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Symbols 27, 66 (for unkuown) tities, 27
Tannery 73 symbols for 66-69
Thibaut 14, 29 Verification 32
Timc measure 82 Vilipta 26, 217
Trairashika 41 Vowels 13
Trisatika of Siidhara) 2 39,59 Weber 4
Udaharana (Uda), illustration Weight measures 83
21, 23 Weights and measures 81-84
Uddeshaka, example 23 Zero 67, 68

Unknown or unknown quan-



