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The athes of this foffil, when burnt, being boiled
in water, and the water evaporated, there remained

no falt behind.
I am, my Lord, &e.

Grofvenor-Street, Feb, 28, 1760.

LIV. A new Method of computing the Sums
of certain Series; by Mr. John Landen:
Communicated by Myr. Thomas Simpfon,
F.R. S. | |

Read Feb. 28, S the improving the analytic art,
1760. . .

[’ \ efpecially any branch of it that re-
lates to the fummation of feries, may, by facilitating
computations, conduce to the improvement of feveral
branches of fcience; it is prefumed, that this paper,

which exhibits a new and eafy method of computing

the fums of a great number of infinite feries, may be
acceptable to the mathematical world, and deemed
worthy to be inferted in the Britith Philofophical
Tranfactions.
1.
Suppofing x to be the fine of the circular arc =,
&

YVi—x

whofe radius is 1, will be = 2; and, con-

Iéquently, 7;:"—__-1- === 7% From whence, by
taking the corre® fluents, we have hyp. log.
*+ V1 %

Y¥—1  vY=7

Hence,

[
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Hence, writing 2 for one fourth of the periphery
of the circle whofe radius is 1, and takmg x equal
a.

to the faid radius, we find hyp. log. 1/""' =

and, confequently, hyp. log. v/— 1 = 7—_-__—_-1; ax:d
hyp. log. —1 =+ ’Z__f;.
2. _
The hyp. log. Of' —— being =x 4 = ol e al 5t z £9"
F = ﬂucnt of £ hyp log x, is=x + + =
+ 5 - e
F = fluent of -:? + + il + el &e.
F = fluent of 5:— F + + xz + 44, &e,
F = fluent of F= + + + 4_5, &e.

&e, €9’c. &’c.

. 3.
By writing, in the firft equation in the preceding

article, -I- inftead of », we have

Hyp. log = x=1 + . < &e.
But the hyp. log. of ;-_’-‘_:-3 is = hyp. log. —=

¥

hyp.
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hyp. log. —— -+ hyp. log x + hyp. log, e—1 =
+25+X+ hyp. log. -

and X for the hyp. log. of X,
It is evident, therefore, that

Hyp. log. —-1s +25—X+x-—l+-—+-—-— &e.

bb t f
eing pu orV

where, of the two figns prefixed to 254, the upper
one takes place, when the hyp. log. of — 1 is taken

equal to — = , likewife when x is taken equal to

bl 1
/—1; and the lower one takes place, when the

hyp. log. of — 1 is taken equal to —, alfo when

s/ =1
: wherefore, if we obferve

s/ -1
to take the value of hyp. log of — 1, as laft men-

x is taken equal to —=—

tioned, and x equal to t/'_"’ inftead of v/ — 1, we
I

need retain only the lower of the faid figns.
4.
For brevity fake, we {hall in what follows, put
the feries 1 + = + LA —;, &e. -_P
I+ 24 + 3 + -, & = P,

vI

I+ + + ¢. =P,
£9°c &e.
b S+ nt o 80 =Q
Vor. LL 4C I -
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e
b o =0
1_-;:-5.{_;’;-—-;;—{-, G, =g,

&e. &e.

5

Multiplying the laft equation in art. 3. by f, and
taking the correct fluents, we have
F=2:P4 sz_?.i.’i._,,-‘ —

i‘: — "“;:’ @(:.
2" 3

From whence, by multiplying by = = and taking
the ﬂuents, we get

F_.zPX—i-éXz-—-—-—l-x-l—l- + 33, c.

Again, multiplying the laft equanon by x, and
taking the corre& fluents, we find

III'i 21‘5+PX2+——--—-2—)%-—.¥"‘ —-g;— :, &e.
And, by proceedmg., in the fame manner, we find

P X’ | bX* X5

F 2PX+ T34 2345 —1+‘25+35, Ce
e, &e.
6‘

. 2 ¥
Now, it is obvious, that » + = + -’-3’-,-, &e. the
X 11
value of F in art, 2, muft be equal to 2P 4 24X

i
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D S .--f.:_....-- &e. the value of F
2 2 3’

2

in art. 4. when both feries converge.

Therefore, —j:f : 4- 14;,"—'-{- * _1;:,..;’ &e.

is then = 2 P -+ sz—-—-.
From which equation, by taking x equal‘to —_— 1,
wehavc—--+ —----+—-- €5, =P 4 6* =

P —4?; and, by takmg x equal to —”:? we have

m—]-:- --;'—— t+-‘ ,@C. :4?"{"352:
4P - 3a%

Therefore 4P —3a*is =P —a*:

- Hence P is found = -5:

Moreover - =+ -2-; + — + -—';, &e. being = ii_’ by
fuppofition ; and e —; + z, .+-i-;-—,’€b’c,. o
P — a“, as found above, we, by fubtraction, get
lz + + 2.) @C. (""‘ ZQ___) = a?- and Confe-

quently (L__.. -

SCHOLIUM.

The hyp. log. of -— being = + = + @c.
we, by writing 1 == x mﬁead of x, have
4C 2 Hyp.
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Hyp. log. of =1 = x4 2 _”P-{- I'—w &e,

and confequently X = — 1 —-x—--—':-“—- — ——13 , &c¢.

Moreover the fluent of =X hyp. log. of —— is =

x* %3 . . .
X+ =+ e &'c. which vanithes when x vanifhes;
"“‘]._ P 3

and the fluent of—-—-x Xis=1 -—x+’ —xZ +

&, — P, being corrected fo as to vam{h when x
vanithes.

But the fluent of = x hyp. log. of —— 4 fluent
of —— x X is = X x hyp. log. of x, which
alfo vamfhes when x vanifhes.

Therefore X x hyp. log. of lS = x ;:—}— ’.3‘.,. .

T—ar T::;pz
& +1—xF1 = 7 , &e. — P,
From whence, by taking x equal to %, we find

—fquare of hyp. log. of 2 = 2 X —— 4 =+ ——, &r.

%2t ' 2% 2 3%2%

— P hence, P being before found = 3 it appears

that, when x is = %, the feries x + = ;,; +2 ?, &e. is
=§—_xhyp log of 2%,

7.

Furthermore, x - g.-}- g, &e. the value of F° i

art, 2. muft be equal to 2 PX 46X — i-—(—; + x=r

-
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4 "f;z + '?-3_73, &¢. the value of F in art, 5. when

X3 e 3

33

Py

both feries converge.
— x-vl'

Therefore = T+ ——t

X3

then = zi;X-l— IJX’-—-EZ.
From whence, by taking » equal to — 1, we have

, &e. is

40 P 4+ 486 — gg’z—s = 0; and, confequently, P =

Z
331, as before found.
X

And, by taking x equal to ) we find
n 1 i g bg 403 ag a}
— =20 P} =t e ——e
voi i - + 23 3¥-1 -1+2.31/-.t
a!
T V=1 . p
Therefore ¢ is = +
8.
From what is done above, it evidently follows, that
v, apP | 288
va— P 1§ = -_é:+ 3.4"?”
3 20*P , 84*P 3.32 58
—P =t s T sy
Ke. &e.
1 ¢ 2
72 3.2 5
—Q_ =P + —-—3.41‘,
1w + &
2 4P 5.85
Q =4#P+ 34 + 3-4-5.67
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. 53P
-—-:;13::6?-—]— +-——-9-——-—22345

138
s/;":i = 4P + + 2. 3 4 5 + 2.2.3.4.5.0.7’
&e. &e.
From whence the values of P, P, &, ?L 0\,
&c. ¢, ¢, Sc. may be eaﬁly obtained, in terms of 4.
-9'

Hyp. log. = +“ bemg == x+ + fs"c.
G = fluent of hyp log. _—ﬁl is = x-]-..-.g- -, &e.
G = fluent of G-—x-l— 2 53,
G = fluent of & G_..x+ +
&e. Es’c. E'J’c.
10,
By wntmg, in the firft equation in the preceding
article, ~ = inftead of ¥, we have

™ &e.

AH
Hyp. log. «e = =1 + +—-~ &e.
=z
But the hyp. log. of ‘+§§ hyp. log. * T
U Oyp. log. :—:v{ lS--— yp g. ?_-:-x-

= hyp. log. = f—{—hyp log. V=1 =45+,

hyp. log. —I‘I

I ]

It
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Itis manifcf’c thercfore, that
Hyp. log. I+ 1s.-+6+x-'+ +x' &e.

where, Wlth refpe&: to the two figns preﬁxed to 5,
the fame obfervation may be made as in art. 3.

1.
Multiplying the laft equation by ;, and taking the
corret fluents, we have

1 33 x xS
G=2(L;}-1:X-—x~f-—-§;—-5-;, &e.

From whence, by multiplying by -’5, and taking
the ﬁuents, we get

_ng(-{- -{-x t+33+53,€9’c.
Again, mult1ply1ng the laft equation by = and
taking the corret fluents, we find
m v i s b X3 x3 xS
G=2Q+QX* -} —— — x=1 — 7 &e,
And, by pxoceedmg in the fame manner, we find

G—~2Q,X+9-’5.+:f4+ a4 2 e,

&e. &e.

12.
.Now, it is obvious, that x + + Eé’c. the

value of G in art. 9 muft be equal to 2 (L+ bX

-3
—_—t e 'E' &e. the value of G in art. 1.1

2

when both feries converge
There-

4
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Thercfore £ 4;:'_‘ + 2 ';’-' 4 ';”-s, &, 1s

then = 2 Q + 4 X.

From whence, by taking » equal to 7..-:..-—. we

have 2 a'—{- b* == o; and, confequently, Q:.:: '-';‘,

as in art. 6.

13.

Likewife » -} ?; + %Z-, &c. the value of G in
art. 9. muft be equal to z’("lX +‘{’-§: + x-r L 55;
+ “—’5—;—5; &c. the value of G in art. 11. when both
feries converge.

Therefore = ':,x-! + 2 —;3::‘3 4 x : X2, &, is

then = 2 QX 4 X

Hence, by taking x = —=—, we find ’, X g
—1 —_1
63 ad m
=26Q 4 7 = —= and, confequently, g =
f}, as in art. 7.
14.

From what is done in the laft five articles, it evi-
dently follows, that

—Ga=t2 -+ 523 =
e _ 5(L+ PQ 4 ¥
V=1 2.3 2.2.3.4°

X
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- ] b
m(Lls* +234+2 545
g b Q »Q
Y—1 Q<+ '+23454'%z&+50
&e. Ge.
From whence (as well as from the theorems in

art. 8.) may the values of (L g, Q, ¢ e, be
readily found, in terms of 4.

_ 17
G being = x + + , & by art, 9
H = fluent ofxxst..—-—+ +
H =1 - , €9° .
uent of ‘M= 7 + 32051 + = O

T [ 7
H= ﬂuentofx xH—- “ i C.
1f6+T$7+57¢@
&e.

' Iy x5 »7 %9

uen 0 1 3 S "_ 32-52'71 + 5«'77..92
&e, €3 c. &e,
16.
I I -
Moreover, G being == 2 Q_J 6 X — x~1 mm %; :

Y, & by art. 11. we, by multiplying by x %,

and taking the corre& fluents, get fi xz(“L
bx* X b x*
TR PR S PR N s

2 IS 3.‘

-+ -;f_z—z, &e. S bemg put for the feries ;—-’-3- + 3.:_’_5..
+ 57,:7;, C‘fc‘.

V OL. LI- 4' D NOW‘,
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T
Now, it is obvious, that this value of H muft be

equal to the value of H in the preceding article,
when both feries converge.

3 ek 5 X3 Y SN ~5
Therefore 3”12; SO Lk LI Y Lt LAY

35 57
e, is then=x2(L (L-j—bx .
+ 1 —[-28

—— + = —
Hence, by takxng x equal to ~— T, we ﬁnd —_—2 S
=042} 2 $; and, confequently, § = —4— — %

And, by taking x equal to ——, we find

— 1

— X g — o b o —, e =—2Q

T T T
and, confequently, = — == } == —, . =
1%.3 3-5
x (7
T -

4

-,
Seeing that Q_is = f{’ and § =
from the laft article, that
His = # (L+ A
x—3
&e..
+ 3-5% 5 577 ‘
From whence, by multiplying by =, and taking

.
az — %, it follows,

x—--!

bX* | b
T+;%” +%

the corret fluent, we get
H
H
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§ QL NN b SN TR RS SUI
H=-—=+ 4 4 +4+4 ¥y
x—-l x-—: x-,,-s

—_——— - — , &e.

I .32 32_52 52.72

And hence, by multiplying by x %, and taking
the correct fluents, we have

I
wC QL bxtX ghat | bar , BrX | b
H=-—=+- o Tttty
T A‘“I

¥ X 4 a* x* — 3a® 3
""‘5’ ‘9"+9+ 3 16 +4‘b+l_32.5=
m
&e. S being put for the feries

i x—3 xS

3.5%.7% + 5.7%.9%’
I I . §
&e.

1%.32.5% + 3%5%7% + 52.72‘92’
I "y
Now, this value of H being equal to the value of H
in art. 1. when both feries converge, it follows, that
5 xS —— ! _%7::7— 3x—?2 +9x9—-— §x—

5 .
, &c. isthen

17.'32'52 32.52'72 52'72'9‘).
I
#»Q. , barX s5hxt  bi* bxrX b P
=7 T T tTwt ot 3

iy

x' 4 a2 x? -3—52 — N
iy +ys+ 5+ 5 —45
Hence, by taking x equal to — 1, we find — 48

it

._352 '“I. ‘—gaz
=2+ § -+ 48 and, confequently, § = e — L

Many other inftances of the ufe of this method
might be given; but thefe may fuffice to enable the
intelligent reader to purfue the fpeculation farther, at
his pleafure.

4D a LV, Cone
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