CHAPTER IX
Brahmagupta as an
Algebraist

Ancient Indian name for algebra is Bijaganita where
bija means element or analysis and ganita stands for the science
of calculation. As early as 860 A.D., Prthudaka Svami used this
epithet for algebra in his commentary. Brahmagupta calls
algebra as Kutfakaganita or merely kuitaka, a term which was
later on used for “pulveriser’” which deals with that special sec-
tion of algebra which is connected with indeterminate equations
of the first degree. Algebrais often also known as avyakta-
ganita or the calculations with unknowns, in contrast to arith-
metic which was known as vyakta-ganita or the calculations with
knowns.

*

Algebra goes te Europe from India

In the history of mathematical sciences, as Colebrooke
rightly remarks, it has long been a question to whom the inven-
tion of algebraic analysis is due. There is no doubt that Europe
got algebra from Arabs mediately or immediately. But the
Arabs themselves scarcely pretend to the discovery of algebra.
Colebrooke says that they were not in general inventors but
scholars during the short period of their successful culture of the
sciences; and the germ at least of the algebraic analysis is to be
found among the Greeks in an age not precisely determined, but
more than probably anterior to the earliest dawn of civilisation
among the Arabs; and this science in a more advanced state
subsisted among the Hindus prior to the earliest disclosure of it
by the Arabiansto modern Europe. (Colebrooke: Disserta-
tion on the Algebra of the Hindus)"

Colebrooke based his observations on the texts he could
procure for his studies. These were : Bhaskara II's Bijaganita or
Vijaganita (1150A.D.) and Lilavati (1150A.D.), the Ganitadhyaya
and Kutiakadhyaya of Brahmagupta in his famous treatise the
Brahma Siddhanta or rather the Brahmasphutusiddhanta (628

1, Colebrocke, H, T., Mi‘scellan_eous Essays, Vol. IL, 1872, p. 418,
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AD.)). There can be no doubt regarding the age of these two
authors. Bhaskara II completed his great work on the Siddhanta-
Siromani in 1072 Saka, and Karana-kutahala a practical astro-
nomical treatise in 1105 Saka; these dates are based on the
passazes given by Bhaskara himself in his works. The Bija-
ganita and the Lilavat: form parts of the great treatise, the

Siddhanta-firomani. The genuineness of the text is established,
as Colebrooke says, with no less certainty by numerous commen-
tators in Sanskrit, besides a Persian version of it. Those com-
mentaries comprise a perpetual gloss, in which every passage of

the original is noticed and interpreted : and every word of it is
repeated and explained. From comparison and collation of
various texts, it appears then that the work of Bhaskara, exhibit-
ing the same uniform text which the modern transcripts of it
do, was in the hands of both Muhammedans and Hindus
between two or three centuries ago : and numerous copies of it
having been diffused throughout India, at an earlier period, as of
a performance held in high estimation, It was the subject of
study and habitual reference in countries and places so remote
from each other as thenorth and wast of India and the Southern
Peninsula.

This though not marking any extraordinary antiquity, nor
approaching to that of the author himself, was a material point
_ to be determined : as there will be in the sequel. so says Cole-

brooke, occasion to show, that modes of analysis, and in parti-
cular, general methods for the solution of indeterminate prob-
lems both of the first and second degrees. are taught in the
Bija-ganita, and those for the first degrees repeated
in the Lilavati, which were unknown to the mathematicians of
the West, until invented anew in the last two centuries by
algebraists of France and England! Bhaskara who himself
flourished more than six hundred and fifty years ago, was in
this respect a compiler and took those methods from Indian
authors as much more ancient than himself.

Regarding the age of the precursors of Bhaskara II, Cole-
brooke says : The age of his precursors cannot be determined

. with equal precision. He then proceeds to examine the evidence
- as follows :

. !- Calebrocke, H. T., MiscM Essays, p, 421.
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Towards the close of his treatise on Algebra. Bhaskara
II informs us, that it is compiled and abridged from
the more diffuse works on the same subiect, bearing
the names Brahme (meaning no doubt Brahmagupta),
Sridhara and Padmanzbha; and in the bedy of his
treatise, he has cited a passage of Sridhara’s algebra
and another of Padmanabha. He repeatedly adverts
to preceding writers and refers to them in general
terms, where his commentators understand him to
allude to Aryabhata, to Brahmagupta to the latter's
scholiast Caturveda Prthuidaka Svami and to the other
writers above mentioned.

Most, if not all, of the treatises, to which ke thus
alludes, must have been extant, and in the hands of
his commentators, when they wrote; as appears from
their quotations of them; more especially those of
Brahmagupta and Aryabhata, who are cited. and
particularly the first mentioned, in several instances.
A long and diligent research in various parts of India,
has, however, failed of recovering any part of the
- Padmanabha Bija (or the algebra of Padmanabha) and
of the algebraic and other works of Aryabhata.

But the translator has been more fortunate in regard
to the works of Sridhara and Brahmagupta, having in
his collection Sridhara’s compendium of arithmetic,
and a copy incomplete however, of the text and
scholia of Brahmagupta’s Brahmasiddhanta comprising
among other no less interesting matter, a chapter
treating of arithmetic and mensuration; and another,
the subject of which is algebra : both of them fortu-
nately complete. The commentary is a perpetual one;
successively quoting in length each verse of the text;
procceeding to the interpretation of it, word by word;
and subjoining elucidations and remarks; and its colo-
phon, at the close of each chapter, gives the title
of the work and the name of the author. Now . the
name which is there given, Caturveda Prthudaka
Svami, is that -of a celebrated scholiast of Brahmagupta.
‘frequently cited as such by the commexn¥aries of
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Bhaskara and by other astronomical writers; and the
title of the work, Brahmasiddhanta or sometimes Brah-
masphutasiddhanta, corresponds, in the shorter form,
to the known title of Brahmagupta’s treatise in the
usual references to it by Bhaskara’s commentators, and
answers, in the longer form, to the designation of it, as
indicated in an introductory couplet which is quoted
from Brahmagupta by Laksmidasa, a scholiast of Bhas-
kara II. Remarking this coincidence, the translator
proceeded to collate, with the text and commentary,
numerous quotations from both, which he found in
Bhaskara’s writings or in those of his expositors. The
result confirmed the indication and established the
identity of both text and scholia as Brahmagupta's
treatise, and the gloss of Prthadaka. The authenticity
of the Brahmasiddhanta is further confirmed by numer-
ous quotations in the commentary of Bhattotpala on
the Samhita of Varahamihira : as the quotations from
the Brahmasiddhanta, in that commentary, (which is
the work of an author who flourished eight hundred
and fifty years ago) are verified in the copy under
consideration. A few instances of both will suffice,
" and cannot fail to produce conviction.

It is confidently concluded, that the chapters on arith-
metic and algebra, fortunately entire ina copy in many
parts imperfect, of Brahmagupta’s celebrated work as
here described, are genuine and authentic. It remains
to investigate the age of the author.

Mr. Davis, who first opined to the public a correct
. view of the astronomical computations of the Hindus
is of opinion, that Brahmagupta lived in the seventh
century of the Christian era. Dr. William Hunter, who
resided for some time with a British Embassy at Ujjay-
ini, and made diligent researches into the remains of
. Indian science at that ancient seat of Hindu astrono-
mical knowledge, was there furnished, by the learned
- astronomers whom he consulted, with the ages of the
.. principal ancient authorities. They assigned to Brah-
;. magupta the date of 550 Saka; which answers to A.D.
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623. The grounds on which they proceeded are unfor-
tunately not specified : but as they gave Bhaskara’s
age correctly, as well as several other dates right,
which admit of being verified; it is presumed that they
had grounds. though unexplained, for the information
which they communicated..

Mr. Bentley, who is little disposed to favour the anti-
quity of an Indian astronomer, has given his reasons
for considering the astronomical system which Brah-
magupta teaches, to be between twelve and thirteen
hundred years old {1263 years in A.D. 1759). Now as
the system taught by this author is professedly one
corrected and adapted by him to conform with the
observed positions of the celestial objects when he
wrote, the age, when their positions would be conform-
able with the results of computations made as by him
directed, is precisely the age of the author himself:
and so far as Mr. Bentley’s calculations may be consi-
dered to approximate the truth, the date of Brahma-
gupta’s performance is determined with like approach .
to exactness, within a certain latitude however of
uncertainty for allowance to be made on account
of the inaccuracy of Hindu observations.

The translator has assigned on former occasions the
grounds upon which he sees reason to place the author's
age, soon after the period when the vernal equinox
coincided with the beginning of the lunar mansion and
zodiacal asterism Asvini, where the Hindu ecliptic
now commences. He is supported in it by the senti-
ments of Bhaskara and other Indian astronomers, who
infer from Brahmagupta’s doctrine concerning the
solistitial points, of which he does not admit a periodi-
cal motion, that he lived when the equinozes did not,
sensibly to him, deviate from the beginning of Aswini
and middle of citra on the Hindu sphere. On these
grounds it is maintained., that Brahmagupta is rightly
placed in the sixth or beginning of the seventh century
of the Christian era, as the subjoined calculations will
more particularly show., The age when Brahmagupta
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flourished, seems then, from the concurrence of all these
arguments, to be satisfactorily settled as antecedent
to the ecrliest dawn of the culture of sciences among
the Arabs; and consequently establishes the fact, that
the Hindus were in possession of algebra before it was
known to the Arabians.

Brahmagupta's treatise, however, is not the earliest
work known to have been written on the same subject
by an Indian author. The most eminent scholiast of
Bhaskara IT (Gane$a) quotes a passage of Aryabhata
specifying algebra under the designation of Bija. and
making separate mention of Kuffaka, which more par-
ticularly intends a problem subservient to the general
method of resolution of indeterminate problems of the
first degree : he is understood by another of Bhaskara’s
commentators to be at the head of the elder writers, to
whom the text then under consideration adverts, as
having designated by the name of Madkyamaharana
the resolution of affected quadratic equations by means
of the completion of the square. Itisto be presumed.
therefore, that the treatise of Aryabhata then extant,
did extend to quadratic equations in the determinate
analysis, and to indeterminate problems of the first
degree; if not to those of the second likewise, as most
probably it did.

This ancient astronomer and algebraist, so says Cole-
btrooke, was anterior to both Varzhamihira and
Brahmagupta, being repeatedly named by the latter;
and the determination of the age when he flourished
is particularly interesting as his astronomical system,
though on some points agreeing, essentially dis-
agreed on others, with that which the Hindu astrono-
mers still maintain.

He, as Colebrooke says, is considered by the commen-
tators of the Suryasiddhanta and Siromani. as the
earliest of uninspired and mere human writers on the
sdence of astronomy, as having introduced requisite

'corrections into the system of Para§ara, from whom he
‘took the numbers for the planetary mean motions; as
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having been followed in the tract of emendation,
after a sufflcient interval to make further correcticn
requisite, by Durgasinba and Mihira; who were again
succeeded after a further interval by Brahmagupta, son
of Jimu.

In short, says Colebrocke, Aryabhata was founder of
one of the sets of Indian astronomers, as Pulida, an
author likewise anterior to both Varzhamihira and
Brahmagupta, was of another : which were distingui-
shed by names derived from the discriminative tenets
respecting the commencement of planetary motions at
sunrise according to the first, but at midnight accord-
ing to the latter, on the meridian of Lanka, at the
beginning of the great astroriomical cycle. A third
sect began the astronomical day. as well as the great
period, at noon.

Aryabhata’s name accompanied the intimation which
the Arab astronomers (under the Abbasside Khalifs, as
it would appear,) received, that three distinct astro—
-nomical systems were current among the Hindus of
those days : and it is but slightly corrupted. certainly
not at all disguised, in the Arabic representation of
it Arjabahar, or rather Arjabhar. (corrupted {orm of
Aryabhata). The two other systems were, first
Brahmagupta’s Siddhanta which was the one they
became best acquainted with. and to which they apply
the denomination of the sind-hind; and second, that of
Arca, the Sun, which they write Arcand a corruption
still prevalent in the vulgar Hindi.

Aryabhata appears to have had more correct notions
of the true explanation of celestial phenomena than
Brahmagupta himself, so says Colebrooke; who ina
few instances, correcting errors of his predecessor, but
oftener deviating from that predecessor’s juster views.
has been followed by the herd of modern Hindu astro-
nomers, in a system not improved, but determrated.
since the time of the more ancient author.

Consu:lermg the proficiency of Aryabhata in astronomi-
cal science, and adverting to the fact of his having
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written algebra, as well asto the circumstance of his
being named by numerous writers asthe founder of a
sect, or author of a system in astronomy, and being
quoted at the head cf algebraists, when the commen-
tators of extant treatises have occasion to mention
early and original writers on this branch of science, it
is not necessary to seek further for a mathematician
gualified to have been the greatimprover of the ana-
Igtic art, and likely to have been the person by whom
it was carried to the pitch to which it is found to have
attained among the Hindus, and at which it is observ-
ed to be nearly stationary through the long lapse of
ages which have since passed : the later additions being
few and unessential in the writings of Brahmagupta,
of Bhaskara and of Jiianarzja, though they lived at
intervals of centuries from each other.

Aryabhata, Colebrooke rightly says. then being the
earliest author known to have treated of Algebra among
the Hindus, and being likely to be, if not the inventor,
the improver of that analysis, by whom too it was
pushed nearly to the whole degre= of excellence which
it is found to have attained among them; it becomes
in an especial manner interesting to investigate any
discoverable trace in the absence of better and more
direct evidence, which may tend to fix the date of his
labours; or to indicate the time which elapsed between
him and Brahmagupta, whose age is more accurately
determined.

Taking Aryabhata, for reasons given, to have preceded
Brahmagupta and Varahamihira by several centuries;
and Brahmagupta to have flourished more than twelve
hundred years ago, and Varzhamihira, concerning
whose works and age, Colebrooke has given a few
nates, and has placed him at the beginning of the sixth
century after Christ, it appears probable that this
earliest of known Hindu algebraists wrote as far back
asthe fifth century of the Christian era; and perbaps in

~ an earlier age. Hence it is concluded that he is nearly

as ancient as the Greecian algebraist Diophantus, sup-
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posed on the authority of Abulfaraj, to have flourished
in the time of the Emperor Julian or about A. D.
360.

Colebrooke further says : Admitting the Hindu and
Alexandrian authors to be nearly equally :ncient, it
must be conceded in favour of the Indian algebraist,
that he was more advanced in the science: since he
appears to have been in rossession of the resolution of
equations involving several unknowns, which it is not
clear, nor fairly presumable, that Diophantus, kne-w:
and a general method of indeterminate problems of at
least the first degree, to a knowledge of which the
Greecian algebraist had certainly not attained ; though
he displays infinite sagacity and ingenuity in particu-
lar solutions ; and though a certain routine is indiscer-
nible in them.

Colebrooke appears to be of the view that Greeks.
were the first to discover the solution of equations
involving one unknown; and this knowledge was passed
to ancient Indians by their Greek instructors in impro-
ved astronomy. But “by the ingenuity of the Hindu-
scholars, the hint was rendered fruitful and the algeb-
raic method was soon ripened from that slender beginn-
ing to the advanced state of a well arranged science,
as it was taught by Aryabhata. and as it is found in -
treatises compiled by Brahmagupta and Bhaskara.*” .

We do not agree with this analysis in entirety. Indian
algebra is entirely of Indian roots. It had its beginning
in the times of Samhitas and Brahmanas. Some of the
equations and problems were solved by geometric
methods. It must have had its origin in the Sulba
period if not before. Aryabhata undoubtedly was the.
discoverer of many algebraic solutions of equations of
the first and higher order with one and more unkno-
wns. It is rather too much to trace the influence of
Diophantus on Indian algebra which developed in this
country independently. Brahmagupta is one of the
most brilliant algebraists we ever had in the entire
history of mathematics.
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Techuical Terms
Cozfficient—

"In the ancient Indian algebra, there is no systematic term
for the coefficient. Usually, the power of the unknown is men-
tioned when the reference isto the coefficient of that power. At
one place, for example, we find Prthudaka Svami (the commenta-
tor of Brahmagupta's Brahmasphuitasiddhanta) writing “the num-
ber (ankae) which is the coefficient of the square of the unknown is
called the ‘square’ and the number which forms the coefficient of
the (simple) unknown is called the ‘unknown quantity’ (avyakta-
mana).”* However, at many places, we find the use of a technical
term also. Brahmagupta once calls the coefficient samkhya®
(number) and on several other occasions gunaka® or gunakara®
(multiplier). Prtthudaka Svami (860 A.D.) calls it anka (number)
or prakrti (multiplier). These terms may also be seen in the.
works of Sripati® (1039) and Bhaskara II” (1150 A.D.), The
former also used the word r#@pa for the same purpose.®

Unknown Quantity

The unknown quantity has been termed as yavat-tavat
(meaning so-much-as or as-many-as) in literature as early as 300
B. C. (vide the Sthananga-sutra®). In the Bakhasali Manuscript,
it has been termed as yadrccha. vadicha or kamika (or any desired
quantity)’. Aryabhata I in one of his verses calls the unknown
as gulika™ (literally meaning a shot) From the early seventh
century A.D., the word avyakta was used for unknown quantities.
Brahmagupta uses this term in his Brahmasphutasiddhanta®®

1. BrSpSi, XVIII. 44 (Com.)

2. TEFRY AR e T ST, | —BrSpSi. XVIII 63
3. 7et fale e g gk gw R | —BrSpSi. XVIII 64

T O T A IR e | —BrSpSi. XVIII 70
4. TR TUFR TR s | —BrSpSi. XVIII 69

5. BrSpSi XVIII. 44 (Com.)
6. Side XIV, 33-5,
7. Bijaganita
8, Side XIV, 33-5.
9, SHtra 747, ‘
10. BMs. Folio 22, verso; 23, recto and vetso,
11. afroe ARl | |
- 12 SRl S FIERR TR |
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Power

Since long, the word varga has been used for the second
power; the word also stands for square (Uttaradhyayana Satra’,
B. C.c.300). The third power is similarly known as ghana, the
fourth power as varda-varga (square-square), the sixth power as
ghanawvarga (cube-square) and the twelfth power as ghana-varga-
varga (cube-square-square). In later days, the fifth power was
called vargaghana ghata (here the word ghata means product; the
term means product of cube and square). The former system was
multiplicative, rather than additive; wheras the latter was on the
additive system. The seventh power on the additive system was
known as varga-varga-ghana-ghata (product of square-square and
cube). Brahmagupta, however, uses a more scientific system for
expressing the powers more than four. He calls the fifth power .
as Pafica gata (literally meaning, raised to the fifth), the sixth
power as sad-gat (raised to the sixth) and so on, thus adding the
suffix gata to the name of the number indicating that power.?
Bhaskara IT has followed the system of Brahmagupta almost consi-
stently for powers one and upwards.

Equation

Perhaps Brahmagupta has for the first time used the term
samakarana or samikarana (literally meaning making equal) or
simply sama (equal or equation )®. Prthudaka Svami (860)
employs the term sdmya (equality or equation) for equation®.
The equation is said to possess two Paksas® (sides) Itara-Paksa
and apara-paksa.
Absolute Term

Brahmagupta uses the term riipa (literally meaning appeer-
ance) for an absolute term. It represents the visible or known

1. Chapter XXX, 10, 11,
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4. Side, XIV. 19,

5. Bijaganita.
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portion of the equation whilst itsother part is practically invisible
or unknown.

Unknowns and Symbolism

Aryabhata I (499 A. D.) probably used coloured gulikas or
shots for represtnting different unknowns. Brahmagupta men-
tions varna as the symobls for unknown. He has, however. not
indicated how these varnas or colours were used assymbols for
unknowns. Perhaps we might conculude from this that the
method of using colours as symbols for unknown guantities was
very common and familiar to the algehraists. Datta and Singh
say that the Sanskrit word varia denctes colour as well as a letter
of alphabet, and therefore, letters of alphabet came into use for
unknown quantities : k@laka (black), nilaka (blue), pitaka (yellow)
lokita (red), haritaka (green), Svetaka (white), citraka (variegated),
kapilaka (tawny), pingalaka (reddish-trown), dhuimraka (smoke-

coloured). patalaka (pink). savalaka (spotted), $yamalaka (blackish)
mecaka (dark blue) etc®.

It should be further noted that the first unknown quantity

yavat-tdvat is not a varpa or colour. It thus clearly indicates

that the use of colours as symbols came at a later stage, whilst the
word yavat-tdvat was in currency from much earlier times. Some
authorities think that the term yavat-tavat is a corrupted form of
vavakastavat (where yavaka weans red). Prthudaka Svami has
sometimes used the term yavaka for an unknown quantity®.

Laws of Signs

Brahmagupta has in his Chaper XVIII devoted a special
section entitled “Dhanarna Sunyanam Sambkalanam” or calcu-

lations dealing with quantities bearing positive and negative signs
and zero,

1. Tl Wl IR SRR GRS | —BrSpSi XVIII. 43
't T R S A g —BrSpSi XVIIL. 44

2. JEGE-AIR AR TS a0 O AR |
ST BT AR IR Y TR
AT FIEF s Caed Al TRk |
o e afiae veaet T 9 e
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3. BrSpSi XII. 15, (Com.) ; XIL 18,
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Regarding addition, Brahmagupta says :
The sum of two positive numbers is positive, of two
negative numbers is negatis e; of a positive and negative
number is the differencel.

Regarding subtraction, Brahmagupta further says :
From the greater should be subtracted the smaller; (the
final result is) positive, if positive from positive, and
negative, if negative, from negative. If, however, the .
greater is subtracted from the less, that differenceis
reversed (in sign), negative becomes positive and
positive - becomes negative. When positive is to be
subtracted from negative or negative from positive,
then they must be added together®.

Mahavira (850 A, D.). Bhaskara IT (1150 A.D.) and Narayana
(1350 A. D.) have also given similar rules regarding addition
(Sankalanam) and the subtraction (vyvavakalanam),

Again, the rule given by Brahmagupta regarding Multipli-
cation is as follows -

The product of a positive and a negative (number) is
negative; of two negatives is positive; positive multiplied
by positive is positive®.

His rule regarding division is as follows;

Positive divided by positive or negative divided
by negative becomes positive. But positive divided by
negative and negative divided by positive remains
negative®,

Similar rules for multiplication and division were provided
by later authorities as Mahavira and Bhaskara II.

1. BrSpSi X1I. 15. (Com.); XII 18. (Com,)
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Brahmagupta lays down the rules regarding evolution and
involution as follows :

The square of a positive or a negative number is positive
«....The (sign of the) root is the same, as was that from
which the square was derived®.

As regards the latter portion of this rule, Prthudaka Svami
has the following comment to make : “The square-root should be
taken either negative or positive, as will be most suitable for
subsequent cperations to be carried on.”

‘It will be interesting to observe the following observation
of Mahavira (850 A. D.) regarding square-root of a negative
quantity “Since a negative number by its own nature is not a
square, it has no squaretoot.”? So says Sripati : “A negative
numter by itself is non-square, so its square-root is unreal; so the
rule (for the square-root) should be applied in the case of a posi-
tive numter.”’

Algebraic Operations

Brahmagupta and other algebraists recoghise six operations
as fundamental in algebra : addition, subtraction, multiplication.
division, squaring and the extraction of the square-root.

Regarding addition and subtraction Brahmagupta says:
Of the unknowns, their squares, cubes, fourth powers,
fifth powers, sixth powers, etc..addition and subtraction
are (performed) of the like; of the unlike (they mean
simply their) statement severally.

In place of “of the like”, Bhaskara IT usesthe term “of those
of the same species (jati) amongst unknowns” :
Addition and subtraction are performed of those of the
same species (jati) amongst unknowns; of different species
they mean their separate statement.?

1. a0 a1 e SR A |
| HUEET: § € 99 % e el —BrSpSi, XVIIL. 35
2. GSS. L.52,
3, Sige, X1V, 5. )
4. SR I R TEEdEE _
- g S SEe MR -~ —BrSpSi.XVIII. 41.
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This means that the numerical coefficients of x cannot be
added to or subtracted from the numerical coefficients of ¥
or x? or x® or xy and so on because these terms belong to different
jati or they do not belong to the category of the “‘like”.

Again, regarding multiplication, Brahmagupta says :

The preduct of the two like unknowns is a square; the
product of three or more like unknowns is a power of
that designation. The multiplication of unknowns of
unlike species is the same as the mutual product of
symkbols; it is called bhavita (product or factum).!

Having given the rules of the operations for addition, sub-
traction and multiplication, Brahmagupta does not think
it necessary to deal with other operations. His section on the
calculations with zero, negative and positive quantities ends here.

How is an Equation Formed?

Prthudaka Svami while commenting on a verse in Brahma-
sphutasiddhanta speaks as follows :

In this case, in the problem proposed by the questioner,
yavat-tavat is put for the value of the unknown quantity.
Then performing multiplication, division etc. as required
in the problem the two sides shall be carefully made
equal. The equation being formed in this way, then
the rule (for its solution) follows.?

Plan for Writing Equations

When in regards to a given problem, an equation has been
formed, it has to be written down for further operations.
This writing down of an equation is technically known
as nydasa Perhaps the oldest record of nyasa is to be found in the
Bakhasali Manuscript. According to the procedure prescribed in
this work, the two sides of an equation are put down one after the
other in the same line without any sign of equality being inter-
posed. Thus the equations :

NV xFb=s Vx—7=t
appear as

1. geulad sFrenkermg adsghE: |
sl sEGER Wi T I —BrSpSi XVIIL. 42,
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0 5 yu mu O sa 0 7 4+ mu 0
1 1 1 1 1 1

Here yu (2) stands for yuta (I7), meaning added, subtraction
is+sign, derived from Ksaya or (¥%) meaning diminished, gu
@) for guna or gunita, meaning :multiplied; bha (®1) for division
from bhajita and mua () for squareroot, from mula meaning
root; zero () was used to mark a vacant place.

Again, the following equation

x+2x+3 X 3x+12 X 4x=300
is represented as ;

ll | 2 1 3 3 '1 d,rfya 300

There is no sign for unknown in the Bakhasali Manuscript.

Later on this plan of writing equations as adopted in Bakha-
$ali Manuscript was abandoned in India; a new cne was adopted
in which the two sides are written one below the other without
any sign of equality. It must be stated that in this new plan the
term of similar denominations are usually written one below the
other and even the terms of absent denominations on either side
are clearly indicated by putting zeros as their coefficients. We
find a reference to this new plan in the algebra of Brahmagupta.

From which the square of the unknown and the unkno-
wn are cleared, the known quantities are cleared (from
the side) below that®. ‘

Here in this verse, the words ‘“‘adhastat” clearly indicate
that one side of the equation is written below the other., As an
illustration, Prthudaka Svami represented the equation? :—

10x—8=x%+1

as :

ya va 0 va 10 ru 8  (x20+x10—8)
ya val ya 0 ru 1 *14+2x.0+1)

which means, ¥* was written as yavat-varga (va@ va) and
% was written as yavat or ya. The minus sign was represented
by a dot at the top of the number.(—8 was written as 8). We
shall take another illustration from Prthudaka Svami.

He would write the equation

197x—1644 y—z=6302
as

1. BrSpSi. XVII. 43; compare also Bhaskara II, Bijaganita-
2. BrSpSz XVIIL. 49 (com.)
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ya 197 bka 1644 ms 1 m O
ya 0 Fka 0 ns 0 rz 6302

Here the first unknown x is represented by ya(vat), the
second unknown y by ka(laka) and the third unknown z by »s-
(laka) and the term without unknown. a mere number is wrirten
by ra(paka). The two sides, one written below the other if
written in the present form, would appear as :

197x—1644y—z-+0=0x+0y+07+6302.

The Bijaganita of Bhaskara IT also follows the same proce-
dure. One instance from it would be quoted here to illustrate
the method of expressing equations.

8x+4x°+ 102 x=4x°+1232x

or 8x*+4x%+10y%x=4x%+0x>+123%x

is written as follows on Bhaskara’s or Brahmagupta’s plan :

23 is ghana of yavat (abbreviated as ya gha)

%% is varga of yayat (abbreviated as ya va)

9% is varga of kalaka (abbreviated as bz va)

the coefficients 10 and 12 are bhavita (abbreviated as
bha).

The equation is :

ya gha 8 va va 4 ka va ya. bha 10
va gha 4 ya va 0 ka va ya. bha 12

Datta and Singh state that the use of the old plan of writ-
ing equations is sometimes met with in later works also. For
instance, in the MS. of Prthudaka Svami's commentary® on the
Brahmasphutasiddhanta. an incomplete copy of which is preserv-
ed in the library of the Asiatic Society of Bengal (No. IB6). we'
find a statement of equations thus : “first side yavargah 1 yavakah
200 rz@ 0; second side yavargah 0 yavakah 0 rz 1500.

Sodhana or Clearancc of an Equation

After nyasa or statement of an equation, the operation to
be performed is known as fodhana (clearance) or samsodhana
(equi-clearance or complete clearance). The nature of
this clearance varies according to the kind of equation
In the case of an equation in one unknown only, whether linear,

1. BrSpSi. X1I. 15 (com.)
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quadratic or of higher powers, one side of it is cleared of the
unknowns of all denominations and the other side of it of the
absolute terms, so that the equation is ultimately reduced to one
of the form

ax’+bx=c,
where a, b ¢ may be positive or negative; some of them may
even be zero. Thus Brahmagupta observes :

From which the square of the unknown and the un-
known are cleared, the known quantities (rtpani) are -
cleared (from the side) below that.t

On this Prthudaka Svami comments as follows :

This rule has been introduced for that case in which
the two sides of the equation having been formed in
accordance with the statement of the problem, there are
present the square and other powers of the unknown
together with the (simple) unknown. The absolute
terms should be cleared off from the side opposite to
that from which are cleared the square (and other
powers) of the unknown and the (simple) unknown.
When perfect clearance (samsodhana) has been thus
made...?

$ridhara and Bhaskara II have also given the rules of
clearance almost on the same lines. Thus the equation
yava 09210 ra 8
vavalya Ol
after perfect clearance having been made will be (according to
Prthudaka Svami)
‘ vavalyalOrz9
i.e. the equation 10x—8=x2+1
after clearance would become
2*—10x=~—0,

Classification of Equations

Usually equations are classified as :
simple equation : yavat-tavat
quadratic : varga

1. Wi O oo R drER ~ BrSpSi. XVIIL 43.
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cubic : ghana
biquadratic : varga-varga

Brahmagupta classified them as

(1) equations in one unknown quantity: eka-varra
samikarana.

(ii) equations in several unknowns : aneka-varna sami-
karana.

(iii) equations involving products of unknowns:
bhavita.

- Ebka-varna samikaranas (equations with one unknown) are
further divided into (i) linear equations, and (ii) quadratic equa-
tions (avyakta-varga samikarana).

Prthudaka Svami has classified equations in a different
manner as follows :

(1) linear equations with one unknown : eka-yarna
samikarana.

(ii) linear equations with more unknowns : aneka-
varna samikarana.

(iii) equations with one, two or more unknowns in their
second or higher pcwers : wadhyamaharana. .
(iv) equations involving products of unknowns: bha-
vita.

As the method of solution of an equation of the third class
(i.e. equations with one or several unknowns in their second or
higher powers) is based upon the principle of the elimination
of the middle term, that class is called by the term madhyama
(middle) gharana (elimination). The classification of Brahma-
gupta and Prthudaka Svami more or less received recognition by

later writers on algebra as Bhaskara II and others.

Linear Equations with
One Unknown and Their Solutions

The first solution of a linear equation with one unknown is
obtainable in the Sulba Sutras but not through an algebraic
process,—the Sulba process is geometrical. It is said that there
is a reference in the Sthananga Satra’ (c. 300 B.C.) to a linear
equation by its name yavai-tayat. There has been a good deal of
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controversy regarding the date of the Bakhasali Manuscript
where we have definitely a method of solving linear equations
by the Rule of False Position. It would be interesting to give
an account of this rule here by taking an illustration from the
Bakhasali Manuscript.

Problem :

The amount given to the first is not known.
The second is given twice as much as the first; the third
thrice as much as the second; and the fourth four times
as much as the third. The total amount distributed is
132. What is the amount of the first ?
(BMS. Folio 23, recto)
In modern algebraic language, the solution of the problem
would be given by the equation

x+2x+6x+24x=132
where x is the amount given to the first.

The solution of this equation is given asfollows in the
Bakhasali Manuscript :

‘Putting any desired quantity in the vacant place’; any
desired quantity is | 1 ||, ‘then construct the series’
| 1 ‘ 2 |2 3 6 | 4
1 1 1 1 111 I
‘multiplied’ 11]2]6]241; ‘added’ 33. ‘Divide the
visible quantity’ , lg% {; which) on reduction be-

ccmes | l{ | (This is) the amount given (to the first)

(BMS. Folio 23, recto)
The Rule of False Position may be regarded as an early
stage of the development of thescience of algebra, since no
symbol could have been evolved for an unknown quantity. As
soon as the system of notations was introduced, the application
of this Rule was no longer considered as necessary. Thus we
find that Aryabhata I does not mention of this Rule.
Aryabhata I states as follows regarding the solution of
. linear equations :
The difference of the known ‘amounts’ (rupaka) relat-
ing to two persons should be divided by the difference
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of the coefficients on the unknown (gulika). The
quotient will be the value of the unknown (gulika), if
their possessions be equal.!

The original verse contains the term “‘gulikantara” which
has been here translated as the difference of the coefficients
of the unknowns. We have already stated earlier that Aryabhata
uses the term gulika or shot for an unknown quantity.(gulikantara
literally means only the difference of unknowns). This practice
is also followed by other Indian algebraists. Prthudaka Svami
rightly observed that according to the usual practice in this
country, “the coefficient of the square of the unknown is called
the square (of the unknown) and the coefficient of the (simple)
unknown is called the unknown.?

The rule given by Aryabhata. then. contemplates a problem
of this kind :

Two persons, who are equally rich, possess respectively
a, b times a certain unknown amount together with
¢ d units of money incash. What is that amount ?

Now if x be the amount unknown, then according to the

problem
ax+c=bx+d

Thence
~d=c
a—b
Aryabhata has merely expressed this solution in his langu-

X

age.
Regarding the solution of linear equations, Brahmagupta
says :
In a (linear) equation in one unknown. the difference
of the known terms taken in the reverse order, divided
by the difference of the coefficients of the unknown
(is the value of the unknown).?

1. nRErRT e g gewig STaEERm |
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Similar solutions have been offered by the other Indian
algebraists who followed Brahmagupta like Sripati, Bhaskara IT
and Nariyana. Here again, we take a problem proposed by
Brahmagupta in this connection :

Problem :
Tell the number of elapsed days for the
time when four times the twelfth part of
the residual degrees increased by one, plus
eight will be equal to the residual degrees
plus one.!

Prthudaka Svami hassolved this problem as follows :

Here the residual degrees are (put as) yavat-tavat. va;

increased by one, ya 1 1% 1; twelfth part of it 22 =72~ 112’” 1
yal ral

four times this. 5 plus the absolute quantity

eight,ygi-?fgg’. This is equal to the residual degrees
plus unity. The statement of both sides tripled is

val .ra25
ya 3 a3

This difference between the coefficients of the unknown
is 2. By this the difference of the absolute terms,
namely 22, being divided, is produced the residual of
the degrees of the Sun, 11. These residual degrees should
be known to be irreducible. The elapsed days can be
deduced then, (proceeding) as-before.

If put in the modern notations, it means the solution of the
equation :

—i‘-"é (1) +8=x+1,

from which we have

x+25=3x+3
or 2x=22
or x=11.

Rule of Concurrence or Samkramana

.Brahmagupta has included this rule in algebra, whereas

other Indian mathematicians included it in arithmetic. Sawm-
1. mmmm ! ,

AR W RS e | —BrSpSi. XVIII. 46
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bramana is the solution of the simultaneous equations of the
type :
x+y=a
x—y=b
Brahmagupta’s rule for solution is:
The sum is increased and diminished by the difference
and divided by two; (the result will be the two un-
known quantities) : (this is) concurrence (Sawikra-
mana)-
Brahmagupta restates this rule in the form of a problem
and its solution :
The sum and difference of the residues of two (heavenly
bodies) are known in degrees and minutes. What are
the residues? The difference is both added to and
subtracted from the sum. and halved; (the results are)
the residues.?
Linear Equations with Several Unknowns

The first mention of a solution of the problem with more
than one unknown is found in the Babkhasali Manuscript, and a
system of linear equations of this type is solved in the Bakha$ali
treatise substantially by the False Position Rule.

A generalised system of linear equations will be
b1 x— c1x1=a1 be2x— CaXe=Ag:esseenr
ba Jx—cnx =an
Therefore
__S(ale)
22=56l0-1
Hence
_ br R
= X S@lo—1 e
’ r——L 23
One particular case, where bi=by=bz=......=bn =1 and c1=
C27=C3=......=¢n =C has been treated by Brahmagupta at one
place. He gives the rule as follows :

1. amisREcER figm: dRaRRTR a1 |
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The total value (of the unknown quantities) plus or
minus the individual values (of the unknowns) multi-
plied by an optional number deing severally (given),

- the sum (of the given quantities) divided by the num-
ber of unknowns increased or decreased by the multi-
plier will be the total value; thence the rest (can be
determined).!

St =a1 SxFcxs=as, DXFECXI=agmen

Dxtcx =an
Therefore
2x___a1+az+as+ ...... +an
n=c
Hence
1( = a1+a7+a3+ ...... +an\,
X1 n =+ c |

and so on for xa xs etc.

Now we shall give the rule enunciated by Brahmagupta
for solving linear equations involving several unknowns :

Removing the other unknowns from (the side of) the
first unknown and dividing by the coefficient of the
first unknown, the value of the first unknown (is obtai-
ned). In the case of more (values of the first un-
known), two and two (of them) should be considered
after reducing them to comon denominators. And
(so on) repeatedly. If more unknowns remain (in the
final equation). the method of the ‘pulveriser (should be
employed). (Then proceeding) reversely (the values
of other unknowns can be found).?
Prthudaka Svami has commented on this rule as follows :

In an example in which there are two or: more un-
known quantities, colours such as yavat-tavat, etc.
should be assumed for their values. Upon them should

1. Wﬁz TR A T R ER, | -
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be performed all operations conformably to the state-
ment of the example and thus should be carefully
framed two or moresides and also equations. Equi-clear-
ance snould be made first between two and two of
them and so on to the last: from one side one un-
known should be cleared, other unknowns reduced to
a common denominator and also the absolute numbers
should be cleared from the side opposite. The
residue of other unknowns being divided by the
residual coefficient of the first unknown will give the
value of the first unknown. If there be
obtained several such values, then with two and two
of them. equations should be formed after reduction to
common denominators. Proceeding in this way to the
end find out the value of one unknown. If that value
be (in terms of) another unknown then the coefficients
of those two will be reciprocally the values of the two
unkno=ns. If, however, there be present more un-
knowns in that value, the method of the pulveriser
should beemployed. Arbitrary values may then be
assumed for some of the unknowns.

Datta and Singh have said that the above rule of Brahma-
gupta, and also the one indicated in the commentary of Prthudaka
Svami. embraces the solution of indeterminate as well as the
determinate equations. In fact, all the examples given by
Brahmagupta in illustration of the rule are of indeterminate
character. So far as the determinate simultaneous equations are
concerned, Brahmagupta's method for solving them will be easily
recognised to be the same as our present one.

. Quadratic Equations

The geometrical solution of a quadratic’ equation in this
country would take us to the Vedic Sulba period. The Bakha-
{als Manuscript also contains certain problems which need the

solving of quadratic equations. I shall quote one out of the
numerous available :

A certain person travels s yojana on the first day and b
yojana more on each successive day. Another who
travels at the uniform rate of S yojana per day. hasa

start of t days. When will the first man overtake the
second ? T :
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This problem would today te expressed in terms of the
following equation : :

SG+x)=x {s+( )b}

where x is the number of days after which the first
overtakes the second. We may write this equation
as
bx2—{2(S—s)+b}x=2tS
whence the value x would be after solving the quadra-
tic : .
x=\/{2(S—s)+b}2+8bts+{2(5—s)+b}
2b

The Bakhasali Manuscript gives this solution as follows :

The daily travel (S) diminished by the march of the
first day (s) is doubled; thisisincreased by the common
increment (b). That (sum) multiplied by itself is
designated (as the ksepa quantity). The product of the
daily travel and the start (¢) being multiplied by
eight times the common increment, the ksepa quantity
is added. The square-root of this (is increased by the
bsepa quantity; the sum divided by twice the common
increment will give the required number of days)
(BMS. Folio 5, recto)

v AryabhataI (499 AD.)is regarded as the founder of
algebra, since he gives the solutions of a few quandratic problems.
For example to find the number of terms of an arithmetical pro-
gression (A.P.), he gives the following rule :

The sum of the series multiplied by eight times the
common difference is added by the square of the dif-
ference between twice the first term and the common
difference: the square-root (of the result) is diminished
by twice the first term and (then) divided by the com-
mon difference : half of this quotient plus unity is the
number of terms.!

In the modern notatxons of algebra, the solumon Would be
expressed as follows : -

1. wiseR gfer R Rl | 4
et R = wfid w1 —Arya. 11,20
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— 1§ V8bs+(2a—b)—2a
=1} b +

There is another certain interest problem!, the solution of

which has been provided in the Aryabhativa as
o=V Apt+(i2 —pl2
t
which is the solution of the quadratic equation :
txt+px—Ap=0

Ayabhata I has thus given the solutions of a few quadratic
equations, but he nowhere gives the procedure of solving these
equations.

We give here the Rules of Brahmagupta for the solution of
quadratic equations. He undoubtedly is not the discoverer of
these rules; but perhaps for the first time in the history of algebra
we find the process of solving a quadratic equation so clearly
indicated.

First Rule :

The quadratic : the absolute quantities multiplied by
four times the coefficient of the square of the unknown
are increased by the square of the coefficient of the
middle (i.e. unknown); the square-root of the
result being diminished by the coefficient of the middle
and divided by twice the coefficient of the square of
the unknown, is (the value of) the middle.®

T his expressed in the modern notations would mean
o A dac+b2—b
2a
It would be noted that in this rule, Brahmagupta Las emp-
loyed the term madhya (middle) to imply the simple unknown
as well as its coefficient. The origin of the term is doubtless
connected with the mode of writing the quadratic equation in
the form
ax*+bx+0=0x*+0x+c¢
so that there are three terms on each side of the equation.
1. O GFH FIA TR F g |
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Second Rule :
The atsolute term multiplied by the coefficient of the
square of the unknown is increased by the square of
half the coefficient of the unknown; the square-root of
the result dimiaished by half the coefficient of the
unknown and divided by the coefficient of the square
of the unknown is the unknown.?

This when expressed in the modern algebraic notations
would be
_Vac+G[2 —(b/[2)
- a
Here if the quadratic\equation is
ax®+bx+c=0
the ‘absolute term’ is ¢ (the one without the unknown x), ‘the
coefficient of the square of unknown’ means the coefficient of x?,
i.e. a and the ‘coefficient of the unknown’ means the coefficient
of x.i.e. b.

The above two methods of Brahmagupta are exactly the-
same as were suggested by Aryabhata L.

The root of the quadratic equation for the number of terms
of an arithmetic progression (A.P.) is given by Brahmagupta
according to the first rule 2 :

\/ 8!15-5—(2a——b)2 —(a—b)
zb

Third Rule:

Brahmagupta also suggests a Third Rule which is very
much the same as is used commonly now. Though it
has not been expressedly suggested as.a -new. rule, we
find its application in a few. instances. For example this
rule has been suggested in connection Wxth the following
problem on interest :

A certain sum (p) is lent out for a period (#1);
the interest accrued (x) is lent out again at this

1. ?ﬂﬁﬁm%ﬁmﬂil ) o '
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rate of interest for another period (¢2) and the
total amount is A. Find x.

The equation for determining x is

o x=A.
pt

The solution of this equation would be:

= pli_ A 1_ Ph
% /\/( th 2ty

Brahmagupta has stated the result in exactly the same form.

Prthudaka Svami has illustrated it in solving the following pro-
blem of interest :

Problem :
A sum of five hundred panas (p) is lent out
for a period of 4 months (t1); the interest
accrued (x) is lentout again at this rate of
interest for another period of 10 months (#2)
and the total amount is 78 (4). Give the
pramana-phala. i.e., the interest accrued x.

Here pramana-kala (t1)=4 months

pramana-dhana (p)=500 panas
para-kala (12), the subsequent period=10 months
misra dhana or the total interest accrued (A) =78 panas.

Brahmagupta states his solution of such quadratics like
this :

Take the product of the pramana-dhana (p) or the sum
originally lent out and pramana-kala. i.e. the period for
which originally lent out (t1); and divide by the para-
kala or the subsequent time (f2); place this result at
two places. Multiply the one placed at the first place
with the miéra-dhana (A). that is with the total inter-
est accrued; in this product add the square of half the
one placed in the second place; now take the square-
root of it, and from it subtract half of the one placed
at the second place!

1. FEEHRER: WEEEl Erssafismm, |
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Thus in the above example the product of pramana-dhana
and pramana kala d1v1ded by parakale is (iot1,ltz)v1s 50? 0X4 = 200.
This is first multiplied byZ2iHe - tolal'interést deetued "(XA); it
becomes 200 X78=15600. To this is now added square of half
of 200 (which is 10000) ; it becom{a,s 15600 »plus 10000 =25§00. Its
square-root is taken which' fs'160 From this ' Subtacted half of
the quantity (i.e. half of 200 which'is 100y Thus 160-100=60.
which is the answer. It was the interestswhich first accrued ().

.. Another Quadratic P?obleml‘ sy

-_. . Brahmagupta refers totan astronomical problem which
involves the quadratic equation

2
(72+aD2 T 24 apx=144(—1§ — )

where a=agra (the sine of the aimplitude ?f the Sun), b=palabha
(the equinoctial shadow cgf a gno;no‘n. 12 anguli long), R=radius,
and x="Fkonasanku (Sine of the alrltude of“the Sun when his
altltude is 45°) D;v1d1ng out by (72-!—42) we have

2mx——n,

. .d ) N
whete '

_12ap  , 144(R%Y2— v*)
T72+a% ne _72+a’
Therefore we have
x=vVm +ntm

as stated by Brahmagupta. We find the same result in the
Surya-siddhanta and in the text of Sripati. Aryabhata II (1150)
also followed the method of Aryabhata I and Brahmagupta in
solving a quadratic equation in connection with finding out the
number of terms in an arithmetical progression.(A.P.) whose first
term is (a), common difference is b and the sum is s. The number
of terms n is given by*

- \/255 l—(a~b{)2)’—a+bl

o Two Roots of a Quadratic Equation and Brahmagupta
' A quadratic equation has two roots- This must have been
,‘i‘mcwn to Indian algebraists even at a very early stage. Bhiaskara
II in his’ Bijaganita has quoted a rule ascribed to an ancient

writer Padmanzabha whose works are not available now :

1 Mahasiddhanta: Bhaskara II, XV. 50
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If (after extracting roots) the square-root of the absolute
side (of the quadratic) be less than the negative abso-
lute term on the other side, then taking it negative as
well as positive two values (of the unkuown) are
found?.

The term used here' is dvividhotpadyate mitih which m_ea;ng
that two values are obtained. 4 '

The existence of two roots of a quadratic equation appears
to have been known also to Brahmagupta (628 A.D.). In illustra-
tion of his rules for the solution of a quadratic he has stated two
problems involving. pras:tmally the same equation :

Problem I : The square-toot of the rasidue of the
revolution of the Sun less 2 is diminished by‘ 1, mult-
plied by 10 and added by 2; when will this be equal
to the residue of the’ revolution of the Sun less 1, on
Wednesday 2 .. ..o 0F o .-

-ietr « Problem IF: Whemrwill-the « square:-ofy @aé-fourth the
.residue of the exceeding months less three. be equal to
.the residue of the exceeding months ?

We shall follow Prthudaka Svamiin solving the Problem I.
In this problem the residue of the revolutionsof #£He Sun
may be supposed to be x*+2; then by the question, we hgve

10 (x 1)+2 xz'_’t]’.vh Crosg ol g oa ey
or x> —10x=—9 B ',
. Again in Problem IT, if we put. 4 3501: ;hq realdue of the
exceedmg month, then we have .. ot Do
Lo e )(x__s)z._ bR, e se z.r' o

boor s xA—10r=—9, < '..
Now by the second rule of Brahmagupta, retaining both

the signs of the radical, we get : s
=5i\/25—:‘9=9 or 1, .- e ~ Frey
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As shown by Prthudaka Svami, the first value is taken by
Brahmagupta for the Problem I and second value for the protlem
II. Thus it is quite clear that Brahmagupta uses sometimes the
positive and at other timesthe negative sign with the radical.
Hence we shall say that Brahmagupta knew that a quadratic
equation would have two roots, and according to the requisite-
ness of the problem, one value out of the two would be utilised.

Simultaneous Quadratic Equations

Indian authors usually treated problems involving various.
forms of simultaneous quadratic equations.

O 57 i‘z} (ii) x+y b}
W T w0 |

For the solutlon of the combination (i), Aryabhata I gives
the following rule in his Aryabhatiya .
The square-root of four times the product (of two quan-
tities) added with the square of their difference, being
added and diminished by their difference and halved
gives the two multiplicands.}
This means that
+=3VEFD+d), y=3 EF4b—d)

For the solution of the same combination, Brahmagupta
states as follows :

The square-root of the sum of the square of the diffe-
rence of the residues and two squared times the product
of the residues, being added and subtracted by the
difference of the residues and halved (gives) the desi-
red residues severally.?

(Here by difference of the residues is mesnt x—y; and by
product of the residues is meant xy.)

Brahmagupta does not seem to give the solution for simulta-
neous equations of the combination (ii), Mahavua (850 A.D.)

1. Gl gumdeiy st Sgare | |
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has given the solution :

Subtract four times the area (of a rectangle) from the
square of the semi-perimeter then by sankramana bet-
ween the square-root of that (remainder) and the semi-
perimeter, the base and the upright are obtained.!
(GSS. VII. 129%)

This expressed in the modern notations would be :

x=3(a+ vV a—4b), y=%(a—\ a® —4b)
For the combination (iii), Mabavira in his Ganita-Sara-
Samgraha gives the following rule :

Add to and subtract twice the area (of a rectangle) from
the square of the diagonal and extract the square-roots.
By sankramana between the greater and lesser of these
(roots), the side and upright (are found).?

This put in modern notations would be :
x=% v/ c+2b+V c—2b).
y=3}(Vc+2b—V c—2F).
For the combination (iv), Aryabhata I gives the following
rule :

_From the square of the sum (of two quiantities) subtract
the sum of their squares. Half of the remainder is
their product®

The remaining operations will be similar to those for the
equations (ii); so that
=1 (a+V2—a), y=} (a—VE—ad.
Brahmagupta in this connection says :

Subtract the square of the sum from twice the sum of
squares; the square-root of the remainder being added
to and subtracted from the sum and halved, (gives)
the desired residues.*

. GSS. VII. 129

GSS. VIIL 127%

dee & it FEeed
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These equations have also been treated by Mahavira,
Bhiskara 1T and Narayana. Narayana has attempted two other
forms of quadratic equations :

2__ R ‘
O] BN L3

For their solutions, see Datta and Smgh, Algebm. P 84

Rule of Dlssnmlar Operatmns :
Datta and Singh say that the process of solving the follow-
ing two particular cases of simultaneous quadratic equations was
distinguished by most Indian mathematicians by the special
designation visama-karma or dissimilar operation :
2 2
2i—pi=m " x——y=m}
@ —-y==n§ ) (11)x+y=p
These equations have been regarded by these mathematicians
as if of fundamental importance. They have giyeg the following
solutions (expressed in modern algebraic symhols) :
For the combination (i) :

m m
= %(7"’” ) . yz% (_n‘—n ),

For the combinaticn (i) :

1 2 ).

We shall express these solutions as follows in the words*of
Brahmagupta :

Thc difference of the squares (of the unknowns) is divi-
ded by the difference of the unknowns and the quotient

. is increased and diminished by the difference and
divided by two ; (the results will be the two unknown
quantities) ; (this is) dissimilar operation.

The same rule is restated by him on a different occasion in
the course of solving a problem,

If then the difference of their squares, also the :differé-
nce of them (are given) ; the difference - of - the™ squares

1 ANSREE Rgw dwremr v a1 ~
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RULE OF DISSIMILAR OPERATIONS 223

is divided by the difference of them. and this (latter)
is added to and subtracted from the quotient and then
divided by two ; (the results are) the residues whence
the number of elapsed days (can be found).?
> This visama-barma or dissimilar operation has been descri-
bed by other Indian algebraists also, as Aryabhata II (Mahasi-
ddhants, RVIE 22)7 Sripdti’ (Siddhanta-sekhara, XIV. 13) ; Bha-
skara II (Lilavat@)’ and ‘Nariyana (Gamta kaumudz, 1, 32).

™or

Indetgrmmate Equanops of the First Degree

s — e hae e
Aryabhata I showld bé giveti the' credit of giving for the
first time a treatment of the.indeterminate equation of the first
degree. In his Aryabhatiya, we find a method for obtaining the
general solution in positive integers of the simple indeterminate
equation :
" by—ax=c
for integral values of ab.c, and further indicated how to
extend it to get positi ve integral solutions of simultaneous indeter-
minate equations of the first degree. His disciple Bhaskara I
(522) showed that the same method might be applied to solve :
by—ax=—c¢
and further that the solution of thisequation would follow
that of by—ax=—1. These methods of Aryabhata I and Bhz-
skara I have also been adopted by Brahmagurta, and in certain
cases, the improvement were suggested by Aryabhata II in t’he
nnddle of the tenth century A.D.

The problems which were treated by ancient Indian algeb-
raists and which led them to the investigation of the simple inde-
terminate equation of the first degree may be classified under
three heads:

Class I : To find a number N which being divided by
two given numbers (a.b) will leave two given remain-
ders ( R1; Rz).

Thus we have :

N=ax+Ri=by+Rs

1. WARAN &K AREITINT, |
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Hence * by—ax=R,—R:
Putting c=RivR;
we get by-ax=x=c

the upper or lower sign being taken according as Ri1is grea-
ter than or less than Rs.

Class I[ : To find a number (x) such that its product
with a given number (a) being increased or’
decreased by another given number (8§) and
then divided by a third given number (B)
will leave no remainder.

This means that in other words, we shall have to get the
solution of :

axtr__
B y

in positive integers.

Class III : Here we have to deal with an equation of the
form : )
by+ax= =£¢

Kutiaka, Kuitakara and Kujta : These are the three terms
which Brahmagupta has used in regards to the subject of indeter-
minate analysis of the first degree. Aryabhata I has also descri-
bed this method in brief, but he does not use the word kutfaka.
In the Mahabhaskariva of Bhaskara I we have the terms kujta-
kara and kugta (522 A.D.) MBh. I. 41,49). These words have
been translated into English as pulveriser or grinder. According
to Datta and Singh, the Hindu method of solving the equation
by-ax= =E ¢ is essentially based on a process of deriving from it
successively other similar equations in which the values of the
- coefficients (a:b) become smaller and smaller. Thus the process
is indeed the same as that of breaking a whole thing into smaller

pieces, and this accounts for its name kutiaka or ‘pulveriser’.

In the problems of the Class I, the quantities (a and b) are
called’ divisors’ bhagahara, bhajaka. cheda etc.) and Ri and ' Ra
as ‘remainders’ (agra or fesa etc). while in a problem of the
Class I1; B is ordinarily called the 'divisor’ (bhagahara or bha-
jaka) and Y the ‘interpolator’ ksepa, ksepaka etc.) ; here a is called
the "dividend’ (bhajya), the unkown quantity to be found (x) is

- called the 'multiplier’ or (gunaka or gunakara etc) and v the
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quotient or phala. In later years, Mahavira has called the unknwn

number (x) as rasi.

Preliminary Operatigne
in Kuttaka-Kamma

Usually it has been suggested that in order that an equation
of the form
by—ax= = c or by+tax= L ¢
may be amenable to solution, the two numbers @ and b must not
have a common divisor; for otherwise, the equation would be
absurd, unless the number ¢ had the same common divisor, So
before the rules which we shall give hereafter, could be applied,
the numbers a b. ¢ must be made prime (drdha or firm; nicchedq
or having no divisor. or nirapavarta ,» meaning irreducible to
each other.
In this connection Bhaskara I writes :
The dividend and divisor will become prime to each
other on being divided by theresidue of their mutual
division. The operation of the pulveriser should be
considered in relation to them.*

Similarly we find in the writings of Brahmagupta :

Divide the multiplier and the divisor mutually and
find the last residue; those quantities being divided by
the residue will be prime to each other.®

Aryabhata’s Rule : Aryabhata I is probably the first Indian
writer on this subject, but the operation given by him is rather
obscure. His disciple Bhaskara I has given the solutjon of inde-
terminate equations of the first degree in more satisfactory langu-
age. We shall give here the translation of Aryabham’s verse from
the Aryabhatiya, as rendered by Bibhutibhusan Datta, because
other translations of this verse do very often confuse the sense:

Divide the divisor corresponding to the greater remair
der by the divisor corresponding to the smaller remain-

1. e R e |
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Hence * by—ax=R,—R:
Putting c=RiVR;
we get by-ax=xc

the upper or lower sign being taken according as R1 is grea-
ter than or less than Ra.

Class IL : To ind a number (x) such that its product
with a given number () being increased or’
decreased by another given number (8) and
then divided by a third given number (8)
will leave no remainder.

This means that in other words, we shall have to get the
solution of :

ax+tr

B

in positive integers.

Class III : Here we have to deal with an equation of the
form : ’
by+ax= ==¢

Kuttaka, Kutabara and Kufta - These are the three terms
which Brahmagupta has used in regards to the subject of indeter-
minate analysis of the first degree. Aryabhata I has also descri-
bed this method in brief. but he does not use the word kutfaka.
In the Mahabhaskariva of Bhaskaral we have the terms kufta-
kara and kutta (522 A.D.) MBh. I. 41,49). These words have
been translated into English as pulveriser or grinder. According
to Datta and Singh, the Hindu method of solving the equation
by-ax= == ¢ is essentially based on a process of deriving from it
successively other similar equations in which the values of the
coefficients (a:b) become smaller and smaller. Thus the process
isindeed the same as that of breaking a whole thing into smaller
pieces, and this accounts for its name kuttaka or ‘pulveriser’.

In the problems of the Class I, the quantities (q and b) are
called’ divisors’ bhagahara, bhajaka. cheda etc.) and Ry and "R
.as ‘remainders’ (agra or Sesa etc.). while in a problem of the
Class II; B is ordinarily called the ‘divisor’ (bhagahara or bha-
~ jaka) and Y the ‘interpolator’ ksepa, ksepaka etc.) ; here a is called
the "dividend’ (bhzjpa), the unkown quantity to ‘be found (x) is
called the ‘multiplier’ or (gumaka or gunakara etc) and v the
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quotient or phala. In later years, Mahavira has called the unknwn
number (x) as ras.

Preliminary Operations
in Kuttaka-Karma

Usually it has been suggested that in order that an equation

of the form
by—ax= == cor bytax= +¢

may be amenable to solution, the two numbers a and b must not
have a common divisor; for otherwise, the equation would be
absurd, unless the number ¢ had the same common divisor. So
before the rules which we shall give hereafter, could be applied.
the numbers a, b. ¢ must be made prime (drdha or firm; niccheda
or having no divisor. or nirapavarta, meaning irreducible to
each other.

In this connection Bhaskara I writes :

The dividend and divisor will become prime to each
other on being divided by the residue of their mutual
division. The operation of the pulveriser should be
considered in relation to them.!

Similarly we find in the writings of Brahmagupta :

Divide the multiplier and the divisor mutually and
find the last residue; those quantities being divided by
the residue will be prime to each other.?

Aryabhata’s Rule : Aryabhata I is probably the first Indian
writer on this subject, but the operation given by him is rather
obscure. His disciple Bhaskara I has given the solution of inde-
terminate equations of the first degree in more satisfactory langu-
age. We shall give here the translation of Aryabhata’s verse from
the Aryabhativa, as rendered by Bibhutibhusan Datta, because
other translations of this verse do very often confuse the sense:

Divide the divisor corresponding to the greater remain-
der by the divisor corresponding to the smaller remain-
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der. The residue (and the divisor corresponding to the
smaller remainder) being mutually divided, the last resi-
dueshould be multiplied by such an optional integer
that the product being added(in case the number of quo-
tients of the mutual division is even) or subtracted (in
case the number of quotients is odd) by the difference
of the remainders (will be exactly divisible by the last
but one remainder. Place the quotients of the mutual
division successively one below the other in a column;
below them the optional multiplier and underneath it
the quotient just obtained). Any number below .:
the penultimate) is multiplied by the one just above
it and then added by that just btelow it. Divide the
last number (obtained by doing so repeatedly) by the
divisor corresponding to the smaller remainder; then
multiply the residue by the divisor corresponding to
the greater remainder and add the  greater remainder.
(The result will be) the number corresponding to the
two divisors.!

There is an alternative rendering of this passage also as

follows: -

Divide the divisor corresponding to the greater remain-
der by the divisor corresponding to the smaller remain-
der. Theresidue (and the divisor corresponding to
the smaller remainder) being mutually divided (until
the remainder becomes zero), the last quotient should
be multiplied by an optional integer and then added
(in case the number of quotients of the mutual division
is even) or subtracted (in case the number of quotients
is odd) by the difference of the remainders. (Place the
other quotients of mutual division successively one
telow the other in a column; below them the result just
obtained and underneath it the optional integer). Any
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number below (i.e. the penultimate) is multiplied by
the one just above it and then added by that just
below it. Divide the last number (obtained
by doing so repeatedly) by the divisor corres-
ponding to the smaller remainder; then multiply the
residue tythe divisor corresponding to the greater
remainder and add the greater remainder. (The result
will be) the number corresponding to the two divisors.

Aryabhata’s problem may be enunciated thus:

To find a number (N) which being divided by two
given numbers (a, b) will leave two given remainders
(Rla RZ)-

This gives :
=ax+Ri=by+R:
(where Riis a greater remainder and Rs lesser remainder, and a
is the divisor corresponding to greater remainder and b the
divisor corresponding to the lesser remainder.)

Denoting as before by ¢ the difference between R1 and
Ri, we get

(1) b:v=ax+c. if Ri>R»
(i) ax=by+c if R:>R; '

the equation being so written as to keep ¢ always positive.

Hence the problem now reduces to making either

ax+c bytc
5ot

according as Ri>Rs or Re>Ry, a positive integer. So Aryabhata
says : Divide the div‘isor corresponding to the greater remainder
etc.”

Now we shall proceed with the details of the operation as
proposed by Datta and Singh in his History of Hindu Mathema-
tics, Part II. Algebra :

Suppose Ry >Rs; then the equation to be solved will be
ax+c=by oD
a, b being prime to each other.
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Let
b)a(q
bq
7’1) b (Lh
r1q1
1’2) Tt (Gz
Yoz
18]
Tm-L) Y m—2 (q:.u"l
fm—1 dm~1
Tm) 7m—1 (qm )
ToaGm
1’m+1
Then we get (when a< b, we shall have ¢=0, ri=a)
a=bg-+ri
b=rg1+tra
r1=req2+7r3
r9=raqstre

rm=2=rm—1 Gm—1+7rm
Tm—l=rmqm+ rm+1
Now, substituting the value of a in the given equation (1)
we get
by=(bq+r)x+c

Therefore
y=qx+y1
where
) bym=rix+e¢
In other words, since a=bg+r1 on putting
=qx+mn o GD

the given equation (i) reduces to '

byi=rix+c ‘ (i)

Again, since b=r1g1+r3
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putting similarly x=qy1+21
the equation (iii) can be further reduced to
r1X1=72Y1—C (iv)
and so on,
Writing down the successive values and reduced equations
in columns, we have

D) y=gqx+n (1.1) byi=rix+c

@) x=gy1+x1 (1.2) rixi=rayi—c

(3) yi=gex1+ye (L.3) raye=rsxi+c

(4) x1=qsys+x2 (1.4) raxe=r ve—c

(5) ya=qax2+ys (1.5) reva=rsxatc

(6) xe=qsys+xs - (1.6) rsxs=reys—c
(@n-1) yn—1==gen—2 xa-1+yn (1. 2n-1) r20~2 Yn=ren—1 Xp-1-+C
(2n) xn—1=qen—1 yn+2xn 1. 2n) ron—1 Xn=ram Yn—C
(2n+1) yn==qen Xn+Ya+1 (I. 2n+1) r2n yn+1=1’2n+1 xntc

Now the mutual division can be continued either (i) to the
finish or (i) so as to get a certain number of quotients and
then stopped. In either csse the number of quotients found, negle-
cting the first one (g). as is usual with Aryabhata, may be even
or odd.

Case (i) First suppose that the mutual division is continued
until the zero remainder is obtained. Since a, b are prime to
each other, the last one remainder is unity.

Subcase (i.1.). Let the numbar of quotients be even. We
then have

ren=1, ren-1==0, gan=rgn-1
The equations (1.2n) and (I.2n+1). therefore become
Yn=qon %n +C
and
ynti=c )
respectively. Giving an arbitrary integral value (t) to xn
we get an integral value of yn. From that we can find the value
of xn—1 by the equation (2n). Procceding backwards step by
step we ultimately find the values of x and y in positive integers.
So that the equation (I) is solved.

Subcase (. 2) : If the number of quotients be odd, we shall
have ‘
ran—1=1 ran=0, gan-1=ran-3.
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The equations (2n-+1) and (I. 2n+41) will then be absent and
the equations (I. 2n—1) and (L. 2n) will be reduced respectively
to o
Xn=1=qam~1 y— C
and xn=—c¢ '

Giving an arbitrary integral value (¢') to v» we get an in-
tegral value of xn-1. Then proceeding backwards as before we
calculate the values of x and ».

Case (i) : Next suppose that the mutual division is stopped
after having obtained an even or odd number of quotients.

Subcase (33.1) : If the number of quotients obtained be
even the reduced form of the original equation is

re ¥ +1=re +1 2, +c¢

or Pn +1=rau +1 xn +¢
, o
Giving a suitable integral value () to xn as will make
gy =tmILEFC integral number,

Ien

we get an integral value for yn by (@n+1). The values of
x and v can then be calculated by proceeding as before.

Subcase (7i.2) : If the number of quotients be odd the reduc-
ed form of the quotient is
Y2n~1 Xn="gn Yn—¢C

—Yan¥n—C
Yan 1

Oor Xn

Puttmg yn.=t', where t' is an integer, such that
Yan t —C

=3 whole number,
Yan'—

we get an integral value of xa—1 by (@n). Whence can be
calculated the values of x and v in integers.

If x=a 2and y=F bethe least integral soll;tion of ax+c=
by, we shall have ‘
‘ ad-+c=bR
Therefore a(bm+a)+ c=b (am+RB).
m being any integer. Therefore, in general,
) x=bm+a
But we have calculated before that
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x=qw1tzx1;
g1+ x1=bm-+«

Thus it is found that the minimum value @ of x is equal to
the remainder left on dividing its calculated value by b. whence
we can calculate the minimum value of N (=aa+Ru1). This will
explain the rationale of the operations described in the latter
portion of the rule of Aryabhata L.

Bhaskara I and Ku{faka Operation

In Chapter I of the Mahabhaskariya, Bhaskara I has descri-
bed the preliminary operation to be performed on the divisor
and dividend of a pulveriser. We shall quote it from the edition
of K.S, Shukla:

The divisor (which is “the number of civil days in a
yuga) and the dividend (which is *“the revolution num-
ber of the desired planet’”) become prime to each other
. on being divided by the (last non-zero) residue of
the mutual division of the number of civil daysina
vuga and the revolution number of the desired planet.
The operations of the pulveriser should be performed
on them (i.e. on the abraded divisor and abraded
dividend). So has been said.!
An indeterminate equation of the flrst degree of the
type
ax—c
Ly
(with x and » unknown) is known in Hindu mathematics by
the name of “pulveriser” —kutiakara). In this equation, a is
called the “dividend” (bhajya), b the “‘divisor’” (bhagahara). c
the interpolator (ksepa). x the “‘multiplier” (gunakara), and ¥
the “quotient” (lIabdha).
In the pulveriser contemplated in the above stanza :

a=revolution number of a planet.-
b=civil days in a yuga.
c=residue of the revolutions of the planet (Sesa)

1. R e R
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x=ahargana ,
and y=complete revolutions performed by the planet.

The text says that as a preliminary operation to the solu-
tion of this pulveriser, a and b. i-e., civil days in yuga and revo-
lution-number of the planet, should be made prime to each other
by dividing them out by their greatest common factor, That is
to say, in solving a pulveriser, one should always make use of
abraded divisor and abraded dividend.

The interpolator, i.e., the residue, should also be divided
out by the same factor. (This instruction is not given in the
text, but it is implied that the residue should be computed for
the abraded dividend and abraded divisor).

Set down the dividend above and the divisor (hara)
below that. Divide them mutually and write down
the quotients (labdha) of division one below the other
(in the form of a chain). (When an even number of
quotients is obtained) think out by what number the
(last) remainder be multiplied so that the product
being diminished by the (given) residue be exactly
divisible (by the divisor corresponding to that remain-
der). Put down the chosen number called mati below
the chain and then the new quotient wunderneath it.
Then by the chosen number multiply the number which
stands just above it, and to the product add the quoti-
ent (written below the chosen number). (Replace the
upper number by the resulting sum and cancel the
number below). Proceed afterwards also in the same
way (until only two numbers remain). Divide the
upper number (called the “multiplier’’) by the divisor
by the usual process and the lower one (called the
‘“‘quotient”) by the dividend : the remainders (thus
obtained) will respectively be the ahargana and the
revolutions etc. or what one wants to know.*

‘ We shall illustrate the operation by taking a problem from
the Laghu-Bhaskariya (VIII. 17) :
The sum, the difference, and the product increased by
one, of the residues of the revolution of Saturn and
Mars—each is a perfect square. Taking the equations
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furnished by the above and applying the method of
such quadratics, obtain the (simplest) solution by the
substitution of 2, 3 etc. successively in the general solu-
tion). Then calculate the ahragana and the revolu-
tions performed by Saturn and Mars in that time toge-
ther with the number of solar years elapsed.’

Let x and v denote the residues of the revolution of Mars
and Saturn respectively. Then we have to find out two numbers
x and v such that each of the expressions x+ x—y and xy+1
may be a perfect square.

Let x+y=4P?% and x—»=4Q?, so that

x=2P%*4-2(?
yp=2P>*—-2(Q?*
and therefore xy+1=(2P?—1)?+4(P*— Q%

Hence the condition that xy+1 be a perfect square isthat

P2=(Q* Substituting these values, we have

2=2(Q*+ Q%

y=2(Q*~Q?%
where Q may possess any of the values 2, 3, 4.......but not 1. (We
neglect the case when x or ¥ is zero).
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Putting Q=2 we get x=40 and y=24, which is the least
solution.

Assuming now that the residues of the revolution (manda-
laja-$esa) of Saturn and Mars are 24 and 40 respectively, we have
to obtain the ahargana (which means the number of mean civil

days elapsed since the beginning of Kaliyuga, or, in fact, any
epoch).

The revolution-number of Saturn is 146564, and the
number of civil days in a yuga is 1,577.917.500. In the present
problem, these are respectively the dividend and the divisor.
Their H.C.F. is 4, so that dividing them out by 4 we get 36641
and 394.479.375 as the abraded dividend and abraded divisor
respectively. We have, therefore, to solve the pulveriser

36641x—24_
394479375

where x and y denote the ahargana and the revolutions respecti-
vely made by Saturn.

Mutually dividing 36641 and 394479375, we get
3€641) 394479375 (10766

304477006
2369) 36641 (15
35535
1106) 2369 (2
157) 1106 (7
10
7) 157 (22
154
N7@Q
_6
1%x27—24=3)3(1
3
0

We have chosen here the number 27 as the optional

numter (mati). In fact, mati may be chosen at any stage after
- an even number of quotients are obtained,
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Writing down the quotients one below the other as pres-
cribed in the rule, we get the chain

10766

15

2

7

22

2

(mati) 27
1

Reducing the chain, we successively get
10766 10766 10766 10766 10766 10766 3108044439

(multiplier)

15 15 15 15 15 288689 288689
(quotient)

2 2 2 2 18665 18665

7 7 7 8714 8714

22 22 1237 1237

2 55 55

(mati)
27 27
1

(it would be seen in this reduction of chain that mati
or 27 X2 plus 1 is 55; 55 %22 plus 27 is 1237; 1237 x7
plus 55 is 8714; 8714 X2 plus 1237 is 18665; 18665 x15
plus 8714 is 288689; and finally 288689 x10766 plus
18665 is 3108044439 which is the multiplier).

Dividing 3108044439 by 394479375, and 288689 by 36641,
we obtain 346688814 and 32202 respectively as remainders, (This
division is performed only when the multiplier and quotient are
greater than the divisor and dividend respectively). These are
the minimum values of x and y satisfying the above equation.

Therefore, the required ahargana=346688814. and the
revolutions performed by Saturn=32202.

To obtain the ahargana and the revolutions of Mars, one
has to solve the equation :
191402 z—40 _
131493125
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where z and w denote the ahargana and the revolutions per-
formed by Mars respectively.

The general solution of this equation is
2z=131493125 54118076020
y=191402 s-+171872
where s=0, 1, 2, 3....... When s=0, we have the least solution.

Brahmagupta’s Rules Concerning
Indeterminate Analysis of the First Degree

For the solution of Aryabhata’s problem, Brahmagupta
gives the following rule :

What remains when the divisor corresponding to the
greater remainder is divided by the divisor correspond-
ing to the smaller remainder--that (and the latter
divisor) are mutually divided and the quotients are
severally set down one below the other. The last residue
(of the reciprocal division after an even number of quo-
tients has been obtained) is multiplied by such an optio-
nal integer that the product being added with the differ-
ence of the (given) remainders will be exactly divisible
(by the divisor corresponding to that residue). That
optional multiplier and then the (new) quotient just
obtained should be set down (underneath the listed
Quofcients). Now. proceeding from the lower-most
number (in the column), the penultimate is multiplied
by the number just above it and then added by the
number just below it. The final value thus obtained
(by repeating the above process) is divided by the
divisor corresponding to the smaller remainder. The
r esidue being multiplied by the divisor corresponding
to the greater remainder and added to the greater
remainder will be the number in viewl
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Brahmagupta further observes:

Such is the process when the quotients (of mutual
division) are even in number. But if they be odd.
what has been stated before as negative should be
made as positive, or as positive should be made
negative!

Regarding the direction for dividing the divisor corres
ponding to the greater number by the divisor corresponding to
the smaller remainder, Prthudaka Svami (860A.D.) observes that
it is not absolute, rather optional; so that the process may be
conducted in the same way by starting with the division of the
divisor corresponding to the smaller remainder by the divisor
corresponding to the greater remainder. But in this case of in-
version of the process, he continues, the difference of the remain-
ders. must be negative.

That is to say, the equation
by=ax+c
can be solved by transforming it first to the form
ax=by—c
so that we shall have to start with the division of b by a.

For the details of the “Theory of the pulveriser” as applied
to the problems in Astronomy. the reader is referred to the writ-
ings of Bhatta Govind, translated by K.S. Shukla, and given as
an Appendix to the edition of the Laghu-Bhaskariva. For the
rationale of the rules in relation to Autfaka or the pulveriser

operation, one may also refer to the chapters by Datta and Singh
in the History of Hindu Mathematics: Algebra.

Solution of by=ax ==1.

This simple indeterminate equation has a special use in
astronomical calculations and therefore, Indian algebraists have
paid special a ttention to it. In fact, this equaticn is solved
exactly in the same way as the equation by=ax & c; it is a parti-
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cular case oaly of the more general latter equation. Of coutse, there
is a little justification also for treating it separately, since both
the types of equations represent two different physical conditions
of the astronomical problems. In the case of by=ax+tc, the
conditions are such that the value of either ¥ or x, more particu-
larly of the latter, hasto be found and the rules for solution
formulated with that objective. But in the case of the equation
by=ax=+1 the physical conditions require the values of both
v and x.

The equation by=ax=+1is usually known by the name
sthira-buttaka. literally meaning the ‘constant pulveriser’ Prthu-
daka Svami also names it as drdha-kuitaka meaning firm-pulveri-
ser. Later on this term drdha-was confined to another sense,
equivlent to nicched (having no divisor) or nirapavarta (irreduci-
ble), The origin of the name sthira-kuttaka or constant pulveriser
has been explained by Prthudaka Svami as being due to the fact
that the interpolator (1) is here invariable.

For thesolution of this equation. we shall quote Bhaskara

I’s rule and the rule by Brahmagupta, Bhaskara I writes in this
connection as follows

The method of the pulveriser is applied also after
subtracting unity, The multiplier and quotient are
respectively the numbers above and underneath. Multi-
plying those quantities by the desired number divide
by the reduced divisor and dividend; the residues are
in this case known to be the (elapsed) days and (resid-
ues of) revolutions respectively®.

The pulveriser

5 =Y w O
may be written as
X1y . (@)

where z=cX and y=cY. If X=0a, Y=4 is a solution of (2), then
x==te, y=cf will be a solution of (i). Hence the above rule.
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Brahmagupta's Rule in this connection is as follows :
Solution of by=ax—1 :

Divide them (i.e., the abraded coefficient of the multi-
plier and the divisor) mutually and set down the quo-
tients one below the other. The last residue (or the
reciprocal division after an even number of quotients
has been obtained) is multiplied by an optional integer
such that the product being diminished by unity will
be exactly divisiblz (by the divisor correponding to
that residue). The (optional) multiplier and then this
quotient should be set down (underneath the listed
quotients). Now proceeding from the lower most
term to the uppermost, by the penultimate multiply
the term just above it and then add the lowermost
number. (The uppermost number thus calculated being
divided by the reduced divisor, the residue (is the quan-
tity required. This is the method of the constant pul-
veriser’.

Solution of

bytax=x+c

Indian algebraists usually transformed this equation as
by=-ax-c,so that itappeared as a particular case of by=ax+c,
in which ¢ was negative. Brahmagupta has been the first

person to solve this equation, but the rule given by him is
obscure :

The reversal of the negatix}e and positive should be
made of the multiplier and interpolator.?

Prthudaka Svami has tried to explain it, but he too is not
very clear. He says:
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If the multiplier be negative, it must be made positive;
and the additive must be made negative : and then the
method of the pulveriser should be employed.

Prthudaka Svami. however, does not indicate how to derive
the solution of the equation .

by=—ax+c D)
from that of the equation
by=ax—¢ «.(2)
The method, however, seems to have been this :
Let x=0a, =/ be the minimum solution of (2). Then
we get
. bR=a a—c
or b(a—B)=-ale-b)+c
Hence x=a-b, y=a~-8 is the minimum solution of (1). This
rule is very clearly indicated by Bhaskara II and others.

We shall give two examples from Bhaskara II (Bijaganita)
to illustrate the rule :

Example I.
13y=-60x + 3

By the method described before, we find that the minimum
solution of
13y=60x-+3

is x=11, y=51. Subtracting these values from their respective
abraders, namely 13 and 60, we get 2 and 90. Then by the
maxim : “In the case of the dividend and divisor being of differ-
ent signs. the results from the operation of division should be
known to be so”, making the quotient negative we get the solu-
tion of
13y=-60x+3
as x==2, y=-9. Subtracting these values again from their respec-
tive abraders (13. 60). we get the solution of
13p=-60x-3

as x=11, y=-51.

‘ Example I1.

. Tly=18x+10
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Proceeding as before. we find the minimum solution of
11y=18x-+10
to be x=8, y=14. These will also be the values of xand ¥ in
the case of the negative divisor but the quotient for the reasons

stated before should be made negative. So the solution of
-11y=18x+10

is x=8, y=-14. Subtracting these (i.e., their numerical values)

from their respective abraders, we get the solution of
-11y=18x-10

as x==3, y=-4,

“When the divisor is positive or negative the numeri-
cal values of the quotient and multiplier remain the
same : when either the divisor or the dividend is
negative. the quotient must always be known to be
negative™,

One Linear Equation in

More Than Two Unknowns

Whenever a linear equation involves more than two unkno-
wn’s the Indian algebraists used to assume arbitrary values for all
the unknowns except two and then to apply fthe method of bug-
taka or “pulveriser”. In this connection, Brahmagupta says :

The method of the pulveriser (should be employed if
there be present many unknowns (in any equation)?,

1. Bhaskara II gives the following rule :
“Those(the multiplier and quotient)cbtained for a positive divi-
dend being treated in the same manner give the results corres-
ponding to a negative dividend.”

The treatment alluded to in this rule is that of subtraction
from the respective abraders, He has further elaborated ir
thus :

The multiplier and quotient should be determjned by
taking the dividend, divisor and interpolator as positive. They
will be the quantities for the additive interpolator,
Subtracting them from their respective abraders, the quantities
for a negative interpolator are found. If the dividend or divi-
sor, be negative, the quotient should be stated as negative, the
quotient should be stated as negative,
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We shall take up one of the problems posed by
Brahmagupta concerning astronomy and leading to
the equation .

197x—1644 y—2z=6302.

Hence
1644 y+2z+6302
197
The commentator assumes z=131. Then
_ 1644 y+6433
_ 197 ;
hence by the usual method of the pulveriser
x=41; y=1.

General Problem of Remainders

" A certain type of simultaneous indeterminate equationsof
the frst degree arise out of the general problem of remainders
which may thus be stated : To find a number N which being

severally divided by a1, az. as.cee..... an, leaves as remainders r1, 7%
TBressseeeeTn Tespectively. ‘

While dealing with such a case, we shall have the following
series of equations :

N=agix1+ri=azxz+re=asxs+rs=.c..=dn 2n + 71 .

We have reasons to believe that the method of solution of
these equations was known to AryabhataI. In the translation of
the verse in the Aryabhafiva, II. 32-33 (the translation of which
we have already given), the term dvicchedagram should be
translated as “the result will be the remainder corresponding to
the product of the two divisors”, instead of “the result will be the
number corresponding to the two divisors.” (the last line of the
translation). This explanation is in fact given by Bhaskara I, the
direct disciple and earliest commentator of Aryabhata I. Such a
rule is clearly stated by Brahmagupta?.
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The rationale of this method is not difficult. I shall quote it
from the book of Datta and Singh: Starting with the considera-
tion of the first two divisors, we have

N=aixi+rn=a,x.+r,.

By the method described before, we can find the minimum
vaJue @ of x, satisfying this equation. Then the minimum value
of N will be a,x-r;. Hence the general value of N will be given
by

N=a: (a;t+«)+n

=aia; t+ai«+r1

where t is an integer. Thus aiz+r1 is the remainder left on

dividing N by a1 a2 as stated by Arybhata I and Brahmagupta,

Now taking into consideration the third condition, we have
N=a,a:t}a,ar,=asxs+rs

which can be solved in the same way as before. Proceeding in

this way successively, we shall ultimately arrive at a value of

N satisfying all the conditions ;

Prthudaka Svamiremarks -

Wherever the reduction of two divisors by a common
measure is possible, there ‘the product of the divisors’
should be understood as equivalent to the product of
the divisor corresponding to the greater remainder and
quotient of the divisor corresponding to the smaller
remainder as reduced (i.e. divided) by the common mea-
sure. When one divisor is exactly divisible by the
other, then the greater remainder is the (required)
remainder and the divisor corresponding to the greater
remainder is taken as ‘the product of the divisors'.
(The tputh of) this may be investigated by an intelligent
mathematician by taking several symtols.

As an illustration we shall take up a problem quoted by
Bhaskara IT in his Bijaganita, and which in its solution follows
the method of Aryabhat.a 1. Prthudaka Svami while commenting
on serveral verses from Brahmagupta (BrSpSi. XVIII. 3-6)

1. i.e., if p be the LCM. of a, and a2, the general value of N satisfying
the above two conditions will be
N=pt+aa+r,
instead of N=g,ast+a,a+7,.
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observes that such problems were very popular amongst the an-
cient Indian mathematicians.

Problem : To find a number N which leaves remainders 5,
4,3,2 when divided by 6,54,3 respectively.

That is to solve the equations:
N=6x+5=5y+4=4z+3=3w-42.

We have since N=6x-+5=5y-+4,

5y-1

6
But x must be integral, so y=6t--5, x=5t44
Hence N=30t+29
Again N=30t+29=42z43

_ 2z--13
Therefore, t= T

Since t must be integral, we must have z=155+14;
hence t=2s5+1. Therefore

N=60s+59.

The last condition is identically satisfied. The method given
here is the one followed by Prthudaka Svami.

Thus when N=60s-+59=6x+5

_ 6052-54=105 +9 D
Again. when N =60s5459=5y+4,
= OB _pastnn
- Again when N=60s+59=4z+3
= Oot_150114
Lastly, when N=60s+59=3w-}2,
w= O pps410,

Varga Prakrti or Krti Prakrti or Square-Nature

The word varga-prakrti (literally meaning ‘square-nature’)
~ has been given by Indian algebraists to the indeterminate quadra-
tic equation
" Nx*tc=yt
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Here in this equation the absolute number ¢ should be
ripa (or unity). which means the equation
Nxttl=y?
or it may be any absolute number. The most fundamental
equation of chis class has been regarded as
Nx?+1=y?
" where N is a non-square integer.

This branch of mathematics has originated from the number
which is the prakrti of the squate of yavat, etc. (the unknown
x etc.), and therefore, it is called varga- prakrti. The quantity
N of the above equation is known as Prakrti. Brahmagupta uses
the term GUNAKA (multiplier) for the same purpose’.

This term gunaka together with its variation guna appears
occasionally also in the writings of later authors. For example,
Sripati (Siddhanta-sekhara. XIV. 32) employs the term gunaka
where as Bhaskara I1 and Nariyana use the term guna in their
Bsijaganitas.

In this connection. we would now like to quote from
Prthudaka Svami (863 A.D.) from his commentary on the
Brahmasphutasiddhanta :

Here are stated for ordinary wuse the terms which
are well known to people. The number whose square,
multiplied by an optional multiplier and then increased
or decreased by another optional number, becomes
capable of yielding a square-root, is designated by the
term the “lesser root™ kanistha pada or the “first root”
adya-mula). The root which results, after those opera-
tions have been performed is called by the name the
“sreater root” (jyestha pada) or the “second root™
(anya-miula). If there be a number multiplying both
these roots, it is called the “augmenter” (udvartaka);
and on the contrary, if there be a number dividing the
roots, it is called the “abridger” (apavartaka),
Thus in the'equation
Nx®+c=y2,
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« is known as the lesser root, ¥ is the greater root, IV is the multi-
plier (gunaka) and c is interpolator or ksepaka. Bhaskara II has
used the word “hrasvamila” for kanistha pada or adya-mila lite-
rally meaning “Isser root”. The earlier terms, the “first root”
(adyamila) for the value of x and the “‘second root” or the “last
root” antya-mila for the value of v are quite free from ambiguity
Their use is found in the algebra of Brahmagupta. The later
terms appears in the works of his commentator Prthtidaka Svami.

Brahmagupta uses the term ksepa, praksepa or praksepaka
in the sense of “interpolator.” Again, when negative, the inter-
polator is sometimes distinguished as the ‘‘subtractive” or
Sodhaka and the positive interpolator is then called “the addi-
tive.”

Lemmas of Brahmagupta

Prior to our giving the general solution of the Square-nature
or Varga-Prakrti, it would be better to give two Lemmas esta-
blished by Brahmagupta. We have the following in the Brahma-
sphutasiddhanta :

Cf the square of the optional number multiplied by the
gunaka and increased or decreased by an other optional
number, ista, (extract) the square root. (Proceed) twice.
_The product of the first roots multiplied by the gunaka
together with the product of the second roots will
give a (fresh) second root; the sum of their cross-pro-
ducts will be a (fresh) first root. The" (corresponding)
interpolator will be equal to the product of the (previ-
ous) interpolators.!

There is a little difficulty in ascertaing the real sense of the
rule given in these lines since the word dvidha (twice) has two
implications. Firstly, it may mean that the earlier operations of
finding roots are made on two optional numbers with two optio-
nal interpolators, and with the results thus obtained the sutse-
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quent operations of their composition are performed. Secondly,
it may also mean that the earlier operations are made with
one optionally chosen number and one interpolator. and the
subsequent ones are carried out after the repeated statement of
those roots for the second time. It is also implied that in the
composition of the quadratic roots, their products may ke added
together or subtracted from each other.

In other words, if x=a, y=[ be a solution of theequation :

Nx*+b=y2,
and x=qa’, y=L' be a solution of
Nx2+p'=y?

then according to the above
x=af3'+ta'B, y=LB';LNaa

is a solution of the equation

Nx?+hk'=y2,
In other words, if
Na*+=3
Narz+k'=3'x
then
* N(eB' o' B)+kk'=(BB'+No’)*? €8]

In particular, taking e=a', 8=3"and k=F’, Brahmagupta
finds from a solution x==0a, y=F of the equation

Nzt +k*=y?
a solution x=2af, y=8%+4Na*® of the equation
Nx?+hb=y*
That,is, if o
Na?+b=p*
then :
N(Q@aB)*+ PP=(B*+ Na2)? {an

This result will be hereafter called Brahmagupta's Corol-
lary.

Thus Brahmagupta's First Lemma says that if two solutions
of the equation (of the Square-nature) Nx*+1=3® are known,
then any number of other solutions can be found. For example
if two solutions of the Square—nature are (a, b) and also (&b}
then two other solutions will be :

x=ab'*+a'b, vy =bb'+Nad'.
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We can compose this solution with the previous ones, and
get another solution, and thus proceed on to innumerable solu-
tions. From Brahmagupta’s Corollary to First Lemma we get
another set of solutions. If (a, b) be solution of the Square-

nature, then another solution of it is
x=2ab, and y=b*+Na?

Thus even if we have only one solution, we can get the
other solution also (since N is known), and thus we can get any
number of solutions one after the other by this Principle of
Composition.

Brahmagupta's Lemmas have been described by Bhaskara
II (1150 A.D.) in the following words :

Set down successively the lesser root (hrasva). greater
root (jyestha) and interpolator (ksepaka); and below
them should be set down in order the same or an
another (set of similar quantities). From them by the
Principle of Composition (Bhavana) can be obtained
numerousroots. Therefore the Principle of Composi-
tion will be explained here. (Find).the two cross-pro-
ducts (vajrabhyasa) of the two lesser and the two greater
roots; their sum is a lesser root. Add the product of
the two lesser roots multiplied by the prakrti to the
product of the two greater roots, the sum will be a
greater root. In that (equation) the interpolator will
be the product of the two previous interpolators. Again
the difference of the two cross-products is a lesser root.
Subtract the product of the two lesser roots multiplied
by the prakrti from the product of the two greater
roots; (the difference) will be greater root, Here also
the interpolator is the product of the two (previous)
interpolators.!
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Principle of Composition

The above results have been technically known amongst
Indian algebraists as Bhavana (demonstrated or proved, hence
theorem or lemma). The word bhavana also means “composition
or combination” in algebra. Bhavana may be of two types:
Samasa Bhavana (or addition Lemma, or additive composition)
and Antara Bhavana (or subtraction Lemma or subtractive
composition), Whenever, again, the bhavana is made with two
equal sets of roots and interpolators, it is technically named as
Tulya Bhavana (or composition of equals), and when with two
unequal sets of values then it is known as Atulya Bhavana (or
composition of unequals).

Proof of Brahmagupta’s Lemmas

It is significant to be indicated that Brahmagupta’s Lemmas
were rediscovered by Euler in 1764 and by Lagrange in 1768,
and a considerable importance was attached to them. Krspa
(1580 A.D.) the commentator on the Bijaganita of Bhaskara II
gives the following proof of Brahmagupta's Lemmas

Let (2,8) and («,'B") be the two solutions of the equation
nx®+h=1%
we have .
No+k=p*
Na2+}=B"
Multiplying the first equation by B'%, we get
NoZpr2 -+ ppre=p2a
Now, substituting the value of factor 3* of the interpolator -
from the second equation, we get
Na? B2+k (Na?+R)=pp"
or N(2%7?--Nka+kk'=3"
Again, substituting the value of % from the first equation
in the second term of the left-hand side expression, we have
Na28?+Nao?(B2—Na*)+kk'=p*p2
or N(a’%+a?8?) kb —=p%R24 N%?a??
Adding+2NaBa’8’ to both sides, we get
N(of'+oB)?+ Rk =(B8' L Naa")?
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Brahmagupta’s Corollary also follows at once from the
above by putting «’=a, B'=p and k'=k.

N Qo)+ =L Ne?)?

Thus the roots are x=20f and y=PB*2No® which is the
Corollary.

It would be seen that modern historians of mathematics are
incorrect when they say that Fermat (1657) was the first to
state that the equation Nx*-+1=y®, where N is a non-square
integer has an unlimited number of solutions in integers. For
this assertion, history takes us to the early Seventh CenturyA.D.
when Brahmagupta wrote his classical treatise, the Brahmasphu-
tasiddhanta, and gave the well known two Lemmas and the
Corollary to the first Lemma.

Second Lemma of Brahmagupta

In the Brahmasphuta siddhanta, we find another important
Lemma by Brahmagupta stated as follows :

On dividing the two roots (of a square- Nature) by the

square-root of its additive or subtracrive, the roots for
interpolator unity (will be found).*

This Lemma when expressed in the modern language of
algebra would mean that if x=a3y=8 be a solution of the
equation.

Nx?+hi=y?
then x=ea[k, y=B/k is a solution of the equation
Nx*+1=yp2,

This -rule, at another place, has been re-enunciated . as
follows :

If the interpolator is that divided by a square then

the roots will be those multiplied by its square-
root?

1. 5 W R S | g
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This rule may be expressed in terms of symbols as follows,
Suppose the Vargda-prakrti (Square-nature) to be
Nztd-pPd=92
so that its interpolator (ksepa) p’d is exactly divisible by the
square p®. Then, putting therein u=x/p, v=y/p. we derive the
equation
Nuy?td=y*%
whose interpolator is equal to that of the original Square-nature
divided by p». Itis clear that the roots of the original equation
are p times those of the derived equation.

Rational Solution

Indian algebraists have usually suggested the following
method to obtain a first solution of Nx*+1=3*:
Take an arbitrary small rational number, e, such that
its square multiplied by the gunaka N and increased
or diminished by a su'tably chosen rational number %
will be an exact square.

In other words, we shall have to obtain empirically a rela-
tion of the form
NQZik._:ﬁz
where ¢, &, and B are rational numbers. Let us call this
relation as the Auxiliary Equation. Then by Brahmagupta's Coro-
llary, we get from it the relation

N(QaB)*+k*=(p*+No*)?,

or N(zf;;@)’ +1 =(ﬁ~———’+£’ o )’

Hence, one rational solution of the equation Nx*+1=yp? is

given by
_ 24 B +Na
x= b ] _’V—— k

Work on the rational solution of the Sguare-nature has been
also done by Sripati. In fact, his solution, given in 1039 A.D.
is of historical significance. He derives the rational solution
without the aid of the “auxiliary equation.” He gives the follo-
wing rule :
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Unity is the lesser root. [Its square multiplied by the
prakyti is increased or decreased by the prakrti com-
bined with an (optional) number whose squareroot
will be the greater root. From them will be obtained
two roots by the Principle of Composition*

Thus if m?® be the rational number opt1ona11y chosen, one
shall have the identity :

NI+ (mP—N)=m?,
or NIP—(N—m?)=m?
Then by applying Brahmagupta's Corollary we get
NQ@m)*+(m?v N)9=(m’+N)’

. 2m _{m*+N
..N(-———mng +1= (mwN

Hence

2m__m*+N
mo N " muN

where m is any rational number, is a solution of the equation
Nx?+1=yp2,
This rationol solution of the varga-prakrti which was used

by Sripati in 1039 A.D. was rediscovered in Europe by Broun-
cker in 1657.

We shall close this discussion by taking an illustration
from Bhaskara I : '

Problem : Tell me, O mathematician, what is that square
which multiplied by 8 becomes, together with
unity: a square; and what square multiplied by
11 and increased by unity, becomes a square.

This means that we have to solve the equations:
8xi+t+1=yp" S ¢ )

11 +1=p' ...(G1)
In the second example, let us assume 1 as the lesser root.
Fullowmg the method of Snpatx, let us multiply its square by

the prakbrti (here in eq. iis prakrti is 11), then let us subtract 2
(an optional number) and then extracting the square-roots we

1. Sripati, Siddhanta-dekhara XIV. 33
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get the greater root as 3. Hence the statement for the com-
- position is
m=11 [=1 g=3 i=-2
=1 g=3 i==2
Here m=multiplier (gunaka or prakrti), [=lesser root
(kanistha-mula). g=greater root (jyestha-mula) and i=interpola-
tor (ksepa).

Here we have set down successively the lesser root. greater
root and interpolator, and below them again set down the same
(See Brahmagupta’s Lemmas described by Bhaskara II). Now
proceeding as before we obtain the roots for the additive 4:

1=6, g=20, ({or) i=4.
Then by the rule:

“If the interpolator (of a varga-prakrti or Square-nature)
divided by the square of an optional number be the
interpolator (of another Square-nature), then the two
roots (of the former) divided by that optional number
will be the roots (of the other). Or, if the interpolator
be multiplied, their roots should be multiplied.’?

are found the roots for the additive unity
1=3, g=10 (for) i=L.
Whence by the Principle of Composition of Equals, we get

the lesser and greater roats : [—60, g=199 (for) i= 1. In this
way an infinite number of roots can be deduced.

Alternative method:-Bhaskara II has given another method
for finding the two roots for the additive unity :

Or divide twice an optional number by the difference
between the square of that optional number and the
prakyti. This (quotient) will be the lesser root (of a
Square-nature) when unity is the additive. From that
(follows) the greater root.?

1. =R T 9T Qienh |
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Let us solve the first example 8x2+1=3% We assume the
optional number to be 3. Its square is 9; the prakrti of multiplier
is 8, their difference is 9-8=1. Dividing by this twice the optional
number (2x3, i.e.6), namely 6, we get the lesser root for the addi-
tive unity as 6. Whence proceeding as before. we get the greater
to be 17, Thus here x=6 and y=17.

Let us use this method for the equation 1lax®41=9% Let
the optional number be 3. Itssquare is 9: multiplier or prakyti
is 11; the difference is 11—9=2; dividing by this twice the
optional number (2x3), namely 6, we get 6/2=3, which is the
lesser root. Consequently the greater root would be 10, Thus
for this equation x=3 and y=10.

Solution in Positive Integers

The Indian algebraists usually aimed at obtaining solutions
of the vargda-prakrti or Square-nature in positive integers or
abhinna. The tentative methods of Brahmagupta and Sripati
always did not furnish solutions in positive integers. These. auth-
ors, however. discovered that if the interpolator of auxiliary equa-
tion in the tentative method bet-1, +2or=4, an integral solu-
tion of the equation Nx?+1=3% can always be found. Thus
Sripati says :

If 1, 2 or 4 be the additive or subtractive (of. the auxi-
liary equation), the lesser and greater roots will be
integral (gbhinna) .
‘ (i) 1f k==1, then the auxiliary equation will be
Na*+1=p
where « and P are intergers. Then by Brahmagupta’ Corollary
we get
x=208 and y=F+Na2

as the required first solution in positive integers of the equation
Natt1=3? C

1. 7= yraERER M awR
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(ii) Let k=2; then the auxiliary equation is
Na?d-2=32
By Brahmagupta’s Corollary, we have
NQ2:B)+4={F*+Na2)?

or N (azga)2+1=(Bz AL )

Hence the required first solution is
x=0aB, y=}(F@+N2*)
Since Nu?=32 F 2,
we have 3 (*+No?)=0% T 1=0 whole number.
(iii) Now suppose k=-4: 5o that
Nea?+-4=02
With an auxiliary equation like this, the first integral solution
of the equation N2®+I=3%is
=%aB

p=3(B*—2).

if a is even; or
r=33(—1)
y=i B (B*~2);
if B is odd.
Thus we find Brahmagupta saying:
In the case of 4 as additive the square of the second
root diminished by 3, then halved and multiplied by
the second root will be the (required) second root:
the square of the second root diminished by unity and
then divided by 2 and multiplied by the first root will
be the (requircd) first root (for the additive unity).!
Datta and Singh has given the following rationale of this
solution.
Since N a®+4=p? _ @
wehave N (a/2)+1=(B[2)} (ii)
Then by Brahmagupta’s Corollary. we get

2 2\ 2
N @r+i= (G +8F)

1. mmMmu
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Substituting the value of N in the right-hand side expres-
sion from (i), we have

n(%) =7 2’ B
Composing (ii) and (i),
v{ze-n | = {5 -9 }’

Hence x=1 of, y=1 (B>~-2);
and x=1a(B?—1), y=1B(?—3);
are solutions of Nx?+1=9%

If B be even. the first values of (x,y) areintegral. If B be
odd. the second values are integral.

(iv) Finally. suppose k= —4; the auxiliary equation is
Na?—4 = B2

Then the required first solution in positive integers of
Nxt4-1=y2is
=1af(B®+3) (B*+1)
y=(@+2) {3(B*+3) (B*+D—1}.

Brahmagupta says*

In the case of 4 as subtractive, the square of the second
is increased by three and by unity; half the product of
these sums and that as diminished by unity (are
obtained). The latter multiplied by the first sum less
unity is the (required) second root; the former multi-
plied by the product of the (old) roots will be the first
root corresponding to the (new) second root.!

The rationale of this solution. as given by Datta and Singh

is as follows :

Na?—4=f? (i)
N(af2)*~1=(B[2)*

Hence by Brahmagupta s Corollary we get

2
N( ) +1= (B TN
1, mﬁhﬁﬁgﬁmmil
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- ={iE+p (D)

Again applying the Corollary. we get

N {1aB@+2)P+H1={3B*+42+2)}*  (id)
Now by the Lemma weobtain from (ii) and (iii)

N {3aB(B*+3) (B2+D)}*+1

=[(B*+2){3(8*+3) B+D—1}P

Hence x=}aB(B*-+3) (B*+1).

y=(p*+2) {1(8*+3) @+1)—1}
is a solution of Nx*+1=y?

This can be proved without difficulty that these values of x
and y are integral. Since 1f B isevenm B2+2 is also even. And
hence the above vatues of x and » are integral. On the other
hand, if B is odd, B% is also odd; under these conditions 241 and
B%+3 are even, In this also, therefore. the above values must be
integral.

Putting p=08, ¢g=B?+2, we can write the above solution
in the form

x=3p (¢—1).
=39(¢"—3).

This was the form in which the solution was found by .
Euler.

Cakravila or Cyclic Method

We have shown in the preceding articles that the most
fundamental step in Brahmagupta’s method for the general
solution in positive integers of the equation

Nx?+1=3
where N is a non-square integer, is to form an auxiliary equation
of the kind

Nat+k=b*
where a and b are positive integers and k=1, +2 ort4 From
this auxiliary equation, by the Principle of Composition, applied
repeatedly whenever necessary, one can derive, as we have alrea-
dy shown above, one positive integral solution of the original
Varga-prakrii or Square-Nature. And thence again., by means
of the same principle. an infinite number of other solutions in
integers can be obtained. How to form an auxiliary equation of
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this type was a problem, write Datta and Singh, which could
not be solved completely nor satisfactorily by Brahmagupta. In
fact, Brahmagupta had to depend on trial. Success in this direc-
tion was. however, remarkably attained by Bhaskara II. He evol-
ved a simple and elegant method which assisted in deriving an
auxiliary equation having the required interpolatorz:1,+2, ors
4, simultaneously with its two integral roots, from another auxi-
liary equation empirically formed with any simple integral value
of the interpolator, positive or negative. This methol has been
technically known as Cabravala or the cyclic method. This is
s0 called because it proceeds as in a circle, the same set of opera-
tions being applied again and again in a continuous round. For
the details of this method, our reader is requested to consult
the Algebra of Bhaskara II and the narrative on this method as
given by Datta and Singh under the title “Cyclic Method” in

their History of Hindu Mathematics: Algebra, 1962 Edition,
pp. 161-72. '

Solution of Indeterminate
Quadratic Equation

It is remarkable to see that Brahmagupta was the first
algebraist in the history of mathematics to find ageneral solu-
tion of the indeterminate quadratic equation

NaPtc=y?
in positive integers. We have the following verse in the
Brahmasphutasiddhanta in this connection:

From two roots (of a Square-nature or varga-prakrti)
with any given additive or subtractive, by making
(combination) with the roots for the additive unity
other first and second roots (of the equation having)
the given additive or subtractive (can be found).!

Let us take the following two equations:
ak=an-+b; and bik=bn+Na
From them we get : by eliminating n

- atb—ab=1

1 vww&wﬁt‘aml
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Hence b1=a1l;—1= a whole number.
—t)2 2
Now ni—N (a1 b bzzﬁ Na
a’k®*—2bkai+k
= =
_ k(a®h—2ba1+1)
= =

Therefore -52 ar’k—2bar+1) is a whole number.

Since a, k have no common factor, it follows that
a*k—2bar+1_n—N

& 5 —ki=an integer.
a_ an_
Also =N - a’k—2batl
k a
a’’(b*—Ng*)—2ba;+1
a2

aitb—1\? .
= ( e )'—Nal-

Thus having known a single solution in positive integers
of the equation Nx?’tc=y? says, Brahmagupta, an infinite
number of other integral solutions can be obtained by making
use of the integral solutions of Na®+1=3% If (pg) be a
solution of the former equation found empirically and if (& 8)
be an integral solution of the latter, then by the principle of
Composition

x=pBtqe; y=qBLNpa
will be a solution of the former. Repeating the operations, we
can easily deduce as many solutions as we like. .
FORM Mn?x*>tc=9*:
In this connection. Brahmagupta says :
It the remainder is that divided by a square, the first
root is that divided by its root'.

This seems to mean that if we have the equation
Mn2x2Lc=y? : )
such that the multiplier (ie. the coefficient of x*) is divisible

1. Fifeer T0% FF o i W@l | —BrSpSi. XVIIL.70
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by n?% then we are justified in saying that if we put nx=u, the
equation (i) becomes Mu?+c=y*  (ii),

and clearly the first root of (i) is equal to the first root of (ii)
divided by n. The corresponding second root will be the same
for both the equations.

FORM a’x*+c=y*:
We find Brahmagupta giving the following rule in this

connection : This is a solution of a particular form of a
varga-prakrti or Square-nature.

Tf the multiplier be a square, the interpolator divided
by an optional number and then increased and
decreased by it, is halved. The former (of these
results) is the second root; and the other divided by
the square-root of the multiplier is the first root.!

Thus the solutions of the equation

atx?Ec=y%
1 _i__c
T 24 -m

_ i_c
y —*(m—{-m)

where m is an arbitrary number.

are

Bhaskara II and Narayana have also given the same
solutions as proposed by Brahmagupta.

Rational Geometrical Figures

In the days of the Taittiriva Samihita and the Satapatha
Brahmana, Indian mathematicians got familiarity with the
solution of such equations

2+y =z
and the results were arrived geometrically on the basis of the
law of rectangle as propounded by Baudhayana in the Sulba Sutras
and which goes by his name, The reader is referred to the Chapter
~on Baudhayana, the first Geometer- in- the author’s*Founders
of Sciences in Ancient Indw” Baudhﬁyana (c.800B.C.) gave a

1 F T Wﬂmmﬁﬁa TR | ,
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method . of transforming a rectangle into a square, which is
equivalent to the algebraic identity :

m=(n=5) ~(%57)

where m, n, are any two arb1trary numbers.

Brahmagupta in connection with the solution of rational
triangles says :

The square of the optional (ista) side is divided and
then diminished by an optional number; half the
result is the upright, and that increased by the optional
number gives the hypotenuse of a rectangle.

We shall put these statements of Brahmagupta in the
algebraic language thus : If m, n be any two rational numbers,
then thesides of a right angled triangle will be

- moi(Z=n ) 2 (Btn)

This Sanskrit term ista may either mean “siven” or
“optional””. With the former meaning the rule would imply the
method of finding rational right angles having a given leg.

Brahmagupta was the first to give a solution of the equa-
tion x*+3%=2z% in integers. His solution is

me—n?, 2mn, m2+n2
m and » being two unequal integers.?

"Thus if m=7 and n=4 then m?*-n*=33, 2mn=56 and
m2+n?=65; then the three numbers 33, 56 and 65 bear the rela-
tion 33*-+562=65°.

Mahavira (850 A.D.) also states

The difference of the squares (of two elements) is the
upright, twice their product is the base and the sum
of their squares is the diagonal of a generated
rectangle.’

Isosceles Triangles with Integral Sides : The following state-
ment of Brahmagupta in this connection is very significant :

1 mmfﬁﬁﬁaﬁamﬁﬁ:l _
AT T Teya ¢ ‘ —BrSpSi. XI1. 35
2. GSS, VIL 90



262 BRAHMAGUPTA AS AN ALGEBRAIST

The sum of the squares of two unequal numbers is the
side; their product multiplied by two is the altitude,
and twice the difference of the squares of those two
unequal numbers is the base of an isosceles triangle.!

Thus if m,n be two integers such that m is not equal to n,
the sides of all rational isosceles triangles with integral sides are
given by

m2+nd, mE4n? 2(m*- n?)
and the altitude of the triangle is 2mn.

This method was also followed by Mahavira and other
Indian mathematicians. In fact, their solutions are based on
the juxtaposition of two rational right triangles, equal so that
they have a common leg. It is remarkably a powerful device, for
every rational triangle or quadrilateral may be formed by the:
juxtaposition of two or four rational right triangles.

Isosceles Triangles with a Given Altitude

Here we have a rule given by Brahmagupta for finding out
all rational isosceles triangles possessing the same altitude :

The (given) altitude is the producer (karani). Its
square divided by an optional number is increased and
diminished by that optional number. The smaller is the
base and half the greater is the side.?

Thus if m be any rational number then for a given definite
altitude a, the sides of the rational isosceles triangles are

2
%(a;z_}_m )each and the base is

by an example taken from the commentary of Prthudaka Svami
The given altitude is 8; let us take any rational number m==

2 2
a?—m . .
m - We shall illustrate it

2 2
then the two equal sides of the isosceles are given by §(8 2 4 )“—‘

2

2
10 each and the base is i =12, Thus the three sides of the
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rational isosceles triangle with altitude 8 are (10,10, 12).

Rational Scalene Triangles: Brahmagupta lays down the
following rule in the case of rational scalene triangle ;
The square of an optional number is divided twice
by two arbitrary numbers; the moieties of the sums
of the quotients and (respective) optional numbers are
the sides of a scalene triangle; the sum of the moities
of the differences is the base.l

In other words, if m, p, g are any rational numbers, then
the sides of a rational scalene triangle are :

HE ) (),
() ()

Here the altitude (m), area and segments of the base of
this triangle are all rational.

Thus putting m=12, p=6, and g=8 in Brahmagupta’s gene-
ral equation, Prthudaka Svami derives a scalene triangle with
sides (13,15) and (14) altitude (12), area (84 and the segments of
the base (5) which are all integral numbers.

i P)—i +6)’=15
“-l—q) ( g 18 )—13

B A ¢’ A B’ ¢’
1 -——-——1---_--—--—----1
[] 1 []
i ] ¥
[] [} |
i :
1 : 1
1 i t
i ! i
1 t 1]
B - H CH B C
Fig. 19 ‘ Fig. 20
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Thus the two sides of the rational scalene triangle are 15

and 13. The baseis.
122

1 — 1 {LZ —_ m—
2 (T -6 ) +: g —8 )=9+5=14

The altitude is m=12; area is equal to baseXaltitude

14x 12

2

=" =and the segments arey/ 13*—12?=5 and

4/(15—122) =9, Thus they are all integers.

Rational Isosceles Trapeziums

Brahmagupta has given us a method of obtaining such
isosceles trapeziums whose sides, diagonals, altitude, segments

and area are all rational numbers.

The diagonals of the rec-
tangle (generated) are the flank
sides of an isosceles trapezium;
the square of its side is divided
by an optional number and
then lessened by that optional
number and divided by two;
(the result) increased by the
upright is the base and lessened
by it is the facel

His rule is as follows :

A A B B’
c--—-- ----3
1 ]
= :
= :
i I
1 ¥
1 [ ]
1 3

K|
D H G

Fig. 21

. Here in the figure, we have the isosceles trapezium ABCD
of which C D is the base and A B is known as the fase. Accord-
ing to Brahmagupta’s rule, we have (p being the optional

number).
- 3 4m2n2~ 2 2 ) . f
CcDh -v:( > i)—l—(m n ) (base)
AB =3} f 411;?112 - ?J - {mz_nz} (face)
DH = (m*—n?) (upright)
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AD = BC = m?+n? (the sidés of the trapezium)

HC = base~upright = ¥ [(4m?* 1 (segment)
L e 7))
AC = BD = [4m®n® 1 (diagonal)
e -
AH = 2mn (altitude)
ABCD =mn [4m™®_ ] (area)
Lp 77

By chosing the valuesof mn and p suitably. the values
of all the dimensions of the isosceles trapezium can be made
integral. Prthudaka Svami starts with the rectangle (5, 12, 13)
and suitably takes p as 6; then he calculates out the dimensions
of the trapezium : flank sides (AD and BC) = 13, base =14,
and base == 4 altitude (AH) = 12, segments of base (DH and
HC) = 5, and 9, diagonals (AC and BD) = 15, area ABCD =
108. All these values are integers.

In this example, the rectangle chosen is (5, 12, 13) which is
AA'DH, where AD=m?-+ n2=13

and DH=m?>—n?*=35
whence by adding the two we have
2m? = 18

This gives the value of m = 3, and hence n = 2. Prthu-
daka Svami has taken the value of p = 6 by choice. Putting
these values of m, n and p, the values for the dimensions of the
isosceles trapezium follow from the expressions given by Brahma-

‘gupta. _

4 2 O2
co=3( %% 32 -6) ( 30— 22 = 945 = 14 (base)
Face = 9—5=4

Sides AD = BC =3*+22% = 13
and so on f.r the other dimensions.

Rational Trapeziums With
Three Equal Sides

This problem is very much the same as one of the rational
isosceles tpapezium with the only difference that in thiscase
one of the parallel sidesis also equal to the slant sides. We
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have the following solution of this problem from Brahma-
gupta :
The square of the diagonal (of a generated rectangle)
gives three equal sides; the fourth (is obtained ) by
subtracting the square of the upright from thrice the
square of the side ( of that rectangle). If greater, it
is the base; if less, it is the face.*

As before, the rectangle generated from m, nis given by
( m2—n? 2mn, m®*+n?), that is these are the three sides of
the right triangle, which correspond to the two sides and the
diagonal of the rectangle generated by them. Let us suppose
we have a trapezium ABCD whose sides AB, BC and AD are
equal, then
AB = BC = AD = (m*+n??
CD =3(2mn ) — (m*—n? ) = 14 m*n® — m* — n?
or CD =3(m?—n?)? — (2mn)® = 3m*+3n* — 10 m?n2.
Prthudaka Svami has taken an illustration, where m=2,
n=1 and he deduces two rational trapeziums with three equal
sides ( 25, 25, 25, 39 ) and ( 25, 25, 25, 11).
The segment ( CH ), altitude ( AH ), diagonals ( AC, BD)
and area of this trapezium are also rational, and given by :
CH (segment ) = 6 m*n*—m?* — nt
AH (altitude ) = 4 mn ( m®>—n?)
AC = BD (diagonals ) = 4 mn ( m?+n? )
ABCD (area ) = 32m®n® (m*—n?).

Rational Inscribed Quadrilaterals

We find in the Brahmasphutasiddhanta a remarkable
proposition formulated by Brahmagupta :
To find all quadrilaterals which will be inscribable
within circles and whose sides, diagonals, perpendi-
culars, segments ( of sides and diagonals by perpendi-
culars from vertices as also of diagonals by their
intersection ), areas, and also the diameters of the
1. wﬁmmmﬁwﬁﬁsﬁm ‘
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circumscribed circles will be expressible in integers.
Such quadrilaterals we shall call as Bmkmaguptq
Quadrilaterals.
The solution of this formidable® problem has been given by
Brahmagupta as follows :
The upright and bases of two right-angled triangles
being reciprocally multiplied by the diagonals of the
other will give the sides of a quadrilateral of unequal
sides ¢ ( of these ) the greatest is the base, the least
is the face, and the other two sides are the two
" flanks?
Taking Brahmagupta’s integral solution, the sides of the
two right triangles of reference are given by :

1) mi—n? 2 mn, m2tn?

Gi) p*—q¢% 2pg, P*+ag%
where m,n, p, g are integers. Then the sides of the Brah-
magupta Quadrilateral are.
(m*—n®(p*+¢») (P*—a*)(m*+n?),
2mn(p®+4g2), 2pq(m*+n? (Arrangement A)
Prthudaka Svami has-
illustrated the rational inscribed .
quadrilateral by taking an
example of the right angle
triangles.

@ (B.4.5) (m*—n?=3,
mi+n?=5, whence
m=2,n=1)

(ii) (5,129].3)(172~q2= s
p*+q*=13, whence
p=3, g=2) Fzg 22
Substituting these values in the above equations, we get the
sides of the quardilateral as ( 39, 25, 52 and 60).2
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2, The diagonals of this quadrilateral are given by BhaskaraIl as 55
{=3.1244.5) and 63 (=4.1243.5). {Cont. on page 268)
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Put in other words, this meansthat one has to solve the
following equations :

(i) 5x—25 =)*
(i) 10x~100 = »*
(iil) 83x—7635 = »*
Prthudaka Svami, the commentator on the Brahmasphuta-
siddhanta proceeds to solve these equations as follows :
(1.1) Suppose » = 10; then x = 125. Or put ¥y =5; then
x =10. ,
(2.1) Suppose ¥ =10; then x =20.
(3.1) Assume y =1; then x = 92.

He then remarks that by virtue of the multiplicity of
suppositions there will be an infinitude of solutions in every
case, Butno method has been given either by Brahmagupta or
his commentator to obtain the general solution.

" Double Equations of the First Degree

Perhaps we have the earliest reference of the simultaneous
indeterminate quadratic equations of the type

x + a=u?
x & b=y?
in the Bhakasals Manuscript (Folio 59, recto).
Brahmagupta gives the solution of such simultaneous inde-
terminate quadratic equations of a general case as follows :
The difference of the two numbers by the addition
or subtration of which another number becomes a sq-
uare, is divided by an optional number and then incre-
ased or decreased by it. The square of half the result

diminished or increased by the greater or smaller (of
the given number) is the number (required).! -

Expressed in the language of algebra, shall have :
; (a:"b:l: m) Fa
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: WW&W&WI&@IH%WH ] —BrSpSi. XVIIIL. 74



DOUBLE FIRST DEGREE EQUATIONS 271

—_ 2
or x= {% (a_m_l_)$m)} Fb

where m is an arbitrary number.
Datta and Singh has given the rationale of this method as
follows :
=xza; vVi=x1b
From them, we have ul—pi=+taFb

Therefore u—v=m

and ut+v= :@,
m

where m is arbitrary. Hence

N a—b
=a( m +m)=:|:§ (m :!:m)

Sincc it is obviously immaterial whether % is taken as posi-
tive or negative, we have

- a—L
Similarly v=1} ( Py ?m)

—b 3
Therefore x= { 1 (g‘nT :i:m) Fa

wsm i (o) '

where m is an arbitrary number.
Now we shall take wup another particular case. for which
Brahmagupta has given a rule:
The sum of the two numbers tne addition and sub-
traction of which make another number (severally)
a square, is divided by an optional number and then
diminished by that optional number. The square
of half the remainder increased by the subtractive
number is the number (required)™.

In the algebraic notations, we shall express it as follows :

1. et iva gt wtateRaAn | ‘ |
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. y= —1—(“—.ﬂ’f+b. )

1f b>c and m > #== ad+bc . Ilf these conditions be reversed then x

and ¥ will have thexr values interchanged.

Datta and Singh have given the followmg rationale of
these solutions * o o
,a;'\:y = bx‘—l* cy+d,
: or @xy—abx—acy=ad,
. or . Cax—c) (ay—b)=ad+bc.

. Suppose '\ax—c=m, a rational number;

then ay—b= cgi‘_-lig.

Vi m

% . Therefore.
)

= (ad-l—bc_l_b )

2+ " Or, we may put ay—b=m;

}i‘_ﬁ't—hat case, we shallhave aa'c—c=' ____“d;:bc;
‘1 fad+b

.Whencex- 2 2 + ‘he )

o 1’?,7(m+b).

.. Brahmagupta’s own rule.

B

v (Whilst the rule given aboveis ascribed to an unknown
‘atithér, Brahmagupta’s own rule for the solution of a gquadratic
lndetermmate ‘equation involying a factum is as follows -

" With the exception of an optional unknown. assume
arbitrary values for the rest of ‘the unknowns, the
product of which forms the factum. The sum of the
-product of these (assumed values) and the (respective)
coefficients of the unknewns will be absolute ‘quantities.
“The continued products of the assumed values and of
the coefficient of the factum will be the- coefficient of

the optionally (left out) unknown. Thus the solation
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is effected without forming an equation of the factum
Why then was it done so *

Datta and Singh think that the reference in the latter por-
tion of this rule is to the method of the unknown author :

“Kim krtam tadatah' ? The principle underlying Brahma-
gupta’s method is to reduce. like the Greek Diophantus (c.275
A.D.), the given indeterminate equation to a simple determi-
nate one by assuming arbitrary values for all the unknowns ex-
cept one. So undoubtedly it is inferior to the earlier method.

We now take an 1llustrative example from Brahmagupta :

Cn subtracting from the product of signs and degrees of
the Sun, three and four times (respectively) those
quantities, ninety is obtained. Determining the Sun
within a year (one can pass as a proficient) mathema-
tician.

If we presume x to denote the signs and v the degrees of
the Sun. then the equation would be :

xy—3x—4y==90
Prthudaka Svami solves it in two ways:
(i) Let us assume the arbitrary number to be'17. then
Y L
y=% (17+3)=20
(ii) Let us assume arbitrarily y=20. On substituting
this value of ¥ in the above equation, we get
20x—3x=170
whence x=10.
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