CHAPTER VIII

Brahmagupta
and Arithmetic

Scope of Ganita

The word Ganita means the science of calculation. The
term occurs in the Vedanga Jyautisa (c.1200B. C):

Just as the crest is to the peacocks, and just as the head-
gem is to the snakes, so the Ganita among the Vedanga
Sastras stands at the head.! (V]. 4)

In the ancient Buddhistic literature, we find mention of
three classes of ganita :° (i) mudra (finger arithmetic). (ii)
ganana (mental arithmetic), and (iii) saw.khyana (higker arith-
metic in general). In the Brahmasphutasiddhanta, Brahmagupta
uses the word ganita in the sense of eatire calculations. His
ganitadhyaya (Chapter XII) includes ;

() Mi¢raba (mixtures). (i) Sredhs (series). (iii) Ksetra

plane figures), (iv) Vrtta-ksetra (circles), (v) Khata (ex-

cavations), (vi) Citi (piles of bricks), (vii) Krakacika

(sawn pieces of timber). (viii) Rasi (heaps or mounds of

grain, and (ix) Chaya (shadow).

Brahmagupta also uses the term Dhulikarma (literally meaning
“ 3snpwork™) for higher mathematics :

The one learned man Who knows the dhaliharma or th

science of mathematics as propounded by Brahmagupta

would far excell them in learning who are taught the
calculations according to Aryabhata. Visnucandra and
others.? . :

- Inthese ten chapters of the Brahmasiddhanta has been
given the dhulikarma or the science of entire calculations
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154 BRAHMAGUPTA AND ARITHMETIC

which is faultless.!

This science of dhulibarma has not been imparted by great
teachers for blasphemy. One who would be using it tor this
purpose would lose all good name.?

Brahmagupta uses the term ganita only for those calculations
which are of arithmetical in nature. The science of algebra, the
foundations of which was laid by Aryabhata I, was named as
byttaka or kujtabara by Aryabhata, and in the Brahmasphuta-
siddhanta also it is separately dealt with under Kugtadhyaya or
bujtabadhaya (Chapter XVIII). Later on the term bijaganita
was specifically given to the science of algebra.

The Kuitadhyaya of the Brahmasphutasiddhanta deals with
the () concept of kuttaka (pulveriser) , addition of positive and
negative as well as zero quantities, equations in one unknown
(eka-varna samikarana). equations in several unknowns (aneka-
varna samibarana), equations involving products of unknowns
(bhavita) and quadratic equations (varga-prakrtih) (Chapter XVIII
of the Brahmasphutasiddhanta).

Aryabhata, Bhaskara and
Brahmagupta use Place Value Notations.

In Europe the first definite traces of the place-value nume-
rals are found in the tenth and eleventh centuries, but the
numerals came into general use in mathematical text books only
in the seventeenth century. In India, however. Aryabhata I
(499). Bhaskara I (522), Lalla (c. 598) and Brahmagupta (628)
all use the place value numerals. There is no trace of any other
system in their works. Perhapsin this country we had the place
value system as early as 200 B.C. if not earlier. The use of a
symbol for zero is found in Pingala's Chandah Satra (perhaps of
200 B.C). Inliterature, we have an indication of the place
value from about 100 B.C. and later in the Puranas from the
second to the fourth century A.D. The Bakhasali Manuscript
(perhaps of 200 A.D.) uses the place-value notations. The

earliest use of the place value principle with the letter numerals
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OPERATIONS AND DETERMINATIONS IN PATIGANITA 155

is found in the works of Bhaskara I about the beginning of the
sixth century A.D. Thusfor 3179, the expressive words are
Navadrirupagni* (nava 9, adri 7. rupa 1 and agni 3). Similarly
in the Brahmasphutasiddhanta, for a large number like 2296828522,
the expressive terms are DVIYAMASARASTAPAKSAVASURA-
SANAVADVIYAMAH(Dviyama two twos 22, Sara 5,asta 8, paksa
2, vasi 8, rasa 6. nava 9, dviyamah 22)2 Such usages are to be
found in all works, which clearly state the place value concept
was popular as a routine. From India, this system reached Arabia.
During the reign of the Khalif Al-Mansur (753774 A.D.) there
came embassies from Sindh to Baghdad, and among them were
scholars: who brought along with them several works on mathe-
matics including the Brahmasphutasiddhanta and the Khanda-
khadyaka of Brahmagupta: With the help of these scholars, Al-
fazari, perhapsalso Yakubibn Tarik, translated them into Arabic.
Both works were largely used and exercised great influence on
Arab mathematics. It was on that occasion that the Arabs first
became acquainted with a scientific system of astronomy. It is
acceptable to all writers on the subject that it was at that time
that the Hindu numerals were first definitely introduced amongst
the Arabs. Arabs at first adopted the ghobar form of num-
erals which they had already obtained (but without zero) from
the Alexandrians or from the Syrians. This they continued for
about two centuries, but since they were not suited to their right-
to-left script, they gave them up and adopted the more convenient
ones. For a detailed discussion on how numerals went to the
west from India and spread in Europe one is referred to this dis-
cussion in the History of Hindu Mathematics. Part1 by Datta
and Singh (1935, Single volume Edition, 1962, pp. 83-104).
It is remarkable that Brahmagupta's works like the Brahma-
sphutasidhanta and the Khandakhadyaka became instrumental in
the spread of the place-value notation in the neighouring coun-
tries of the Middle East, and from their this system spread into
_Europe.

. Operations and Determinations in Patiganita

The word Patiganita is a compound formed from the words
pati» meaning ‘board’, and ganita, meaning ‘science of calculation’,

1. MBh. 1. 4;
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16 BRAHMAGUPTA AND ARITHMETIC

hence it means the science of calculation which requires the uses
Aof writing material (the board). The word pafi is not Sanskrit
(it originated in the non-Sanskrit literature in India); the oldest
term in Sanskrit for the board is Phalaka or paita. However this
term got currency in the Sanskrit literature also about the
beginning of the seventh century. Brahmagupta does not use
the term patiganita: he favours the use of the term dhalikarma or
writing figures on dust spread on a board or on the ground. The
word patiganita was translated into Arabic as ilm-hisab-al-takht

(calculation on board) and the word dhalikarm a as hisab-al-ghobar
(calculation on dust).

Brahmagupta, in the very first verse in the Chapter XII
(Ganitadhyaya) refers to twenty operations (parikarma) and
eight determinations :

He who distinctly and severally knows the twenty logistics,
addition etc.. and the eight determinations (vyavahara)
inculding (measurement by) shadow is a ganaka (mathe-
matician).!

The commentators have given the list of these logistics
(parikarma) and determinations (vyavahara) as follows;

(A) Parikarma or logistics

Samkalitam (addition)

Vyavakalitam (subtraction)

Gananam (multiplication)

Bhagaharah (division)

Vargah (square)

Vargamilam (square-root)

Ghanah (cube)

Ghanamulam (cube root) ,

13. Five standatd forms of fractions (Pafica-jati)
“Trairadikam (the rule of three)
. Vysta-traira$ikam (the inverse rule of three)
Pafica-radikam (the rule of five)
Sapta-rasikam (the rule of seven)
18. Nava-radikam (the rule of n ine)
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MULTIPLICATION 157

19, Ekada$a-raSikam (the rule of eleven)
20. Bhanda-pratibhandam (barter and exchange)

(B) Vyavahara or determinations

1. Misrakah (mixzture)
2. Sredhi (progession or series)
3. Ksetram (plane figures)

4. Khatam (excavation)

5. Citih (stock)

6. . Krakacikah (saw)

7. Raéih (mound)

8. Chzaya (shadow)

Cf the operations enlisted here, the first eight have been
considered fundamental by later writers as Mahavira. The opera-
tions of duplatien and mediation (doubling and halving) were
considered fundamental by Arabs, Greeks and Egyptians; since
they were not familiar with the place-value system.

Mathematics in this country developed as an aid to astro-
nomy, and therefore, for the first time we find Aryabhta(499AD.)
in his Aryabhafiya describing as a special section (Ganitapada).
Brahmagupta (628 A.D.) also followed Aryabhata in this respect
and gave the science of calculation (ganita) a special place in his
treatise on astronomy. The Siddhanta treatises, earlier than those
of Aryabhata and Brahmagupta do not contain a chapter exclu-

ATSA[d devoted to ganita (the Surya-Siddhanta and the Siddhantas
of Vasistha.Pitamaha and Romaka are thus without ganita
chapetrs). Later on Bhaskara I and Lalla also did not include
ganita as a section or chapter in their treatises.It is said, howe-
ver, that Lalla wrote a separate treatise on Pdafiganita.

It may further be remarked here that Aryabhata I gives
the rules for finding the square and cube-roots only whilst Bra-
hmagupta gives the cube-root rule only (BrSpSi. XII. 7).

Maultiplication

Undoubtedly the common Indian name ‘multiplication’ is
“gunana’, this term occurs in the Vedic literature also. The other
terms for this logistics are hanana, vadha, ksaya etc., which all
mean ‘killing’ or ‘destroying.’ The synonyms of ‘hanana’ (killing)
for multiplication have been used by Aryabhata I (499). Brahma-
gupta (628), Sridhara (¢.750) and later writers, and these terms
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also occur in the Bakhadali Manuscript.

Aryabhata I does not mention the everyday methods of
multiplication in his Aryabhativa probatly because they were
t00 elementary to be included in a Siddhanta work. Brahma-
gupta, however, in a supplement to the section on mathematics
in his Siddhanta, gives the names of some methods with very
brief descriptions of the processes:—

The multiplicand repeated, as in gomutrika as often as
there are digits in the multiplier, is severally multiplied
by them and (the results) added according to places;
this gives the product. Or the multiplicand is repeated
as many times as there are component parts in the
multiplier.!

(the word bheda occurring in the verse has- been translated
as “integrant portions” by Colebrooke p. 319. Again by the term
bheda are meant portions which added together make the whole,
or aliquot parts which multiplied together make the entire
quantity.

The multiplicand is multiplied by the sum or the differ-
ence of the multiplier and an assumed quantity and,
from the result the product of the assumed gquantity
and the multiplicand is subtracted or added.?

(Colebrooke thinks that this is a method to obtain the true
product when the multiplier has been taken to be too great or

too small by mistake® Datta and Singh think. however, that
this is not correct.*

Thus Brahmagupta mentions four methods of multiplica-
tion: (i) gomutrika, (i) khanda. (iii) bheda. and (iv) ista. The com-

mon and the well known method of kapata-sandhi has been omitted
by him. '
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MULTIPLICATION 159

(i) Gomutrika-method or zig-zag method. The word gomz-
trika means “similar to the course of cow’'s urine", hence
“zigzag”. This method in all essentials is the same as the sthana-
khanda method. The following illustration is based on the
commentary of Prthudaka Svami :

Example : To multiply 1223 by 235.
The numbers are written thus :

2 1223
3 1223
5 1223

The first line of figures is t hen multiplied by 2, the process
beginning at units place, thus: 2X3=6; 3 is rubbed out and 6
substituted in its place, and so on. After all the horizontal lines
have been multiplied by the corresponding numbers on the left
in the vertical line, the numbers on the pafi stand thus :

2446
3669
6115

287405
after being added together as in the present method.

The sthana-khanda and the gomutrika methods resemble
modern plan of multiplication most closely.

(ii) Khanda Method *+ or Parts Multiplicatian Method :
Since the days of Brahmagupta, this method of multiplication

also became very popular. We have two methods under this
head : ‘

(i) The multiplier is broken up into two or more Parts
whose sum is equal to it. The multiplicand is then multiplied
severally by these and the results added.

To take an example :

13 x158=(6+7) x158=(6x158)+(7 x158)
=0948-+1106
=2054 :

(i1) The multiplier is broken up into two more aliquot
parts. The multiplicand is then multiplied by one of these. the
resulting product by the second and so on tillall the parts are
exhausted. The ultimate product is the result.
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Thus for example :

96 x 237=(4 x 4% 6) %237
=(4x237)x4x6=048%x4x6
=(4XxC48) x6=3792 X6
=22752

These methods of multiplication are found among the
Arabs and the Italians, having obtained from reople of India.
They were known as the “Scapezzo” and “‘Repiego” methods
respectively amongst Italians.

(1) Ista-gunana Methed or the Algebraic Method.

We have already quoted the relevant verse from the Brah-
masphuta-siddhanta in this connection; (XIL. 56) :

The multiplicand is multiplied by the sum or the
difference of the multiplied and an assumed quantity
and from the result the product of the assvmed quan-
tity and the multiplicand is subtracted or added.!

This method is of two kinds according as we (i) add or (b)
subtract an assumed number. The assumed number is so chosen
as to give two numbers with which multiplication will be easier
than with the original multiplier. The two ways are illustrated
below : ‘

(i) 93%13=(93+7) X13—7x13=1300—91=1209.
(i) 93X13=(50+43)13=C0 % 1343 x13=1170+139
=1209

This method was in use among the Arabs and in Europe,
obviously having gone out from this country.

This process has been regarded as an inverse of multipli-
cation. The terms used for this operation are bhagahara, bhajana,
harana, chedana, etc. all these terms more or less carrying the
sense “to break into parts'’, “to divide” etc., excepting “harana’
which denotes “to take away”, This term shows the relation

of division to the operation of subtraction. The dividend

is ‘termed as bhajya. harya etc. the - divisor is known as
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SQUARE 161

bhajaka, bhagahara or simply hara; quotient is known as labdhi or
labdha (or “what is obtained™).

India never regarded this operatioa as a difficult one; in
Europe, this operation was regarded as a tedious one till the
15th century or so. Division was such a common operation that
Aryabhata did not regard it as worth being included in his
treatise. But since he has given the methods of extracting
square-roots and cube-roots, which obviously depend on division,
we conclude that the method of division was known to him.
Most Siddhanta writers have followed Aryabhata I in omitting
this operation from their texts. this being regarded too elemantary
to be included. Brahmagupta does not give details of this
operation. The later treatises on Arithmetic as Sridhara’s
Trisatika and the Pagiganita (1.20) and Aryabhata II (c.950 A.D.)
have given the details of this operation.

Square

The Sanakrit term for square isvarda or krti (varga lite-
rally means “rows” or “troops™ of similar things). In mathema-
tics, it usually means the square power and also the square figurs
or its area. Thus we find in the Aryabhatiya :

A square figure of four equal sides (and the number
representing its area) are called varga. The product of
the two equal quantities is also vargal.

The term krti means “doing”, “making” or “action”. It
carries with it the idea of specific performance probably the gra-
phical representation.

For the first time we have a definite rule for squaring in the
writings of Brahmagupta. But it does not mean that prior to him
it was not known. It must have been known to Aryabhata I
since he has given the square-root method.

Brahmagupta gives his method of squaring briefly as
follows :
Combining the product, twice the digit in the less
(lowest) place into the several others (digits) with its
(i.e. of the digit in the lowest place) square (repeatedly)
gives the square.?
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162 BRAHMAGUPTA AND ARITHMETIC

The method has been more clearly enunciated by Mahavira
(850 A.D.) in the Ganitasarasamgraha :

Having squared the last (digit), multiply the rest by
the digits by twice the last. (which) is moved forward
(by one place). Then moving the remaining digits con-
tinue the same operation (process), This gives the
square.}

Brahmagupta’s method of squaring is shown by the follow—
ing example :
To square 125.
The number is written down
125
The square of the digit in the last place, i. e., 5*=25 is set
over it thus :
25
125

Then, 2 x 5=10 is placed below the other digits, and 5 is
rubbed out, thus: ) ‘
25
12
10

Multiplying by 10 the rest of the digits, i.e., 12 and setting
the product over them (the digits), we have.

1225
12
10
Then rubbing out 10 which is not required and moving the
rest of the digits, 1. e. 12 we, have
1225
12
Thus one round of operations is completed.
, Again as before, setting the square of 2 above it and 2Xx2=4
below 1. we have
1625
1
4

1. GSS.P. 12
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Multiplying the remaining digit 1 by 4., and setting the
product above it, we have
5625
1
Then moving the remaining digit 1, we obtain
5625
1

Thus the second round of operations is completed.
Next setting the square of 1 above it the process is comple-
ted for there are no remaining figures, and the result stands thus :
15625

Algebraic Method of Squaring

Brahmagupta in his Brahmasphutasiddhania gives a minor
method of squaring thus:

The product of the sum and the difference of the
number (to be squared) and an assumed number plus
the square of the assumed number give square®.

This may be represented by the following identity :
n*=(n—a) (n+a)+a’

This identity has been used for squaring by most of the
Indian mathematicians. Thus
15=(15—5) (15+5)+5>=225

We arenot giving here other identities which have been
used by latter mathematicians of India in getting the squares
of numbers; for example, when Mahzavira says :

The sum of the squares of the two or more portions of
the number together with their products each with the

others multiplied by two gives the square? :

he obviously refers_to the identity
(a+b+concnn)2=a>+b024+c2 ... +2ab+......

Cube
The Sanskrit term for cube js ghana. It when usedin
the geometrical sense also means the solid cube. In the arithmeti-

cal sense, it means the continued product of the same number
taken three times. Thus we have the definition in the Arya-
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bhatiya :
The continued product of three equals and also the
solid having twelve (equal) edges are called ghana.!

A method of cubing applicable to numbers written in the
decimal place-value notation, has been in use in this country
from before the 5th century A.D. Aryabhata I (499 A.D.) had
the familiarity with this method; he, however, does not give the
method of cubing il his treatise, though he describes the inverse
process of extracting the cube-root.

Brahmagupta gives the method of cubing in the following
verse :

Set down the cube of the last (antya); then place at the
next place from it, thrice the square of the last multi-
plied by the succeeding; then place at the next place
thrice the square of the succeeding multiplied by the
last, and (at the next place) the cube of the succeeding.
This gives the cube.?

The rule may be illustrated by an example.

Example : To cube 1357.

The given number has four places, i.e., four portions. First
we take the last” digit 1and the succeeding digit 3,ie. 13 and
apply the method of cubing thus :

(1) Cube of the last (1%)

(ii) Thrice the square of the
last (3.1*) multiplied by
the succeeding (3) gives
3.3.1%») = 9 (placing at the

' next place)

1

I

(i11) Thrice the square of the
succeeding, multiplied by

the last gives (3.32.1) = 27 (placing at the
next place)
(iv) Cube of the succeeding (3% = 27 (placing atthe
‘ next place)
Thus 13° is the sum ' 2197
1. GTErERst S SRATER, H —Arya, II. 3.
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bhativa :
The continued product of three equals and also the
solid having twelve (equal) edges are called ghana.*

A method of cubing applicable to numbers written in the
decimal place-value notation, has been in use in this country
from before the 5th century A.D. Aryabhata I (499 A.D.) had
the familiarity with this method; he, however, does not give the
method of cubing ift his treatise, though he describes the inverse
process of extracting the cube-root.

Brahmagupta gives the method of cubing in the following
verse :

Set down the cube of the last (antya); then place at the
next place from it, thrice the square of the last multi-
plied by the succeeding; then place at the next place
thrice the square of the succeeding multiplied by the
last, and (at the next place) the cube of the succeeding.
This gives the cube.?

The rule may be illustrated by an example.

Examyple : To cube 1357.

The given number has four places, i.e., four portions. First
we take the last digit 1and the succeeding digit 3ie. 13 and
apply the method of cubing thus :

(i) Cube of the last (1%) = 1

(ii) Thrice the square of the

last (3.1%) multiplied by

the succeeding (3) gives

(3.3.1») = O (placing at the
next place)

(it}) Thrice the square of the

succeeding. multiplied by
the last gives (3.3%.1) = 27(placing at the
~ next place)
27 (placing atthe
next place)

(iv) Cube of the succeeding (3%
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After this we take the next figure. 5, i.e., the number 135,
and in this consider 13 as the last and 5 as the succeeding. Then
the method proceeds thus :

(i) The cube of the last
(13%) as already obtained = 2197

(i1) Thrice the square of the
last multiplied by the
succeeding, i.e. 3.13%5 = 253 (placing at the
next place)
(iii) Thrice the square of the
succeeding multiplied
by the last, i.e, 3.5%13 = 975 (placing at the
next place)
(iv) Cube of the succeeding.
ie 5° 125 (placing at the
next place)
Thus 135° is the sum 2460375

Now the remaining figure 7 is taken, so that the number is
1357, of which 135 is the last and 7 the succeeding. The method
proceeds thus :

(i) Cube of the last, i.e.
(135%) as already
obtained = 2460375

(i1) Thrice the square of
the last into the succee-
ding, i.e, 3. (135)%. 7 = 382725 (placing at the
next place)
(iii) Thrice the square of
the succeeding into the
last, i.e. 3.72. 135 = 19845 (placing at the
next place)
(iv) Cube of the succeeding

ie. 7 = 343 (placing at the
) © mnextplace)
Thus (1357)% is the sum 2498846293

Evidently these methods of cubing are based on the identiry:
(a+b)*=a3+3a’b+3ab*+b°

and keeping in mind the place values of numerals in a given
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number (this accounts for keeping the results of each of the four
operations at the next place).

Square-Root

Indian synonyms for square-root are vargdamiila or pada .
of a brti. The word mula means the “root” of atree, which may
also mean the “foot”’ or the lowest part or bottom of a thing and
hence “pada” or foot also became a synonym of rout. Brahima-
Gupta defines squ#re-root as follows :

The pada (root) of a brti (square) is that of which it is
the square.!

While the word miila for root is the oldest in Indian litera-
ture (it occurs in Anuyogadvara-satra. c¢- 100 B.C.), the word
pada for root probably for the first time occurs in the writings
of Brahmagupta. The term miula was borrowed by the Arabs who
translated it by jadhr, meaning “basis of square”’. The Latin term
radix also is a translation of the term mula. In the Sulba litera-
ture and in the Prakrta texts, we find a term karam: for square-
root. In geometry, this term karan: means a “side”, In later days.
the term karani was reserved for surds, i.e. a squareroot which

caanot be exactly evaluated, but which may be represented by a
line. .

We would like to quote here a rule for determining square-
root of numbers from the Aryabhativa :

Always divide the even place by twice the square-root
(upon the preceding odd place); after having subtracted
from the odd place the' square (of the quotient), the
quotient put down at the next place (in the line of the
root) gives the root®.

As an illustration, we shall proceed to find the square-root
of 18225,

The odd and even places are marked out by vertical (I) and
horizontal (——} Iine; : The other steps are as follows :

1. v gl o | | BrSpSi. XV1IL 35
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[ |

18225
Subtract square 1 root = 1
Divide by twice —_—
the root 28 placing quotient at the
6 next place, the root=13
22
Subtract square of .
quotient 9
Divide by twice 26)132(5 placing quotient at the
the root 130 next place, the root=135
Subtract square 5
of the quotient 25

The process ends. The square-roct of 18225 is thus 135.

It has been stated by Kaye, that Aryabhata’s method of
finding out the square-root is algebraic in character, and that it
resembles the method given by Theon of Alexandria. Arya-
bhata’s method is purely atithmetic and not algebraic is the
view of Datta and Singh who do not agree with Kaye on this
point,

Cube Root

The Sanskr't term for cube-root is ghanamula or ghanapada.
The first mention of the operation of cube-root is found in the
Aryabhatiya of Aryabhata'I (499 A.D.), though the operation
is given in only a concise form :

Divide the second aghana place by thrice the square
of the cuberoot; subtract from the first aghana place
the square of the quotient multiplied by thrice the
preceding (cube-root); and (subtract) the cube (of the
quotient) from the ghana place; (the quotient put
down) at the next place (in the line of the root) gives

(the root).
As has been explained by all the commentators on the |
* Aryabhatiya. the units place is ghana; the tens place is first
aghana, the hundreds place 1s the second aghana, thé thousands
‘place is ghana, the ten thousands place is first aghana. the hun-

1. swemg, W, e Bt o gee |
Ffegd gfuawire: som, oo s || —Arya. 1L 5
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dred-thousands place is second aghana, and so on. Thus to find
out the cuberoot, one has to mark out the ghana, first aghana
and second aghana places, then the process of finding out the
cube-root begins with the subtraction of the greatest cube num-
ber from the figures up to the last ghana place. Though this has
not been explicitly mentioned in the rule, the commentators
say that it is implied in the expression ghanasya miula-vargena
etc. (“by the square of the cube-root etc.”)

We are reproducing here an illustration given by Datta
and Singh.

Example. Find the cube-root of 1953125.

The places are divided into groups of three by marking
them as below [ghana (1) first aghana (—) and second aghana
(=]

| —— 1 —=1

1953125

Subtract cube 1 eiiiee v ve e oo () Root=1
Divide by thrice
square of root,
ie. 3.1% 392 .. (a)Placing quotient
Subtract square 6 after the root 1
of quotient mul- 35 ~ gives the root 12
tiplied by thrice I N ()
the previous root,
ie. 2231
Subtract cube of 233
quotient, i»e. 2° 8 we (0
Divide by thrice
square of the root.
e 3.122 432)2251(5  ** (a) Placing quotient
Subtract square of 2160 after the root
quotient multiplied 12 gives the
by thrice the pre- 912 root 125
* vious root, i. e.

5312 - 900
Sub'n:ad:l cube of 125 e (B)

. quotient, ie. 5 125 .. (0

 Thus the cube-root=125.
- From the details given, it‘ would be clear that the present
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method of extracting the cube-root is almost a contraction of the
method first given by Aryabhata I (499 A.D)

The method of Aryabhata has been invariably followed by
Indian mathematicians. Brahmagupta in his Brahmasphuia-
siddhanta repeats the method in the following words :

The divisor for the second aghana place is thrice the
square of the cube-root; the square of the quotient
multiplied by three and the preceeding (root) must be
subtracted from the next (@ghana place to the right).
and the cube (of the quotient) from the ghana place
(the procedure repeated gives) the root.!

Sridhara and Aryabhata II have further improved on the
method of extracting cube-root proposed by Aryabhata I and
followed by Brahmagupta. Rule for finding the cube-root as
given by Sridhara in his Patiganita is as follows :

(Divide the digits beginning with the units’ place into
periods of) one ghana-pada (one “cube’ place) and two
aghana-padas (two ‘‘non-cube” places). Then subtrac-
ting the (greatest possible) cube from the (last) ghana-
pada and placing the (cube) root underneath the
third place (to the right of the last ghana-pada),
divide out the remainder up to one place less (than
that occupied by the cube root) by thrice the square
of the cube-root, which, is not destroyed. S:tting
down the quotient (obtained from division) in the
line (of the cube-root), (and designating the gquotient
as the ‘first’ (adima) and the cube-root as the ‘last’
(antya), subtract the square of that guotient, as multi-
plied by thrice the ‘last’ (antya) from one place less
than that occupied by the quotient (uparima-rasi) as

before, and the cube of the ‘first’ (@dima) from its own
place.

(The number now standing in the line of cube-root is
the cube-root of the given number up to its last-but
one ghana-pada (cube place) from the left). -

Again apply the rule, *“(placing cube-root) under the
third place™ etc. (provided there be more than two
ghana-padas (cube places) in the given number; and

1. 3 oo i, e e | )
Ty BryagReer w1E, Swa g6t g || —BrSpSi. X11.7
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continue the process till all ghana~padas (cube-places)
are exhausted). This will give the (cube) root (of the
given number).

K.S. Shukla in his translation and commentary of this book
has given the illustration of extracting cube-root as

follows :
Example :- To find the cube root of 277167808,

Let us indicate ghana-padas or ‘cube’ places by ‘“c” and
aghana-padas or non-cube places as “n’" :

ANCRANCANBC
277167808
Subract the greatest possible cube (i.e. 6° or 216) from
the last ‘cube’ place (i.e. from 277) and place the cube-
root (i.e. 6) underneath the third place to the right of
the last ‘cube’ place; thus we have
BRACANRCNANBC
61167808 (remainder)
6 (line of cube-root)
Dividing out by thrice the square of the cube-root (i.e.
by 3.6° or 108) the remainder up to one place less
than that occupied by the cube-root (i.e. 611) and
setting down the quotient in the line of the cube-root
(to the right of the cube-root), we have
RHCHANCRNG
7167808 (remainder)
65 (line of cube-root)
Let now quotient 5 be called the ‘first’ (adima) and
the cube-root 6 the ‘last’ (antya). Then subtracting
the square of the ‘first’ (adima) as multiplied by thrice
the ‘last’ (antya) (i.e. 3x6X5% or 450) from one place
less than that occupied by the quotient (i.e. from 716},
we get

1. eFoEwERRR 2 o () Aisure gaeal T |
S TR 1l 2 ||
wFRRT 3 PR (8) e, |

- @=d e o Tl Rt B 1 o 1)
| R R MR, SR (3) W |
.. TR N wEs AR s '

T : - —8ridhara, Patigapita, 29-31
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nncnncnnc
2667808 (remainder)
65 (line of cube-root)

And subtracting the cube of the ‘first* (adima) (ie.5
or 125) from its own place (i.e. from 2667), we get

RNCNNCHNNhC

2542808 (remainder)
65 (line of cube-root)

One round of the operation is now over; and the num-
ber 65 standing in the line of the cube-root is the cube-
root of the given number (277167808) up to its last-but-
one ‘cube’ place ( ghana pada ) from the left (ie.of
277167),

As there is one more ‘cube’ place (ghana-pada) on the
right, the process is repeated, Thus placing the cube-
root (i-e. 65) under the third place beginning with the
last-but-one ‘cube’ place (ghana-pada), we have
nncnncnnc
2542808 (remainder)
€5 (line of cube-root)

Dividing out 25428 by 3.65% (=12675) as before, and
placing the quotient in the line of the cube-rcot, we
have
BHCHBCANC
7808 (remainder)
652 (line of cube-root)

Subtracting 3X65x%2% (=780) we get.
NNCRABRCBNBC
8 (remainder)
652 (line of cube-root)

Finally subtracting 2°=8 from 8, we get

ANCHACABRC -
0 (remainder)
652 (line of cube-root)

The second round of operation is now over. There
teing no more of ghana-pada (‘cube’ place) on the
right, the process ends, The quantity in the line of
cube root, viz. 652, is the cuberoot of the given
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ncmber. The remainder teing zero. the cute-toot

1s exact,
Fractions

The ccuzept of {ractions in India can be traced to very
early times. In the Rgveda! we find such terms as one-half
(ardha) and threefourths (tri-pada). In a passage of the
Maitrayani Samhita® are mentioned the fractions one-sixteenth
(kal@), one-twelfth (kustha), one-eighth ($apha) and one-fourth
(vadg). In the Salba Sutras® we have not only a mention of
fractions, but they have been used in the statement and solution
of problems of geometric nature. Here in the Sulba, unit frac-
tions are denoted by the use of cardinal number with the term
bhaga or amsa; thus panica-dasa-bhaga (literally “fifteen parts™) is
equivalent to one-fifteenth, sapta-bhaga (literally, “seven parts")
is equivalent to one-seventh, and so on... The use of ordinal
numbers with the term bhaga or amsa is also quite common :
thus paficama bhaga stands for one-fifth. ' The composite fractions
like tri-astama stands for three-eighths and dvi-saptama for two-
sevenths. In the Bakhasals Manuscript, the term tryasta occurs
for 3/8 and 3% is called trayastrayasta (three-three-eighths).

The Sanskrit term for fraction is bhinna (literally meaning
‘broken’). Otviously the European terms as fractio, fraction,
roupt, rotto or rocto are translations of the same term; they are
derived from the Latin fractus (frangere) or ruptus meaning
‘broken’. The Indian term bhinna has a few more connotations;
it stands for such numbers of the form :

240 Y, (% of &), (22S o & 5
b—'i_‘d)a (b of d)a(bidOf b)Or(aj: c ).

_ These forms were termed jati’ ie., ‘classes’, and the Indian
treatises contain special rules for their reduction to proper frac-
tions. Sridhara and Mahavira each enumerate six jatis. while our
author. Brahmagupta, gives only five (Bhaskara II gives only
four). The need for division of -fractions in ‘classes’ arose out
of the lack of proper symbolism to indicate mathematical opera-
tions. (Datta and Singh Arithmetic, p. 188). The only operational
symbol in use was a dot, standing for the negative sign,
© 1. Ry, X.904

© .2 Mait S.TIL 77,

3B, Darta, Sib, op. 2128
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Reduction to lowest terms.—A non-mathematical work,
Tattvarthadhigama-Sutra-Bhasya by Umasvati (c.150A.D.) casua-
1ly mentions as follows in the context of a philosophic discourse:

Or, as when the expert mathematician, for the purposz
of simplifying operations, removes common factors
from the numerator and denominator of a fraction,
there is no change in the value of the fraction. so....»

Reduction to common denominator. Whenever we have to
add or subtract fractions, we follow this reduction operation
to a common denominator. Brahmagupta gives the reduction
along with the similar processes :

By the multiplication of the numerator and denomi-
nator of each of the (fractional) quantities by other
denominators, the quantities are reduced to a common
denominator. In addition, the numerators are united,
In subtraction their difference is taken.?

Fractions in combination :—Since there ‘was no proper
symbolism available to these early Indian mathematicians, they
divided combination of fractions into four classes :

Bhaga, prabhaga, bhagapavaha and bhaga-bhaga.

(i) Bhaga has been mentioned by Brahmagupta (BrSpSi.

“XIIL 8) thus: (iidii %‘i') usually written as

HHAZHAE
where the dots denote subtraction.

(ii) Prabhaga : The form(f of & of ;—)

o1

This is written as
| a [ ¢ l el
bldlf
(i1i) Bhaganubandha :The form ( a+t "[57_) is written as

a
b
<

LIL%2 .
2. Ruirriegw : AR gw=aae | |
GHREIST TN FRFRASTRR FE 11 ~BrSpSi. XIL 2.
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and the form
PR TATITE ST P
q-l-sofq-!—uof q—l—s q

is written as

ool ]

b\ . .
(iv) Bhagapavaha. i.e. the form {a— -E) is written as

a
.b\
<

p r p t P ¥ . PY__
and the form sofq uof(q 5°fq)

q
i1s written as

, P
_q
Y
S

.2
U

(v) Bhaga-bhaga : The form

()5 %)

There does not appear to have been any notation for divi-
sion, such compounis being written as

a p
blorlg
¢ r

S

just as for bhaganubandha. That division is to be performed was

known from the problem, e.g., 1+% was written as sad-bhaga-

bhaga, i.e. “onesixth bhaga-bhaga” or “one divided by one-
sixth”. It is only in the Bakhsali Manuscript that the term bha
is sometimes placed before or after the quantity affected.

(vi) Bhagamaty, i.e.. combinations of forms enumerated
above. Mahavira, the author of the Ganitasarasamgraha (850
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A.D.) gives twenty-six variations of this class. We shall illus-
trate it by the following example from Sridhara :
What is the result when half, one-fourth of one-fourth,
one divided by one-third, half-plus half of itself, and
one-third diminished by half of itself, are added
together ? (T'risatika, p. 12).

A modern writer would have written it as :
314G of D+HA=HHG+E of DA of )
In the old Indian notation, it is written as

11111111 1
2141441112 3
311 1
2 2
The defect of the notation isobvious: I-i'—l can be read
4] 4
1
also as i4+% and |1 ]canalso be read as 13%.
3

And therefore the original meaning is inferred from the
context or from the enunciation of the problem.

The rules for reduction of the first two classes (bhdga and
prabhdga) are those of addition or subtraction and multiplica-
tion. The rule for the reduction of the third (bhaganubandha_)
and fourth (bhagapavaha) classes are given by Brahmagupta in
the Brahmasphuta-siddhanta thus :

The (upper) denominator is multiplied by the deno-
minator and the upper numerator by the same (deno-
minator) increased or diminished by its own numera-
tor.!
“Numerator” is known as “amsa” and the “denominator”

as “cheda.”

We give here from Sridhara’s Pafiganita (about 900 A.D.,
according to K.S. ‘Shukla, 750 A.D. according to Datta and
Singh) a rule for reducing a fraction of the bhaganubandha class
(i.e., a whole number increased by a fraction or a fraction incre-
ased by a fraction itself) :

1. o ARSI a R | |
Pam qem: wgddwimm: 4 —BrSpSi. XIL9S.
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In the bhaganubandha class, the whole numter (ruipa-
gana) is multiplied by the denominator (of the frac-
tion) should be increased by the numerator (of the
fraction) or the uprer denominator having been
multiplied by the lower denominator, the initial
numerator (i.e. the upper numerator) should be multi-
plied by the sum of the lower numerator and denomi-
nator.!

(Patiganita, 39 cf. BrSpSi. XII. 9 (ii); GSS. (iii) 113
This means that

. b actb
i) a+'(';-- c
@) %—-i—-% oE—Z— (which was written by Indians in
the style
a
b
¢
d
a(d+c)

is equal to ¥

Addition and Subtraction of Fractions

In the Brahmasphuja-siddhanta, Brabmagupta gives the
rule for the addition and subtraction of fractions :

If the denominators (cheda) of fractions are different
then reduce these fractions to a common denomina-
tor. Now for the additions, unite the numerators and
take their difference in case of subtraction.?
Brahmagupta and Mahavira give the method under Bhaga-
jati. :
Multiplication
Brahmagupta says :
The product of the numerators divided by the pro-
1. VR SEEET 68 1 9 | ,
B ﬁmmﬁm i —Patiganita 39.
2. RrRRSRT: TRSRITAT: SR | :
- SRS e SRS R —BrSpSi. XII. 2
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duct of the denominators is the (result of) multiplica-
tion of two or more fractions,

While all other writers give the rule in the same way as
Brahmagupta, Mahavira in the Ganitasarasamgraha refers to
cross reduction in order to shorten the work :

In the multiplication of fractions, the numerators are
to be multiplied by the numerators and the denomi-
nators by denominators, after carrying out the pro-
cess of cross reduction, if that be possible.?

Division of Fractions

The Aryabhativa does not explicitly give the rule of divi-
sion, but under the Rule of Three, we have an indication of

. . X3
thisoperation. The Rule of Three states the result as L

where f stands for phala i.e. “fruit”, i for iccha, i.e., demand or
requisition, and p for pramans ie. argument. When these
quantities gre fractiqual, we get an expression of the form

a . ¢

b d

m

n

for the evaluation of which Aryabhata I states:
The multipliers and the divisor are mulnphed by the
denominators of each other.

These quantities are written in the following way

a m
b n
c
, , d
Transferring the denominators we have
‘ a m
n b
d

c

Performing multiplication the result is ;—%—3 The above
mterpretauon of the obscure line in the Aryabhativa is based
L mﬁuﬁa 1o gt a1 |

TR m.-’ﬁ sy 1l . Z-BrSpSi. XIL3
2, GSS; P 25, (2) ' ‘ . '
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on the commentaries of Suryadéva and Bhaskara I (the commen-
tary of Paramesvara ‘on this line is vague and misleading).
Suryadeva in thls connect1on says :

Here by the word gunakara is meant the multiplier
.and mult plicand, i.e.; - the phala and’ icth@ quantities
_that ere m\ﬂtlphed together. By Bhagaharg is meant
the pramiza quantity. The denominators of the phala
and-iécli7 dre taken to the pramana. The denominator
of the pramana is taken with the phala and iccha. Then
multiplying these, i.e., (the numerators of) the phala
“and iccha and this denominator, and dividing by (the
product, of) the numbers standing with the pramana
the result is the quotient of the fractions.

Brahmagupta gives the method of division as follows :
The denominator and numerator of the divisor having
been ‘interchanged. the denominator of the dividend is
" multiplied by the (new) numerator. Thus division of
proper fractions is performed 1

Square and Square-Root of Fractmns

Brahmagupta says as follows in this connection:—
The square of the numerator of a proper fraction divi-
ded by the square of the denominator gives the
square®.
This rule of Brahmagupta has been followed by other
authors also, The rule regarding the square-root as given by
Brahmagupta is as follows :

The square-root of the numerator ofa proper fraction divi-

ded by the square-root of the denomlnator gives the square-
root? CoL

: 'Ihe Rule of Three -

The Indian term in Sanskrrc for* the Rule of Three is Trai-
rasika (hterally,_jthree terms”).” The “term occurs in the Bakh~
sals - Manuwscript also, arid -also in the' Arvabhiagiya. indicating the

1. o SRR BT dres L s e .

S QST MR R %ﬁ'x’iﬁvﬁ- e “‘BrSpSz. XII 4”
2, SRt R ——-BrSpSz XIL.5 (1)
3-

mmaw T _BrSpsi. XIL 5 (@)
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antiquity of the term. Bhaskara in his commentary of the
“Aryabhatiya gives a justification of the use of this term for the
Rule of Three thus:

Here three quantities are needed (in the statement and
calculation) so the mathod is called trairasika (meaning
thereby the “rule of three terms™).

The problem of the Rule of Three has the form :

If p (pramana) _Vlelds f (phala) what will ¢ (iccha)
yield ?

Aryabhata II (the author of the Mahasiddhanta, 950 A.D.)
uses the terms mana, vinimaya and iccha, instead of pramana.
vhala and iccha respectively. It has also been pointed out by
several authors that the ﬁrst and third terms are similar, i.e., of
the same denomination.

-+ Weshall give here the Rule of Three as given by Aryabhata

I and Brahmagupta
~In the Rule of Three, the phala (“fruit”), being multi-
plied by the iccha (“‘requisition’) is divided by the
pramana (‘argument”). The quotient is the fruit
corresponding to the iccha The denominators of one
being multiplied with the other - give the multiplier
(i.e, numerator) and the divisor. (i.e. denominator).!
In the Rule of Three pramama (“argument”), phala
(“fruit”) and iccha (“requisition™) are the (given)
terms; the first and the last terms must be similar. The
iccha mult1phed by the phald and d1v1ded by the
pramana gives thé fruit (of the demand) 2
Sridhara also gives the Rule of Three almost in the same
words. ‘Bhaskara II, Narayana and others follow Brahmagupta
and Srldhara in the Trazrds‘zka operatlon Sndhara in his Pafiga-

nita says i

1. smﬁmﬁ'trﬁr aﬁ"&mﬁmﬁa et |
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In (solving problems on) the Rule of Three, the argu-
ment (pramana) and the requisition (iccha), which are
of the same denomination, should be set down in
the first and last places; the fruit (phala), which is of
a different denomination, should be set down in the
middle, (this having been done) that (middle quantity
multiplied by the last quantity should be divided by
the first quantity.

We shall illustrate the Rule of Three by an example from

the Pafiganita (Example 25) :

_Example, If 1 pala and 1 karsa of sandalwood are obtai-
ned for ten and a half panas, then for how much will
nine palas and one karsa (of sandalwood) be obtai-
ned 2

Here in this Example.
argument=1 pala and 1 karsa=1} ot 5[4 palas; fruit=
10} or 21/2 panas;
and requisition=9 palas and 1 katsa=9} or 37/4 palas.
According to the Rule we shall write them as :
‘ 1109
1 11
4 2 4
Converting these into proper fractions we havé
|5 21 37 |
14 _2 41

Then applying the rule, (i.e. multiplying the second and the
last and dividing by the first), we have

2l 5 21 ><3
2 4] 274
- 3
~ Or transferring denominators ~ 5|_ 21437 pala
% 2} 524

1. SRRRIRERRIARFIR RRIRSE %4 o
TRl s RSl . —Papiganita 43.
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=4 purana, 13 panas. 2 kakinis and 16 varatakas. (One purana
is equivalent to 16 panas; one pana is equivalent to 4 kakinis,
and One kakini is equivalent to 20 varatakas or cowries.

Inverse Rule of Three

This isknown as vyasta-trairasika (literally meaning “inverse
rule of three terms)”. After having described the rule of three.
Brahmagupta proceeds to give an account of this inverse rule
of three:

Divide the phala with iccha and multiply by pramana;
this gives the vyasta-trairasika inverse rule of three.

Here pramana is the argument dlso khown as the first term
and, and phala is the fruit also known as thé middle term and
iccha is known as requisition or the last term. As Bhaskara I¥
clearly states, this rule is applied where with the increase of the
iccha, the phala decreases or with its decrease the phala increases
(Lilavaty). |

Rule of Compound Proportion

Brahmagupta and other writers call the rule of compound
proportions as pafica-rdsika, Sapta-rasika etc., meaning the
rule of five terms, rule of seven termsetc. depending on the
number of terms involved the problems.  These are
sometimes grouped under the general application of the “Rule of
Odd Terms*. Aryabhatd I(499 A.D.) though actually gives the
rule of three appears to have beén quite familiar with the rule
of compound proportion also. In fact the difference between
the rule of three'and compound propottion is more or less arti-
ficial. This view was expressed by Bhﬁska‘.ra I (525 A.D.) in his
commentary on the Aryabhajiyad : o

Here Acarya Aryabhdti has deseribéd the Rule of
Three only. How the weéll-known Rules of Five ete. are
to be obtained ?1 say thus : The Acarya has described
only the fundameéntsls of anupata (proportion). All
others such- as the Rule of Five ete. follow from that
fundamental rufe of propomon How ? The Rule of
Five etc. consist of combmatmns of the Rulé of Thiee

“**In the Rule of FiVe. fhétc hre two- ﬁufé‘s of

1. mmt&mmﬁmmmmf L
mmwﬁhﬁmﬁﬁgtt —fBrSpSiXH;II
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Three, in the Rule of Seven three Rules of Three, and
0 on. This I shall point out in the examples.

Brahmagupta gwes the following rule relating to the solu-

tion of problems in compound proportion :
In the case of odd terms beginning with three terms
up to eleven, the result is obtained by transposing
the fruits of both'sides, from one side to the other,
and then dividing the product of the larger set of
. terms by the product. of the smaller set. In all the
fractions, .the transpos11§10n of denominators, in like
manner, takes place on both sides?!

This may be illustrated by taking ‘an example from the
commentary of - Prthudaka Svmm on the Bmhmasphutaszd-
dhanta : . .

Example -——If there-s an increase of 10 in 3 months on
100 (niskas), what would be the increase on
60 (niskas) in 5 months,
Here the Pramana paksa (the first set of terms) is
100 niskas, 3 months, 10 niskas (phala)
The second set-or the iccha paksa is
60 niskas, 5 months, x niskas

The terms are Wntten in compartments as bGIOW

100
Feme

3

‘10

w0
5

0

In the above 10 (written lowest) is the fruit of the first side
(pramana paksa) and there is no fruit on the second side or the
icca paksa. intarchangmg the fruzts we get
100 60
E N

10

bWt —_._0 :
The larger fet bf terms .is on the second ‘side (icch@ paksa).
4 The product of the - numbers is 3,000, ‘The - product of the

%mxmmm'ml
wﬁmhw ' | ‘
mm{ : eBrsbsz-; XIL 1112,
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number on the side of jche smaller set of terms is 300. Therefore
. 3 '
the required result is ggg =10.

Rule of Three as a Particular Case

According to, Brahmagupta, the above method of “‘com-
pound proportion” may be applied to the Rule of Three. " Takmg
the example solved under the Rule of Thxee

If one pala and one karsa-of sandal . wood are obtamed

'~ for ten and a half panas, for how much will be obtam-*

ed nine palas and one karsa - ‘
ae, . @ karsds=1pala),

We shall represent them accordmg to tbe Rule of Com-
pound Proportion as .

Pramima pabsa * 1 pala, 1 kar,sa, 10% paanar '
orfpala * % pana,
Iccka paksa  : 9pala, L karsa,, X pana .
or 37/4 pala % pana
This we shall represent as. o

EEa
4 4
21 '0 mals o,
2 .. TN

Transposing the fruits, we have " » .. - S
e A7

The product of numbers on the side of . the larger set is
divided by the product of the numbers on the 51de of the smaller
set, 0 in this case is not a number. It is the s‘ymbol for the
unknown or absence, Hence the result i is: e

‘ 374.21!* . o
5.42 P
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The above method of working Rule of Three
is found among Arabs, although it does not seem to
have been used in India after Brahmagupta.

Problem Containing Quadratic Equation

Perhaps Aryabhata Iis the first man in the history of
mathematics to give a solution of a quadratic equation (499
A.D.). In his Aryabhativa, he gives a rule for the solution of the
following problem (I am reproducing it as described by Datta
and Singh) :

The principal sum p (=100) is lent for one month
(interest unknown=x). This unknown interest is then
lent out for t(=six) months. After this period, the
original interest (x) plus the interest on this interest
amounts to A(=16). The rate-interest (x) on the
principal (p) is required.
This problem requires the solution of the quadratic
equation ‘—
tx®+px—AP=0
—pl2=V/ €2+ Apt
t
The negative value of the radical does not give a solution
of the problem; so that the result is
_V Apt+(p[2)*—p|2
t

This solution is stated by - Aryabhata I in the following
words ¢

which gives x=

Multiply the sum of the interest on the principal and
the interest (A) by the time (t) and by the principal
(p). Add to this result the square of half the principal
(p[2)®. Take square-root this. Subtract half the
principal (p[2) and divide the remainder by the time
(t). The result will be the (unlmown) interest (x) on
the principal! -

 Here the Sanskrit terms are mulg for pnncipal and phala
for inww:
,'41, WWW! | '
‘ﬁmw e Arya, I1. 25,
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Brahmagupta (628 A.D.) gives a more general rule:He
enunciates his problem thus:

The principal (p) is lent out for t; .months and the
unknown interest on this (=x) is lent out for t; months
at the same rate and becomes 4. To find x.

This evidently gives the quadratic :

£ Apt
xs,,_.e_l. — api =0

t2 to

whose solution is

2

pmrt A [ AR (PRY_ ot
ta 2ty 2ty

The negative value of the radical does not giwe a solution

of the problem, so it is discarded.
Brahmagupta states the formula thus ¢

Multiply the principal (p) by its time (t) and divide
by the other time (t2) (placing the result) at two places.
Multiply the first of these by the mixture (4). Add to
this the square of half the other. Take the square-root of
this (sum). From the result subtract half the other.
This will be the interest (x) on the principal.!

A Problem on Interest

Brahmagupta gives a solution of a problem on interest :
1n what time will a given sum s, the interest on which
for t months is r, become k times itself ?

The rule for the solution of this problem as given by Brah-

magupta is : :
The given sum multiplied by its time and divided by
the interest (phala), being multiplied by the factor
(guna) less one, is the time (required).?
Miscellaneous Problems

Brahmagupta in his Ganitadhyaya of the Brahmasphuta-
siddhanta gives numerous solutions in relation to misceﬂaneous
problems. Here I shall be quoting a few of the p;oblems which

1. FEEHRER: W Rarssafaa | . ‘
SRR, AR SrRad, 1 - —BrSpSi. XIL. 15.
2. FEgRET I wenE FAgEd el
AT fERAE W ~ BrSpSi. XIL, 14.
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have been quoted by his commentator Prthudaka Svami in
connection with one of his karana-sutra.

1. A horse was purchased by (nine) dealers in partner-
ship. whose contributions were one, etc. up to nine;
and was sold by them for five less than five hundred.
Tell me what was each man’s share of the sale proceed?®
2. Four colleges (mathas), containing an equal num-
ber of pupils, were invited to partake of a sacrificial
feast. A fifth, a half, a third and a quarter (of the
total number of pupils in the college) came from the
respective colleges to the feast; and added to one, two,
three and four, they were found to amount to eighty-
seven; or; with those deducted they were sixty seven.
Find the actual number of the pupils that came from
each college®

3. Three (unequal) jars of liquid butter, of water and
of honey, contained thirty-two, sixty and twenty-four
Pala respectively ; the whole was mixed together and
the jars filled again. Tell me the quantity of butter,
of water and of honey in each jar®.

1. TRRERER a=E SR G A |
SRR TERR Wy N BrSpSi. XII. 16,

2. warERe SRR iR |
R vAIsE! B w=19: v d9hn T |
faidae T AR o Ry 7 0

3. szl SR gE geeeEr |
Wy Gt e TS 0
TR Wag SRETE: |
i Pragy o i gwest
CRIRRTE € SRS |
TR ¥ R ¥ =

4 ﬁﬁm%mm T |
walef: qu e g N )
memmma%mﬁx

‘ mmﬂwaz n
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