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My current research lies in Algebraic Coding Theory, and it splits in two main directions:
Isometries of Codes and Quantum Stabilizer Codes. In the former I work with classical questions
about isometries of codes with respect to different weights, and in the latter I consider analogue
questions for quantum stabilizer codes. I generally work with finite structures such as rings and
modules. My main algebraic tool is Representation Theory of finite groups. However, I am also
interested in algebraic and arithmetic geometry with applications to both classical and quantum
Coding Theory as well as to post quantum Cryptography.

This research statement is organized as follows. First, we provide a general overview of
algebraic coding theory. Section 2 treats the equivalence of classical codes. We start with
background and motivation, and then outline previous, current, and future research. Section 3
treats isometry groups of stabilizer codes. We first describe the classical approach to quantum
stabilizer codes, and then transition to quantum stabilizer codes over Frobenius rings. We
end this section with an important application to the LU-LC conjecture. Section 4 introduces a
coding theoretic approach to lattice simplices in general and to Laplacian simplices in particular.
This approach produces a rich duality theory and several open problems.

1 Introduction - Algebraic Coding Theory

Coding Theory deals with erroneously transmitted data over a noisy channel. Eliminating the
noise is typically not an option. In fact the only efficient option is to make the data noise-proof,
and this is done by adding redundancy. Coding Theory keeps under control the cost of the
added redundancy and this is achieved by efficient coding tools that also allow efficient decoding
algorithms. Classically, a code C of length n is an additive subgroup of Fn2 . The binary field F2

is the alphabet, and thus, classically, C is a binary code. Elements of C are called codewords. A
code is endowed with the Hamming distance, which counts the number of coordinates in which
two codewords differ.

Algebraic Coding Theory considers codes with more structure. The alphabet is typically a
finite field Fq and a code is an Fq-subspace of Fnq , called a linear code. For a linear code we can
talk about the Hamming weight of a codeword as the Hamming distance from the 0 codeword.
In other words, the Hamming weight counts the number of nonzero coordinates of a codeword.
The main invariant of a code is the minimum distance; it characterizes the error-correcting
capabilities of the code. Therefore, the goal is to find codes with large minimum distance while
keeping the size of the code under control. The advantage of linear codes is that the minimum
distance coincides with the minimum weight.

One can generalize the idea even further. The alphabet can be taken to be a finite left (or
right) R-module A, where R is a finite ring with identity. In this case a linear code is just a left
submodule of An. The first step toward this generalization is to take A := Z/dZ viewed as a
module over itself. Hence, linear codes over rings are an interesting special case of codes over
modules. Another interesting special case is to consider field extensions E/F . In this context,
the alphabet is FE and codes consist of F -linear subspaces of En. In the case Fpn/Fp we get the
so-called additive codes. They not only form an important class of codes on their own, but also
link with Quantum Information Theory and Quantum Error-Correcting Codes when n = 2.

Another way to generalize is to consider various weight functions. Typically, a weight function
is just a function w : An → Q. Examples include the homogeneous weight and the Lee weight.
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2 Isometries of Codes

An isometry is intended to capture the sameness of two codes. Thus, we want an isometry to
preserve the algebraic structure of the code as well as the weight function which the code is
endowed with.

Definition 1. Let R be a finite ring with identity, A a finite (left) R-module, C a left submodule
of An, and w a weight function. An R-linear map f : C → An is called a w-isometry if
w(f(x)) = w(x) for all x ∈ C.

If w(x) = 0 iff x = 0 (e.g. Hamming weight) then an w-isometry is automatically injective,
and hence is an isomorphism of modules onto its image. As long as the Hamming weight is
concerned, any permutation of coordinates yields an isometry. In the special case of C = An it
is easy to describe the Hamming isometries. A map M : An → An is called monomial if there
exist a permutation σ ∈ Sn and gi ∈ AutR(A) such that

M(a1, . . . , an) = (g1(aσ(1)), . . . , gn(aσ(n))). (2.1)

Clearly a monomial map is a Hamming isometry of An. The interesting part is that these are
all Hamming isometires of An. Namely, every Hamming isometry of An is a monomial map.
This is easy to see because the maps are defined on the entire space An. It is much more
difficult to describe isometries of codes C ( An. In [13], J. F. MacWilliams showed that every
Hamming isometry of a binary code C ⊆ Fn2 extends to an isometry of Fn2 , and thus, the isometry
is a monomial map. The result is commonly referred to as MacWilliams Extension Theorem,
and turns out to be true for linear codes over any finite field, as well as for linear codes over
certain rings and modules. MacWilliams’ Theorem plays a central role as it completely describes
isometries of codes. In addition, it has interesting applications to ring and module theory. This
will be discussed in the next subsections.

2.1 Frobenius Alphabets

If G is a finite abelian group, then Ĝ := Hom(G,C∗) denotes the character (or dual) group
of G. We have a natural isomorphism of groups G ∼= ̂̂G, and thus we may identify the two
groups. If we consider the additive group of a finite (R,R)-bimodule A, then Â is again an
(R,R)-bimodule via (r · χ)(a) := χ(ar) and (χ · r)(a) := χ(ra) for all χ ∈ Â, r ∈ R, a ∈ A.

Definition/Theorem 2. Let R be a finite ring with identity and A a finite (R,R)-bimodule.
Then A is called a Frobenius bimodule if RA ∼= RR̂ and AR ∼= R̂R. In particular, there exists
a character χ, called generating character, such that Â = {r · χ | r ∈ R} = {χ · s | s ∈ R}.
Moreover, R is called a Frobenius ring if the (R,R)-bimodule R is Frobenius.

It turns out that Frobenius alphabets play an important role in Algebraic Coding Theory.
In [18], Jay Wood characterized finite commutative Frobenius rings precisely as those rings over
which any Hamming isometry of any code is a monomial map. A similar approach can be used
for a characterization of finite modules with cyclic socle. It turns out (see [9,19]) that even when
the alphabet is a Frobenius bimodule, a Hamming isometry is a monomial map.

In general, given an alphabet A and a weight function w, the structure of w-isometries of the
ambient space An is easily seen. Therefore, the above-mentioned situation translates to whether
or not the w-isometries of a code C ( An are restrictions of those of An. In other words, does
any w-isometry f : C → An extend to an w-isometry of An for any n? If the answer is yes, we
say that the alphabet A has the Extension Property (EP) with respect to w. Different alphabets
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are known to have EP with respect to different weights. In the following section we introduce a
universal set of tools that can be used to prove the EP for any Frobenius alphabet with respect
to different weights.

2.2 Partitions of Frobenius Alphabets

Given a set-theoretic partition of a finite abelian group G, one can define a character-theoretic
dual partition on Ĝ, and then a bidual partition on ̂̂G ∼= G. When A is an (R,R)-Frobenius
bimodule, we define a different dual partition, and the usefulness of these definitions follows
from the fact that the two notions coincide, see Theorem 3.

If G is a finite abelian group and P = (Pk)
K
k=1 is a partition of G, the dual partition of P,

denoted by P̂, is the partition of Ĝ defined via the equivalence relation

ψ ∼P̂ ψ
′ ⇐⇒

∑
g∈Pk

ψ(g) =
∑
g∈Pk

ψ′(g) for all k = 1, . . . ,K. (2.2)

We call P reflexive if P = ̂̂P, where we use the identification G = ̂̂G. Now let A be an (R,R)-
Frobenius bimodule and χ a generating character. For a partition P = (Pk)

K
k=1 of Rn the χ-left

dual is the partition of An defined via

v∼P̂ [χ,l]v′ ⇐⇒
∑
r∈Pk

χ(〈r, v〉) =
∑
r∈Pk

χ(〈r, v′〉) for all k = 1, . . . ,K, (2.3)

where 〈r, v〉 =
∑n

i=1 rivi is the standard dot product. The χ-right dual is defined similarly. Also
similarly (see [6, Def. 3.4]), one can define a χ-left (right) dual partition of Rn by starting with
a partition of An. We proved the following crucial relationship between these various partitions.

Theorem 3 ([6, Thm. 3.7]). Let P be any partition of Rn or An. Then

̂̂P [χ,l]
[χ,r]

= ̂̂P =
̂̂P [χ,r]

[χ,l]

.

2.3 Extension Theorem

Our strategy for proving Extension Theorems differs from Wood’s approach in [18]. Recall that
we define weight functions as maps w : An → Q. Any weight function w onAn induces a partition
Pw, which often satisfies some additional properties. For instance, the partition induced by the
Hamming weight is reflexive, and the dual partition is also induced by the Hamming weight.
For an w-isometry f we have w(f(x)) = w(x) iff x ∼Pw f(x). The key idea is to describe
Pw as orbit partition of some subgroup Gw ≤ GLn(R) acting on An from the right. If this is
possible, we get f(x) = xMx for some Mx ∈ Gw. In other words, f is defined point-wise by
matrix multiplication. The goal is to collect all the local information and create a global matrix
M ∈ Gw such that f(x) = xM for all x. Again, if C = An, finding such M is a trivial task.
When C ( An, Theorem 3, and therefore A being Frobenius, plays a crucial role. This strategy
is used to prove the following.

Theorem 4 ([6, Thm. 4.14]). Let w be the homogeneous weight, Hamming weight, or sym-
metrized weight. Then any w-isometry f : C → An extends to an w-isometry on An.

2.4 Non-Frobenius Alphabets

Being Frobenius is a strong condition. For instance, an F -vector space is an (F, F )-Frobenius
bimodule iff it has dimension 1. In particular, given a proper field extension E/F , the (F, F )-
bimodule E is not Frobenius. Dyshko showed in [5] that FE does not have EP with respect to the
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Hamming weight. However, a partial EP holds true. Namely for C ⊆ EN , a Hamming isometry
f : C → EN extends iff N ≤ |F |. This situation suggest the following definition. Given a weight
function w, we say that the alphabet is of type N -EP if all w-isometries between codes of length
at most N extend. The alphabet is of type∞-EP if it has EP with respect to w. The type of an
alphabet highly depends on the weight function considered. In contrast with Dyshko’s result,
we showed in [6, Thm. 5.1] that FE is of type ∞-EP with respect to Rosenbloom-Tsfasman
weight. On the other hand, [6, Thm. 4.14] shows that a Frobenius bimodule is also of type
∞-EP with respect to Rosenbloom-Tsfasman weight. It is worth mentioning that although FE

is not a Frobenius bimodule when E/F is proper field extension, the two proofs are very similar.
It is shown in [18] that RA is of type ∞-EP with respect to the Hamming weight iff it is

pseudo-injective and has a cyclic socle. This classification naturally suggests the following.

Question 5. Given a natural number N , a weight function w, and a left R-module A, under
what conditions is A of type N -EP?

All the results above make it clear that alphabets of∞-EP type are well-studied and classified
with respect to various weights. As mentioned, there are partial results for the Hamming weight.
Otherwise, Question 5 is wide open and a source of future research.

3 Quantum Stabilizer Codes

Quantum Stabilizer Codes, introduced by Daniel Gottesman in [8], constitute a compact descrip-
tion of quantum error-correction codes. They are defined as subspaces stabilized by subgroups
of the Pauli group. Namely, let

X :=

(
0 1

1 0

)
, Z :=

(
1 0

0 −1

)
, Y :=

(
0 −i
i 0

)
(3.1)

be the Pauli matrices. The Pauli group is the group generated by the Pauli matrices, namely,

P1 := {±I,±iI,±X,±iX,±Y,±iY,±Z,±iZ}, (3.2)

and it plays the role of an error group in quantum error correction. Then Pn is the n-fold tensor
product of P1. Using properties of the Pauli matrices it follows that

Pn : = {e1 ⊗ · · · ⊗ en : ei ∈ P1}
= {iλXa1Zb1 ⊗ · · · ⊗XanZbn : λ ∈ Z4, aj , bj ∈ F2}
=: {iλX(a)Z(b) : λ ∈ Z4, a, b ∈ Fn2}.

This description gives rise to a surjective group homomorphism Ψn : Pn → F2n
2 via iλX(a)Z(b)

7→ (a, b). While Pn is not commutative, the commutators are easily described. Namely, given
e = iλX(a)Z(b), e′ = iλ

′
X(a′)Z(b′) one has

ee′ = (−1)b·a
′+b′·ae′e. (3.3)

To keep track of commutativity, we define the symplectic inner product 〈(a, b) | (a′, b′)〉s :=

b · a′ + b′ · a. Then e and e′ commute iff (a, b) and (a′, b′) are orthogonal.
A subgroup of Pn is called stabilizer group if it is abelian and does not contain −I. Given a

stabilizer group S, a (binary) quantum stabilizer code is the subspace

Q(S) = {v ∈ C2n | ev = v for all e ∈ S}. (3.4)
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By definition −I /∈ S, and hence Ψn(S) ∼= S as (finite abelian) groups. Moreover, since S is
abelian it follows that S is contained in the centralizer CPn(S). Using (3.3), we get Ψn(CPn(S)) =

Ψn(S)⊥, and thus Ψn(S) ⊆ Ψn(S)⊥. The weight function for quantum error-correction is the
symplectic weight. Namely, for e = iλX(a)Z(b) we define wts(e) := |{i | (ai, bi) 6= (0, 0)}|. All
the above transfers the study of quantum stabilizer codes to the study of binary self-orthogonal
codes of F2n

2 with respect to the symplectic weight.
The goal is again to find codes with large minimum distance (defined and discussed in sub-

section 3.2) and reasonable size. Decoding and correcting errors is much more complex in
Quantum Information Theory. It turned out that quantum stabilizer codes allow efficient and
easy decoding algorithms.

3.1 Stabilizer Codes over Frobenius Rings

Stabilizer codes over Frobenius rings generalize non-binary stabilizer codes over finite fields
and were introduced and studied in [15]. The idea is very similar to binary stabilizer codes,
and generalizes non-binary stabilizer codes introduced [1] and further developed in [11]. Let
R be a finite commutative Frobenius ring with q elements and generating character χ. Let
B = {vx ∈ Cq | x ∈ R} be an orthonormal basis of Cq. Then

B⊗n := {vx = vx1
⊗ · · · ⊗ vxn ∈ Cqn | x = (x1, . . . , xn) ∈ Rn} (3.5)

is an orthonormal basis of Cqn . For a ∈ R define the maps

X(a) : vx 7→ vx+a

Z(a) : vx 7→ χ(ax)vx
(3.6)

The Pauli group in this case, again denoted by Pn, is defined as

Pn = 〈ωcX(a)Z(b) | a, b ∈ Rn, c ∈ Z〉 (3.7)

where ω = exp(2πi/m) and m is the exponent of the group 〈X(a)Z(b) | a, b ∈ Rn〉. Given
e = ωcX(a)Z(b), e′ = ωc

′
X(a′)Z(b′), we have

ee′ = χ(b · a′ − b′ · a)e′e (3.8)

and thus, e and e′ commute iff χ(b · a′ − b′ · a) = 1. Then, a quantum stabilizer code over R is
defined as in (3.4). Again, Ψn transfers the study to self-orthogonal codes of R2n with respect to
the symplectic weight. We call the image of a stabilizer group Ψn(S) a stabilizer code. Note that
Ψn(S) is simply a subgroup of R2n. In the next subsection we only consider R-linear stabilizer
codes.

3.2 Minimum Distance

In [15] the authors study the minimum distance of stabilizer codes over chain rings. We generalize
those results to stabilizer codes over local Frobenius rings and conjecture an even stronger one.
Let R be (finite, commutative) local Frobenius ring. The minimum distance of a stabilizer code
is

dist(C) :=

{
min{wts(a, b) | (a, b) ∈ C⊥ − C}, if C ( C⊥

min{wts(a, b) | (a, b) ∈ C⊥ − {0}}, if C = C⊥
. (3.9)

This definition is motivated by the fact that any error outside the difference set CPn(S)− S is
automatically detected from the corresponding quantum stabilizer code Q(S); see [11, Lem. 11],
[4, Thm. 1], or [12, Thm. 3.4] for a more general approach. For free stabilizer codes we proved
the following.
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Theorem 6 ([7, Thm. 5.4]). Let C be a free stabilizer code over R and denote C the entry-wise
projection onto the residue field. Then C is a stabilizer code and dist(C) ≤ dist(C).

In [7] we give sufficient conditions that guarantee equality. Based on the nature of such
sufficient conditions and on computational data we formulate the following.

Conjecture 7. Let C be a free stabilizer code over R. Then dist(C) = dist(C).

We very much believe that the conjecture is true. It is worth mentioning that we do not have
even a non-free stabilizer code that disproves the conjecture. In general, it is difficult to deal
with the minimum distance of a stabilizer code. If the stabilizer code is self-dual, we easily have
dist(C) = dist(C); see [7, Thm. 5.4]. Otherwise, the set theoretic difference C⊥ − C is neither
a linear space nor closed under scalar multiplication. As a consequence, it is difficult to find a
lower bound for dist(C).

3.3 Isometries of Stabilizer Codes

While for linear codes an isometry is a linear weight-preserving map, for stabilizer codes self-
orthogonality has to be preserved as well. Therefore, in this context, an isometry is a linear map
that preserves the symplectic weight as well as 〈· | ·〉s. We call such maps symplectic isometries
and discuss them in [7, Section 7]. The question whether or not a symplectic isometry extends
becomes now an intersection of MacWilliams Extension Theorem and Witt’s Extension Theorem
in [17]. It is worth mentioning that in contrast to linear codes, the full ambient space R2n is
not a stabilizer code. Note that the symplectic weight on R2n is simply the Hamming weight on
(R2)n after a change of coordinates. This yields the following structure theorem for symplectic
isometries of R2n.

Theorem 8 ([7, Thm. 7.1]). Let f : R2n → R2n be a symplectic isometry. Then the matrix
representation of f is a 2n × 2n matrix composed of 2 × 2 blocks such that in each block row
and block column there is exactly one matrix of determinant 1 and all other blocks are 0.

Theorem 8 completely characterizes the group

MonSL(R2n) := {f : Aut(R2n) | f is symplectic isometry}, (3.10)

whose elements are called SL2(R)-monomial maps. For a stabilizer code we naturally put

MonSL(C) := {f ∈ Aut(C) | f is the restriction of an SL2(R)-monomial map},
Symp(C) := {f ∈ Aut(C) | f is a symplectic isometry}.

(3.11)

While it is obvious that MonSL(C) ⊆ Symp(C), [7, Ex. 7.3] shows that the containment is strict.
The existence of such example is related with the fact that R2 is not Frobenius bimodule. Thus
a natural question is how big can the difference be? The answer is that the difference can be as
big as possible; see [16, Thm. 4.16]. However, the codes constructed are asymptotically bad.

Open Problem 9. Construct asymptotically good stabilizer codes with prescribed isometry
groups.

3.4 Applications to the LU-LC Conjecture

As mentioned, a quantum code is a subspace of Cqn of dimension qk for some q (typically a prime
power). Then a quantum stabilizer code is the common eigenspace of some subgroup of the Pauli
group, which in turn is a subgroup of the unitary group U(qn). Elements of U(q)⊗n ≤ U(qn) are
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called local unitary (LU) maps. In quantum error correction theory, the equivalence of quantum
stabilizer code is naturally studied via LU maps. A particularly nice subclass are the so-called
local Clifford (LC) maps. As a subclass, every LC map is also LU. The LU-LC conjecture [10]
states that the converse is also true. While it is well-known that the conjecture is false, the
counterexamples that disprove the conjecture are of interest. The results in [16] can be used
to first study and then construct systematic counterexamples of the LU-LC conjecture. For a
stabilizer code C it follows by [16, Thm. 5.8] that elements of MonSL(C) correspond to LC maps.
In order to bring into play LU maps, we introduce a new group:

LUSymp(C) := {f ∈ Symp(C) | f corresponds to a LU map}. (3.12)

It follows that MonSL(C) ⊆ LUSymp(C) ⊆ Symp(C). The latter containment is also strict, as
one can see from [16, Ex. 5.10]. Since the LU-LC conjecture is false, it follows that the former
containment is also strict.

Open Problem 10. Characterize the group LUSymp(C) of a stabilizer codes C?

Open Problem 11. How big can the differences between the three groups be?

As mentioned, establishing the difference between LUSymp(C) and MonSL(C) yields infor-
mation about the counterexamples of the LU-LC conjecture. On the other hand, characterizing
LUSymp will point out what symplectic isometries correspond to LU maps. It will be handy to
create a computer program that tells whether or not a symplectic isometry yields a LU map.
A rather week necessary condition is given in [16, eq. (5.16)]. It will also be handy to create a
computer program that computes Symp(C) and LUSymp(C) for a stabilizer code C of reasonable
size.

4 Additive Codes Associated to Laplacian Simplices

We start with some basic notions from Ehrhart Theory of simplices. The convex hull of d + 1

integer points in Rd is called a lattice simplex if it has maximal dimension. Let {v1, . . . ,vd+1}
be the vertices of a simplex ∆. The dual of a simplex ∆ that contains the origin 0 in its interior
is given by ∆

∨
:= {x ∈ Rd | xyT ≤ 1 for all y ∈ ∆}. The fundamental parallelepiped of ∆ is

Π(∆) :=

{
d+1∑
i=1

λi(vi, 1)

∣∣∣∣∣ 0 ≤ λi < 1

}
, (4.1)

where (vi, 1) denotes the integer point vi with 1 appended at the end. The vector h∗(∆) =

(h0, . . . , hd), where
hi(∆) = |Π(∆) ∩ {x ∈ Zd+1 | xd+1 = i}|,

is called the h∗-vector of ∆. The simplex is called reflexive if h∗(∆) is symmetric, that is,
hi = hd−i. The main idea is to follow the approach of Batyrev and Hofscheier [2] by considering

Λ(∆) :=

{
λ = (λ1, . . . , λd+1)

∣∣∣∣∣
d+1∑
i=1

λi(vi, 1) ∈ Π(∆) ∩ Zd+1

}
. (4.2)

Since ∆ is a lattice simplex, for λ ∈ Λ(∆) we have λi ∈ Q ∩ [0, 1). In fact, Λ(∆) is an abelian
subgroup of Q/Z, with addition given by

(λ1, . . . , λd+1) + (λ′1, . . . , λ
′
d+1) = ({λ1 + λ′1}, . . . , {λd+1 + λ′d+1}), (4.3)

where {•} denotes the fractional part of a number.
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4.1 Laplacian Simplices

Laplacian simplices are simplices that Braun and Meyer [3] associate to a simple connected
graph G. Assume G has vertex set {1, . . . , n}. Let LG denote the Laplacian matrix of G and let
LG(n) denote the Laplacian matrix with the nth column removed. The convex hull of the rows
of LG(n) is called the Laplacian simplex associated to G and denoted ∆G. We focus in reflexive
Laplacian simplices, which are characterized by the following. Let [LG(n) | 1] ∈ Zn×n denote
the matrix LG(n) with a column of ones appended and let τ(G) denote the number of spanning
trees of G.

Theorem 12 ([14, Cor. 3.10]). The Laplacian simplex ∆G is reflexive iff τ(G) divides every
cofactor of [LG(n) | 1].

Reflexive Laplacian simplices preserve Pontryagin duality. Namely, let A be a finite abelian
group, and let B be a subgroup. Then B◦ := {χ ∈ Â | χ(b) = 1 for all b ∈ B} denotes the dual
of the finite abelian group B. Then Λ(∆G)◦ ∼= Λ(∆

∨
G); see [14, Rem. 3.16]. This is the main

motivation for considering codes associated to reflexive Laplacian simplices.
In [14] we study Λ(∆G) for families of graphs that yield reflexive Laplacian simplices. For

instance, trees Tn and complete graphs Kn yield reflexive Laplacian simplices. Moreover, we
show that Λ(∆Kn)◦ ∼= Λ(∆

∨
Kn

) = Λ(∆Tn); see [14, Thm. 4.8]. Unfortunately this is the only
instance that we are aware of.

Open Problem 13. Find pairs of graphs (G,H) that satisfy Λ(∆
∨
G) = Λ(∆H).

It turns out that a necessary condition for the above open problem is τ(G) ·τ(H) = nn−2.
A particularly special case is the following. It is known that cycles Cn with an odd number
of vertices yield reflexive Laplacian simplices. Does there exist a a family of graphs {Gn} that
satisfies Λ(∆

∨
Cn

) = Λ(∆Gn)?

4.2 Additive Codes

The main idea in here is to study the group Λ(∆G) with a coding theoretic approach, which in
turn encodes information about the h∗-vector of the simplex. To that end, let G be a simple
connected graph with n vertices such that ∆G is reflexive. We mentioned that λ ∈ Λ(∆G) is a
rational vector with entries 0 ≤ λi < 1. In fact, it turns out that the entries can be written as
λi = xi/n. The additive code associated to ∆G is defined as

C(∆G) :=
{
x ∈ (Z/nZ)n

∣∣∣ x
n
∈ Λ(∆G)

}
. (4.4)

Not only does such association preserve duality but it also has an interesting connection with
graph theory. For instance, isomorphic graphs yield equivalent codes.

For the reminder of section we will describe some coding theoretic properties of such codes.
Fix a code C = C(∆G) ⊆ (Z/nZ)n. Let d(C) denote the Hamming minimum distance and put
r(C) := logn(|C|)/n - the rate of C. We say that a family of codes Ci = C(∆Gni

) is asymptotically
good if the sequences {r(Ci)} and {d(Ci)/ni} converge to nonzero numbers. In [14, Thm. 4.11]
we show that every rational rate is achievable by our construction, and in [14, Thm. 4.10] we
construct an asymptotically good family of codes.

For all graphs and families of graphs that we have studied, the associated codes satisfy the
following identity:

d(C) = n+ 1− logn(C)/n. (4.5)

That is, codes associated to reflexive Laplacian simplices are Maximum Distance Separable
(MDS).
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Conjecture 14. Prove that codes associated to reflexive Laplacian simplices are MDS.

We end the statement with a promising (in our view) future direction. For λ ∈ Λ(∆G) define
ht(λ) := (

∑n
i=1 λi)/n. It is easy to see that

ht(λ) + ht(−λ) = |{λi | λi 6= 0}|. (4.6)

The left-hand-side of (4.6) encodes information about the h∗-vector of a simplex. Namely,
hi(∆G) = |{λ ∈ Λ(∆G) | ht(λ) = i}|. The right-hand-side encodes the (Hamming) weight
distribution of codewords. It is well-known that the weight distribution of the codewords of the
dual is completely determined by the MacWilliams identity [13]. Since the association of linear
codes and reflexive Laplacian simplices is also duality-preserving, we formulate the following.

Open Problem 15. Can one use the MacWilliams identity to better understand the h∗-vector
of the dual of a reflexive Laplacian simplex?
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