REDUCED ARITHMETICALLY GORENSTEIN SCHEMES AND SIMPLICIAL POLYTOPES WITH MAXIMAL BETTI NUMBERS

J. MIGLIORE^∗ AND U. NAGEL^{∗∗}

Abstract. An SI-sequence is a finite sequence of positive integers which is symmetric, unimodal and satisfies a certain growth condition. These are known to correspond precisely to the possible Hilbert functions of graded Artinian Gorenstein algebras with the Weak Lefschetz Property, a property shared by a nonempty open set of the family of all graded Artinian Gorenstein algebras having a fixed Hilbert function that is an SI sequence. Starting with an arbitrary SI-sequence, we construct a reduced, arithmetically Gorenstein configuration G of linear varieties of arbitrary dimension whose Artinian reduction has the given SI-sequence as Hilbert function and has the Weak Lefschetz Property. Furthermore, we show that G has maximal graded Betti numbers among all arithmetically Gorenstein subschemes of projective space whose Artinian reduction has the Weak Lefschetz Property and the given Hilbert function. As an application we show that over a field of characteristic zero every set of simplicial polytopes with fixed h-vector contains a polytope with maximal graded Betti numbers.

Contents

1. Introduction 2 2. Background 6 3. Generalized stick figures and a useful construction 10 4. A construction of arithmetically Cohen-Macaulay and Gorenstein ideals with “maximal” Hilbert function 12 5. A construction of arithmetically Cohen-Macaulay generalized stick figures with arbitrary Hilbert function 19 6. Gorenstein configurations for any SI-sequence 27 7. The Subspace Property 33 8. Extremal Graded Betti Numbers 36 9. Simplicial Polytopes 44 10. Final comments 49 References 51

∗ Partially supported by the Department of Mathematics of the University of Paderborn ∗∗ Partially supported by the Department of Mathematics of the University of Notre Dame 2000 Mathematics Subject Classification: Primary 13C40, 13D02, 13D40, 14M05, 14M06, 14N20; Secondary 13H10, 52B12, 52B11 . 1

1. Introduction

This paper addresses three fundamental questions about reduced arithmetically Gorenstein subschemes of projective space, over an arbitrary field K. First, we consider the question of possible Hilbert functions that can occur (in arbitrary codimension). Second, we consider the possible graded Betti numbers that can occur for the minimal free resolution of the homogeneous ideal of such a subscheme. In particular, we are interested in the problem of whether, among the arithmetically Gorenstein schemes with fixed Hilbert function, there is one with maximal graded Betti numbers.

Most importantly, we are interested in the question of liftability from the graded Artinian case: which properties of graded Artinian Gorenstein ideals lift to properties of the ideal of a reduced, arithmetically Gorenstein subscheme of projective space? (Of course without the “reduced” requirement all properties can be lifted by considering cones.) In particular, which Hilbert functions and which graded Betti numbers that occur at the graded Artinian level also occur for reduced arithmetically Gorenstein schemes? Throughout this paper we will mean by “Artinian Gorenstein algebra” a graded Artinian Gorenstein algebra. We also consider these questions for the even more special reduced, monomial, Gorenstein ideals occurring as Stanley-Reisner ideals of simplicial polytopes.

We will give complete answers to these questions for a large subset of the set of all arithmetically Gorenstein subschemes, namely for the ones whose Artinian reductions have the so-called weak Lefschetz property. The weak Lefschetz property is a very important notion for Artinian Gorenstein algebras; it says that the homomorphism induced between any two consecutive components by multiplication by a general linear form has maximal rank. J. Watanabe [58] had shown that an open dense subset of the compressed Artinian Gorenstein algebras with fixed socle degree and embedding dimension (i.e. the Artinian Gorenstein algebras having maximum Hilbert function given the socle degree and the embedding dimension) satisfy the Weak Lefschetz property.

Work of R. Stanley [56] (over fields of characteristic zero) and T. Harima (over arbitrary infinite fields) generalized Watanabe’s result to show that a nonempty open set of graded Artinian Gorenstein algebras having a Hilbert function that is an SI-sequence (see below in this introduction) have the Weak Lefschetz property. From now on we say that an arithmetically Gorenstein scheme X has the weak Lefschetz property if there is an Artinian reduction of X having the weak Lefschetz property.

Codimension three Gorenstein ideals are quite well understood, thanks primarily to the structure theorem of Buchsbaum and Eisenbud [12]. Using this result, Diesel [14] gave a description of all possible sets of graded Betti numbers (hence all possible Hilbert functions) for graded Artinian Gorenstein ideals, leaving open the question of which of these could occur for reduced, arithmetically Gorenstein subschemes of projective space. Geramita and the first author solved this problem by showing that any set of graded Betti numbers allowed by Diesel in fact occurs for a reduced set of points in P^3, a stick figure curve in P^4, and more generally a “generalized stick figure” in P^n. As a consequence, they showed that any codimension three arithmetically Gorenstein subscheme of P^n (n ≥ 3) specializes to a good linear configuration with the same graded Betti numbers.

What can be said in higher codimension? In codimension ≥ 4 it is not even known precisely which Hilbert functions arise for Artinian Gorenstein ideals, and there is no analog to Diesel’s work for graded Betti numbers. Still, for Hilbert functions there are some results in [7], [4] and [29], for example, and for resolutions there are important results in [19] which we will describe below. These results form the starting point for our work.

Although a complete classification of possible Hilbert functions for graded Artinian Gorenstein ideals of codimension ≥ 4 is not known, a very large class of such Hilbert functions has been shown to occur by Harima [29], namely those which are so-called SIsequences. Roughly, this property says that the “first half” of the Hilbert function (which is a finite sequence of integers) is a differentiable O-sequence, in the sense of Macaulay [42] and Stanley [55]. It is known that not all Hilbert functions of Artinian Gorenstein ideals in codimension ≥ 5 have this property, but it is an open question whether they all do in codimension 4. Certainly they all do in codimension 3. Harima’s approach was via liaison and sums of linked ideals, to which we will return shortly.

Prior to Harima’s work, it was already shown by Billera and Lee [5] and Stanley [56] that an h-vector is the h-vector of a simplicial polytope if and only if it is an SI-sequence. This result is the so-called g-Theorem (cf. Theorem 9.5). As observed by Boij [7], this implies that for any given SI-sequence there exists a reduced Gorenstein algebra whose h-vector is that sequence. However, as Harima points out, Stanley’s methods used in [56] involve hard results about toric varieties and topology and apply in characteristic zero only. Thus it is worth giving a different proof. The first part of this paper gives a new proof of this fact, providing a “lifting” of Harima’s Artinian result (but not his proof). Our approach is similar to his, but with some important differences which will be described shortly. More precisely, our first main result is the following (see Theorem 8.13):

Theorem 1.1. Let h = (1, c, h_2, . . . h_{s−2}, c, 1) be an SI-sequence and let K be an arbitrary field. Then, for every integer d ≥ 0, there is a reduced arithmetically Gorenstein scheme G ⊂ P^{c+d}_K of dimension d, with the weak Lefschetz property, whose h-vector is h, provided the field K contains sufficiently many elements.

We were not able to mimic the approach of Harima to prove Theorem 1.1 (see Remark 2.7 and Remark 7.8). Such an approach would amount to adding the ideals of certain reduced arithmetically Cohen-Macaulay subschemes of projective space which are linked by a complete intersection, thus forming a reducible arithmetically Gorenstein subscheme of codimension one more with a “bigger” Hilbert function than the desired one, and then removing components to obtain an arithmetically Gorenstein subscheme with the desired Hilbert function. Instead, our approach is to link using arithmetically Gorenstein ideals (i.e. G-links, in the terminology of [40]) rather than complete intersections (i.e. CI-links). We refer to [45] for background on liaison. To the best of our knowledge this is one of the first occurrences in the literature of using Gorenstein liaison to construct interesting subschemes of projective space. In fact we show in Remark 10.2 that complete intersections do not suffice to obtain all the Hilbert functions.

The main features of our construction are the following.

• A simple calculation shows that the desired Hilbert function can be obtained (at least numerically) by linking an arithmetically Cohen-Macaulay scheme with the “obvious” Hilbert function (namely the one suggested by the “first half” of the desired h-vector) inside an arithmetically Gorenstein scheme with “maximal” Hilbert function. This calculation is given in section 6. The hard part is to verify that suitable schemes can actually be found to carry this out.

• We observe that if a Gorenstein scheme, G, is a generalized stick figure then any link which it provides is geometric, i.e. for any subscheme X of the same codimension as G, if Y is the residual to X in G then X and Y have no common components. Furthermore, we observe that the sum of the ideals of X and Y will define a reduced union of linear varieties of codimension one greater.

• We give a useful construction of arithmetically Cohen-Macaulay schemes: Given a nested sequence V_1 ⊂ V_2 ⊂ · · · ⊂ V_r of generically Gorenstein arithmetically Cohen-Macaulay subschemes of the same dimension, the union of generally chosen hypersurface sections of the V_i is again an arithmetically Cohen-Macaulay subscheme of P^n, and its Hilbert function is readily computed. This construction is central to the argument, and is of independent interest (cf. for instance [47]).

• Using the construction just mentioned, we show in section 4 how to make arithmetically Cohen-Macaulay generalized stick figures with “maximal” Hilbert function in any codimension. We give a precise primary decomposition of these configurations. We also show how a generalized stick figure with arbitrary Hilbert function can be found as a subconfiguration of such a “maximal” one.

• We show how to construct arithmetically Gorenstein generalized stick figures with “maximal” Hilbert function which contain the “maximal” generalized stick figures just mentioned. Note that the Artinian reductions of our arithmetically Cohen- Macaulay schemes with maximal Hilbert functions are compressed Cohen-Macaulay algebras in the sense of Iarrobino [36], [37]. We give a precise primary decomposition of these configurations.

• Tying things together, we show that this set-up allows us to carry out the program described in the first step above.

As a result, we have a purely combinatorial way of getting arithmetically Gorenstein schemes with the desired Hilbert functions. As a consequence, we have the interesting fact that our links are obtained by beginning with the “linking” arithmetically Gorenstein scheme and then finding inside it the subschemes which are to be linked. This is the opposite of the usual application of liaison.

A more precise statement of Harima’s result is that a sequence is an SI-sequence if and only if it is the Hilbert function of an Artinian Gorenstein algebra with the weak Lefschetz property. In order to check that the arithmetically Gorenstein schemes that we construct have the weak Lefschetz property we need a higher-dimensional analogue of the weak Lefschetz property which does not refer to an Artinian reduction. To this end we introduce in Section 7 the subspace property. This property is even defined for arithmetically Cohen-Macaulay schemes. We show that this property is preserved under hyperplane sections (including Artinian reductions) and that, in the case of an Artinian Gorenstein algebra, it is equivalent to the weak Lefschetz property. Moreover, we prove that the arithmetically Gorenstein schemes constructed above have the subspace property, finishing the argument for the proof of Theorem 1.1.

Furthermore, the subspace property allows us to address a question posed to us by Tony Geramita: Harima showed that every SI-sequence is the Hilbert function of some Artinian Gorenstein algebra with the weak Lefschetz property. However, the question remained whether an Artinian reduction of a reduced arithmetically Gorenstein subscheme of projective space can possess the weak Lefschetz property. Since we do not know which Artinian Gorenstein algebras lift to reduced subschemes, it was just possible that for some SI-sequences there are no reduced arithmetically Gorenstein algebras whose Artinian reduction has that SI-sequence and has the Weak Lefschetz property. However, it follows immediately from Theorem 1.1 that this is not the case. This also follows from work of Stanley in case the ground field has characteristic zero. He has shown in [56] that in characteristic zero the Stanley-Reisner ring of a simplicial polytope has the weak Lefschetz property.

The last part of the paper addresses the question of resolutions. An important result in this direction was obtained in [19]. There the authors showed that for many, but not all, SI-sequences h they can produce an Artinian Gorenstein algebra A with Hilbert function h possessing the weak Lefschetz property, and such that among Artinian Gorenstein algebras with the weak Lefschetz property and Hilbert function h, A has maximal graded Betti numbers. Our second main result of this paper is a generalization of this theorem for reduced arithmetically Gorenstein schemes of any dimension (since the Artinian reduction has the weak Lefschetz property and every SI-sequence can be produced) (see Theorem 8.13):

Theorem 1.2. Let h = (1, c, h_2, . . . , h_t, . . . , h_s) be an SI-sequence. Then the scheme G described in Theorem 1.1 has maximal graded Betti numbers among arithmetically Gorenstein subschemes of P^n with the weak Lefschetz property and h-vector h.

If the embedding dimension satisfies n + 1 ≥ s + c , we can choose the Gorenstein scheme G described in Theorem 1.1 as one defined by a reduced monomial ideal. Thus G corresponds to a simplicial complex. If P is a simplicial polytope then the Stanley-Reisner ring K[Δ(P )] of the boundary complex Δ(P ) of P is a reduced Gorenstein K-algebra. The h-vector and the graded Betti numbers of P are the corresponding numbers of K[Δ(P )]. The famous g-theorem mentioned above (see Theorem 9.5) characterizes the h-vectors of simplicial polytopes as SI-sequences. For the Betti numbers we have the following result analogous to Theorem 1.2 (see Theorem 9.6).

Theorem 1.3. Let K be a field of characteristic zero and let h be an SI-sequence. Then there is a simplicial polytope with h-vector h having maximal graded Betti numbers among all simplicial polytopes with h-vector h.

For the proof we have to relate Theorem 1.2 and the results obtained in Sections 6 and 7 to the work of Billera and Lee in [5]. It uses the combinatorial description of the irreducible components of the arithmetically Gorenstein schemes occurring in Theorem 1.1 (cf. Theorem 6.3). This description allows an interpretation of a construction for simplicial polytopes with the help of Gorenstein linked ideals. In the course of the proof of Theorem 1.3 we also show that the upper bounds on the Betti numbers for arbitrary graded Cohen-Macaulay K-algebras with given Hilbert function in [3] and [35] are best possible even for shellable simplicial complexes.

The maximal graded Betti numbers mentioned in Theorems 1.2 and 1.3 can be computed effectively (cf. Theorems 8.13 and 9.6).

In spite of our results above and the conjectured generalization of the g-theorem to simplicial spheres, we would like to pose the following question:

Question 1.4. Does every reduced, arithmetically Gorenstein subscheme of projective space possess the weak Lefschetz property?

In case this question has an affirmative answer, this would imply that we have characterized all Hilbert functions of reduced arithmetically Gorenstein schemes and that among the reduced arithmetically Gorenstein schemes with fixed Hilbert function we always have the existence of a scheme with maximal Betti numbers.

Acknowledgement The second author would like to thank J. Herzog for motivating discussions on simplicial polytopes. Moreover, we thank C. Lee and J. Eckoff for helpful comments and questions. We also thank the referee for many useful comments and suggestions.

2. Background

We begin by recording the following notation and conventions. • Let K be any field (of arbitrary characteristic). We set

∘ R = K[x_0, . . . , x_n] and P^n = Proj R;

∘ T = K[z_1, . . . , z_c] and T̄ = K[z_2, . . . , z_c], where c < n (this will be used primarily in section 5).

∘ S = K[y_1, . . . , y_c] (this will be used primarily in section 5).

• Following [40] we say that two homogeneous ideals I_1 and I_2 are CI-linked (resp.

G-linked) if they are linked using a complete intersection (resp. a Gorenstein ideal which is not necessarily a complete intersection). That is, we require

J ⊂ I_1 ∩ I_2, J : I_1 = I_2, J : I_2 = I_1

where J is a complete intersection (resp. a Gorenstein ideal which is not necessarily a complete intersection).

• Let V_1 and V_2 respectively be the linked subschemes of P^n defined by the ideals I_1 and I_2 above. Then V_1 and V_2 are also said to be CI-linked (resp. G-linked). If X is the Gorenstein ideal defined by J, we write V_1^X∼ V_2. The property of being linked forces V_1 and V_2 to be equidimensional of the same dimension (as X). The link is geometric if V_1 and V_2 have no common component.

• If X is a subscheme of P^n with saturated ideal I_X , and if t ∈ Z then the Hilbert function of X is denoted by

h_X (t) = h_{R/IX} (t) = dim_K [R/I_X ]_t.

• If X is arithmetically Cohen-Macaulay of dimension d then A = R/I_X has Krull dimension d + 1 and a general set of d + 1 linear forms forms a regular sequence for A. Taking the quotient of A by such a regular sequence gives a zero-dimensional Cohen-Macaulay ring called the Artinian reduction of A (or of X – cf. [45]). The

Hilbert function of the Artinian reduction of R/I_X is called the h-vector of R/I_X (or of X). This is a finite sequence of integers.

• If X is arithmetically Gorenstein with h-vector (1, c, . . . , h_s) then this h-vector is symmetric (h_s = 1, h_{s−1} = c, etc.) and s is called the socle degree of X.

The underlying idea of [25] was to produce the desired arithmetically Gorenstein scheme as a sum of CI-linked, arithmetically Cohen-Macaulay codimension two schemes, chosen so that the complete intersection linking them is already a union of linear subvarieties with nice intersection properties. This guarantees that the intersection of the linked schemes will also be a good linear configuration. The deformation result arose as a consequence of work of Diesel [14] about the irreducibility of the Hilbert scheme of Gorenstein Artinian k-algebras of codimension three with given Hilbert function and degrees of generating sets.

Diesel’s methods do not hold in higher codimension. However, as a first step in the above direction in higher codimension, we conjecture that every Hilbert function which arises as the Hilbert function of an arithmetically Gorenstein scheme in fact occurs for some arithmetically Gorenstein scheme which is a generalized stick figure. It is not yet known which Hilbert functions in fact arise in this way, but a large class is known thanks to [29] (as recalled below), and we will prove our conjecture for this class.

Our approach is to combine ideas of [29] and [25], with several new twists. We recall some facts and definitions from the former.

Definition 2.1. Let h = (h_0, . . . , h_s) be a sequence of positive integers. h is called a Gorenstein sequence if it is the Hilbert function of some Gorenstein Artinian k-algebra. h is unimodal if h_0 ≤ h_1 ≤ · · · ≤ h_j ≥ h_{j+1} ≥ · · · ≥ h_s for some j. h is called an SI-sequence (for Stanley-Iarrobino) if it satisfies the following two conditions:

(i) h is symmetric, i.e. h_{s−i} = h_i for all i = 0, . . . , ⌊^s_2 ⌋.

(ii) (h_0, h_1 − h_0, h_2 − h_1, . . . , h_j − h_{j−1}) is an O-sequence, where j = ⌊^s_2 ⌋; i.e. the “first half” of h is a differentiable O-sequence.

Remark 2.2. From the above definition of an SI-sequence it follows that

(h_0, h_1 − h_0, h_2 − h_1, . . . , h_t − h_{t−1})

is an O-sequence, where t = min{i|h_i ≥ h_{i+1}}. However, we cannot replace the given condition by this one. For instance, the sequence

(1, 3, 6, 6, 7, 6, 6, 3, 1)

satisfies this condition (with t = 2) and is unimodal and symmetric, but the last condition of the definition is not satisfied, and we do not want to allow this kind of behavior.

Definition 2.3. A graded Artinian algebra A = ⨁_s i−1 A_i, with A_s ≠ 0, is said to have the weak Lefschetz property (WLP for short) if A satisfies the following two conditions.

(i) The Hilbert function of A is unimodal.

(ii) There exists g ∈ A_1 such that the k-vector space homomorphism g : A_i → A_{i+1} defined by f → gf is either injective or surjective for all i = 0, 1, . . . , s − 1.

Since we are interested in the question of lifting, we will say that an arithmetically Cohen- Macaulay subscheme X of P^n has the weak Lefschetz property if there is an Artinian reduction of X having the weak Lefschetz property.

In [29], this property is also called the weak Stanley property. Harima proved the following very interesting result ([29] Theorem 1.2).

Theorem 2.4. Let h = (h_0, h_1, . . . , h_s) be a sequence of positive integers. Then h is the Hilbert function of some Gorenstein Artinian k-algebra with the WLP if and only if h is an SI-sequence.

This provides a huge class of Hilbert functions for which it is known that there is an Artinian Gorenstein ideal. In codimension 3 it is known that all Artinian Gorenstein ideals have Hilbert functions which are SI-sequences, and in codimension ≥ 5 it is known that not all do. (Codimension 4 is open.) Our goal is to provide, for each such SI-sequence in any codimension, a reduced set of points (or more generally a reduced union of linear varieties) which is arithmetically Gorenstein and whose h-vector is the given SI-sequence. See [45] for more on h-vectors.

It is well known that the sum of the ideals of two geometrically linked, arithmetically Cohen-Macaulay subschemes of P^n is arithmetically Gorenstein of height one greater, whether they are CI-linked [50] or G-linked (cf. [45]). Harima ([29], Lemma 3.1) has computed the Hilbert function of the Gorenstein ideals so obtained in the case of CIlinkage; the proof is the same for G-linkage. However, we would like to record this result in a different (but equivalent) way, more in line with our needs.

Lemma 2.5. Let V_1^X∼ V_2, where X is arithmetically Gorenstein, V_1 and V_2 are arithmetically Cohen-Macaulay of codimension c with saturated ideals I_{V1} and I_{V2} , and the link is geometric. Then I_{V1} + I_{V2} is the saturated ideal of an arithmetically Gorenstein scheme Y of codimension c + 1. The Hilbert functions are related as follows.

Let c = (1, c, c_2, . . . , c_{s−1}, c_s) be the h-vector of X; note that c_{s−1} = c and c_s = 1. Let g = (1, g_1, . . . , g_r) be the h-vector of V_1 (so we have g_1 ≤ c, with equality if and only if V_1 is non-degenerate, and r ≤ s). Let g^′ = (1, g^′_1, . . . ) be the h-vector of V_2. By [13] Theorem 3 (see also [45] Corollary 5.2.19) we have the h-vector of V_2 given by g^′_i = c_{s−i} − g_{s−i} for i ≥ 0. Then the sequence d_i = (g_i + g^′_i − c_i) is the first difference of the h-vector of Y .

Example 2.6. A twisted cubic curve V_1 in P^3 is linked to a line V_2 by the complete intersection of two quadrics. The intersection of these curves is the arithmetically Gorenstein zeroscheme Y consisting of two points. This is reflected in the diagram

X : 1 2 1 V_1 : 1 2 V_2 : 1 ΔY : 1 0 −1

adding the second and third rows and subtracting the first to obtain the fourth, and so the h-vector of Y is (1,1), obtained by “integrating” the vector (1, 0 − 1). The notation

ΔY serves as a reminder that the row is really the first difference of the h-vector of Y , and it will be used in the remaining sections.

Remark 2.7. Many papers on Hilbert functions or minimal free resolutions of Gorenstein ideals (for instance [19], [20] [21], [25], [26], [27], [28]) use as the method of constructing Gorenstein ideals this notion of adding the ideals of geometrically CI-linked Cohen- Macaulay ideals. In codimension three this was enough, as shown in [25]. However, in higher codimension this is not enough. For instance, in [21] Remark 3.5 the authors say that with their construction method they cannot obtain the h-vector

1 4 10 n 10 4 1

where 14 ≤ n ≤ 19. Indeed, one can check that taking n = 19, it is impossible to obtain such a Hilbert function as the sum of geometrically CI-linked Cohen-Macaulay ideals (see Example 10.2).

Of course such an h-vector is a special case of Harima’s theorem. Harima begins with the same complete intersection trick, but he adds a very nice extra ingredient which we summarize briefly in Lemma 2.9. We would like to remark that to extend this approach to the non-Artinian case, one would have to prove that the sum of CI-linked ideals can be done in such a way that a very precisely determined subset of the resulting Gorenstein set of points can always be found lying on a hyperplane, and that the residual is again Gorenstein, arriving at the desired h-vector. (Note, however, that Harima’s trick works for a general linear form, while in higher dimension the hyperplane is very special since it contains a large number of the points.) In this paper we do not take this approach. However, we show in Section 7 that the configurations that we obtain have what we call the “subspace property,” and this corresponds precisely to the higher dimensional analog of Harima’s trick. See Remark 7.8. This is a by-product of a completely different approach using Gorenstein liaison.

Definition 2.8. Let X be a finite set of points in P^n with Hilbert function h_X (i). Then σ(X) = min{i|Δh_X (i) = 0}.

Lemma 2.9 ([29], Lemma 3.3). Let X and Y be two finite sets of points in P^n such that X ∩Y = ∅ and X ∪Y is a complete intersection, and put A = K[x_0, . . . , x_n]/(I(X)+I(Y )). Furthermore put a = σ(X) − 1, b = σ(X ∪ Y ) − σ(X) − 1, c = σ(X ∪ Y ) − 1. Assume that 2σ(X) ≤ σ(X ∪ Y ) and |X| ≥ 2. Let L ⊂ P^n be a hyperplane defined by a polynomial G ∈ R_1 and let g ∈ A_1 be the image of G. Assume that X ∩L = ∅. Let d be an integer such that 1 ≤ d ≤ σ(X ∪ Y ) − 2σ(X) and let [0 : g^d] denote the homogeneous ideal generated by homogeneous elements f ∈ A such that g^df = 0. Then the Hilbert function h_{A/[0:g}d_](i) is a Gorenstein SI-sequence as follows:

h_{A/[0:g}d_](i) = h_X (i), if i = 0, 1, . . . , a − 1, |X|, if i = a, . . . , b − d, h_X (c − 1 − i − d), if i = b + 1 − d, . . . , c − 1 − d,, (2.1)

and σ(A/[0 : g^d]) = c − d.

Remark 2.10. Let X ⊂ P^n be a projective subscheme. Then its Castelnuovo-Mumford regularity is

reg(X) := reg(I_X ) = min{j | h^i(P^n, I_X (j − i) = 0 for all i with 1 ≤ i ≤ dim X + 1 }.

If X is arithmetically Cohen-Macaulay and its h-vector is (1, h_1, . . . , h_s) with h_s > 0 then reg(X) = s + 1. Thus, we observe that σ(X) = reg(X) if X is a zeroscheme.

3. Generalized stick figures and a useful construction

In this section we give a construction which is useful for producing arithmetically Cohen- Macaulay subschemes of projective space, especially unions of linear varieties with “nice” singularities. It is an application of a result in [40]. As a consequence, in the next section we show how to construct such unions of linear varieties with “maximal” Hilbert function among the arithmetically Cohen-Macaulay schemes with fixed regularity and initial degree.

The notion of a stick figure curve was introduced classically, and it has culminated with the recent solution by Hartshorne of the so-called Zeuthen problem [31]. A stick figure is simply a union of lines, no three of which meet in a point. We will make use of the following type of configuration, which was introduced for codimension two in [10] and in this generality in [46].

Definition 3.1. Let V be a union of linear subvarieties of P^m of the same dimension d. Then V is a generalized stick figure if the intersection of any three components of V has dimension at most d − 2 (where the empty set is taken to have dimension −1). In particular, if d = 1 then V is a stick figure.

Remark 3.2. The property of being a generalized stick figure has a useful consequence in liaison. As mentioned in Lemma 2.5, if V_1 and V_2 are arithmetically Cohen-Macau-lay subschemes of projective space which are geometrically linked by an arithmetically Gorenstein scheme X_c (c is the codimension) then I_{V1} + I_{V2} is the saturated ideal of an arithmetically Gorenstein subscheme X_{c+1} of codimension c + 1. In this paper we want to use this fact to construct many reduced arithmetically Gorenstein subschemes of projective space. A key observation for us is thus the following. If our “linking scheme” X_c ⊂ P^n is a generalized stick figure, with c < n, then the sum of the linked ideals defines the arithmetically Gorenstein scheme X_{c+1} which is again a reduced union of linear varieties. Indeed, the components of X_{c+1} are generically the intersection of two linear varieties.

Remark 3.3. Let {L_1, . . . , L_p} be a set of generically chosen linear forms in the ring K[x_0, . . . , x_N ] (i.e. hyperplanes in P^N ). Let

A_1 = (L_{i1} , . . . , L_{ic} ) A_2 = (L_{j1} , . . . , L_{jc} ) A_3 = (L_{k1} , . . . , L_{kc} )

be three different ideals generated by subsets of {L_1, . . . , L_p} defining codimension c linear varieties. Then these three varieties meet in codimension c + 1 if and only if there are exactly c + 1 different linear forms among the 3c generators. That is, the union of these three varieties violate the condition of being a generalized stick figure if and only if there are exactly c + 1 different linear forms among the 3c generators of the ideals A_1, A_2 and A_3.

We now give our construction for arithmetically Cohen-Macaulay schemes. We begin by recalling the notion of Basic Double G-linkage introduced in [40], so called because of part (iv) and the notion of Basic Double Linkage ([41], [9], [24]).

Lemma 3.4 ([40] Lemma 4.8, Remark 4.9 and Proposition 5.10). Let J ⊃ I be homogeneous ideals of R = K[x_0, . . . , x_n], defining schemes W ⊂ V ⊂ P^n such that codim V +1 = codim W . Let f ∈ R be an element of degree d such that I : f = I. Then we have (i) deg(I + f · J) = d · deg I + deg J.

(ii) If I is perfect and J is unmixed then I + f · J is unmixed. (iii) J/I ∼= [(I + f · J)/I](d). (iv) If V is arithmetically Cohen-Macaulay with property G_0 and J is unmixed then J and I + f · J are linked in two steps using Gorenstein ideals.

(v) The Hilbert functions are related by h_{R/(I+f·J)}(t) = h_{R/(I+(f))}(t) + h_{R/J} (t − d) = h_{R/I} (t) − h_{R/I} (t − d) + h_{R/J} (t − d) Lemma 3.4 should be interpreted as viewing the scheme W defined by J as a divisor on the scheme V defined by I, and adding to it a hypersurface section H_f of V defined by the polynomial f. Note that I_{Hf} = I_V + (f). If V and W are arithmetically Cohen- Macaulay then the divisor W + H_f is again arithmetically Cohen-Macaulay (by step 4). As an immediate application we have the following by successively applying Lemma 3.4.

Corollary 3.5. Let V_1 ⊂ V_2 ⊂ · · · ⊂ V_r ⊂ P^n be arithmetically Cohen-Macaulay schemes of the same dimension, each generically Gorenstein. Let H_1, . . . , H_r be hypersurfaces, defined by forms F_1, . . . , F_r, such that for each i, H_i contains no component of V_j for any j ≤ i. Let W_i be the arithmetically Cohen-Macaulay schemes defined by the corresponding hypersurface sections: I_{Wi} = I_{Vi} + (F_i). Then

(i) viewed as divisors on V_r, the sum Z of the W_i (which is just the union if the hypersurfaces are general enough) is in the same Gorenstein liaison class as W_1.

(ii) In particular, Z is arithmetically Cohen-Macaulay. (iii) As ideals we have

I_Z = I_{Vr} + F_r · I_{Vr−1} + F_rF_{r−1}I_{Vr−2} + · · · + F_rF_{r−1} · · · F_2I_{V1} + (F_rF_{r−1} · · · F_1).

(iv) Let d_i = deg F_i. The Hilbert functions are related by the formula

h_Z (t) = h_{Wr} (t) + h_{Wr−1} (t − d_r) + h_{Wr−2} (t − d_r − d_{r−1}) + . . . +h_{W1} (t − d_r − d_{r−1} − · · · − d_2). Remark 3.6. Parts (ii), (iii) and (iv) of Corollary 3.5 have been proved independently by Ragusa and Zappalà ([52] Lemma 1.5).

Corollary 3.7. Let R = K[x_0, . . . , x_n]. Consider the complete intersection (A, B) in R, where A = ∏_d i=1 L_i and B = ∏_e i=1 M_i. Thinking of the L_i and M_i as hyperplanes which are pairwise linearly independent, the intersection of any L_i with M_k is a codimension two linear variety, P_{i,k}. Consider a union Z of such varieties subject to the condition that if P_{i,k} ⊂ Z then P_{j,ℓ} ⊂ Z for all (j, ℓ) satisfying j ≤ i and ℓ ≤ k:

• • • • •

• • • • • • • • • • • • • • • • L_1

L_2 . . L_d

M_1 M_2 M_3 M_4 M_5 M_6 M_7 ... M_e

Then Z is arithmetically Cohen-Macaulay.

Proof. Apply Corollary 3.5, using V_1 = M_1, V_2 = M_1 ∪ M_2, etc. and taking the hypersurface sections obtained by suitable multiples of the L_i (starting with L_d and working backwards), working our way down the picture. This corollary can also be obtained using the lifting results of [46].

Remark 3.8. In the case n = 2 these are not necessarily the k-configurations of [28], since consecutive lines L_i are allowed to have the same number of points. This situation has been studied in [26], and such a configuration in P^2 is a special case of a weak kconfiguration. (In general a weak configuration does not require the existence of the “vertical” M_i.) It was shown in [26] that the Hilbert function of a weak k-configuration in P^2 can be immediately read from the number of points on each line. This type of special case was also extended to higher codimension in [46], section 4.

In the case of lines in P^3, Corollary 3.7 is essentially contained in [1].

4. A construction of arithmetically Cohen-Macaulay and Gorenstein ideals with “maximal” Hilbert function

In this section we show how to construct certain Gorenstein subschemes of projective space with two properties: they are generalized stick figures and they have very special Hilbert function (maximal until degree t, then constant until degree s − t; note that the “flat” part in the middle can be arbitrarily long). The Hilbert function that we seek, for codimension c, corresponds to the h-vector ( 1, c, ( c + 1 c − 1 ) , . . . , ( c − 1 + t c − 1 ) , . . . , ( c − 1 + t c − 1 ) , . . . , ( c + 1 c − 1 ) , c, 1 ) (4.1)

where the terms in the middle are all equal to (_{c−1+t} c−1 ) and the last non-zero entry is in degree s. Then we have that the first occurrence of the value (_{c−1+t} c−1 ) is in degree t and the last in degree s − t. Thus, the h-vector is the maximum bounded above by (_{c−1+t} c−1 ) , of socle degree (the degree of the last non-zero term) s.

In order to construct such an ideal, we will first give a construction of arithmetically Cohen-Macaulay ideals with maximal Hilbert function (expressed as an h-vector) ( 1, c, ( c + 1 2 ) , . . . , ( c − 1 + t t )) . (4.2)

The procedure is inductive, producing first a suitable answer in codimension one, then codimension two, then codimension three, etc. We will construct, in codimension c, an arithmetically Cohen-Macaulay generalized stick figure Z_{c,t} with “maximal” h-vector given by (4.2).

Theorem 4.1. Let R be a polynomial ring of dimension n + 1 > c. Choose a set of 2t + c linear forms M_{c,t} = { M_0, . . . , M_{t+⌊} c−1_{2 ⌋}, L_0, . . . , L_{t+⌊} c−2_{2 ⌋} } in R. Define I_{Zc,t} = ⋂ 0≤i_1≤i_2<i_3≤i_4<···<i_{c−1}≤i_c≤t+^{c−2}_2 (M_{i1} , L_{i2} , M_{i3} , L_{i4} , . . . , L_{ic} ) if c is even,

I_{Zc,t} = ⋂ 0≤i_1≤i_2<i_3≤i_4<···≤i_{c−1}<i_c≤t+^{c−1}_2 (M_{i1} , L_{i2} , M_{i3} , L_{i4} , . . . , M_{ic} ) if c is odd.

(4.3)

(If c = 1 the above range is understood to be 0 ≤ i_1 ≤ t.) If each subset consisting of c + 1 of the 2t + c linear forms generates an ideal of codimension c + 1 then I_{Zc,t} is a reduced Cohen-Macaulay ideal with h-vector ( 1, c, ( c + 1 2 ) , . . . , ( c + t − 1 t )) . If each subset consisting of c+2 of the 2t+c linear forms generates a complete intersection of codimension c + 2 then I_{Zc,t} defines a generalized stick figure. Proof. Consider the complete intersection (A, B) in codimension 2, where A = t+⌊^{c−1}_2 ⌋∏

i=0 M_i and B = t+⌊^{c−2}_2 ⌋∏

i=0 L_i (note that both products start with i = 0). Let us denote the scheme defined by (A, B) by G_2 (subscripts here will refer to the codimension).

When c = 2, the scheme Z_{2,t} has the following form (where the components of Z_{2,t} are represented by dots, and the set of all intersection points is G_2):

• • • • •

• • • • • • • • • • L_t L_{t−1} . . L_0

M_0 ... M_{t−1} M_t (4.4)

Using Corollary 3.7, it follows immediately that the h-vector of Z_{2,t} is (1, 2, 3, 4, . . . , t, t + 1) as claimed.

Now consider the case c = 3. Let V_1 be the subset of Z_{2,t} consisting of all “dots” lying on L_0 (there is just one). Let V_2 be the union of the components of X lying on either L_0 or L_1, and so on. Clearly we have

V_1 ⊂ V_2 ⊂ · · · ⊂ V_{t+1}

and all V_i are arithmetically Cohen-Macaulay. We will apply Corollary 3.5, so to that end let us set F_i = M_i (1 ≤ i ≤ t + 1) and let W_i the hyperplane section of V_i with F_i. Then we have

deg W_1 = 1 deg W_2 = 1 + 2 = 3 . . deg W_{t+1} = 1 + 2 + · · · + (t + 1) = (_{t+2} 2 ) and by Corollary 3.5 the union of the W_i is arithmetically Cohen-Macaulay of codimension 3 with the h-vector ( 1, 3, . . . , ( t + 2 2 ))

(use Lemma 3.4). Clearly we also have

W_1 ⊂ W_1 ∪ W_2 ⊂ W_1 ∪ W_2 ∪ W_3 · · · .

Remark 3.3 quickly shows that each of these is a generalized stick figure. But clearly the union of the W_i has the form described in (4.3), so this is Z_{3,t} and we have completed the case c = 3.

To pass to codimension 4 using Corollary 3.5 again, we now take V_1, . . . , V_t to be the codimension 3 schemes just produced (i.e. set V_1 now to be the W_1 just produced, V_2 to be the W_1 ∪ W_2 just produced, etc.), and we take F_i = L_i (1 ≤ i ≤ t + 1). As before we have a generalized stick figure in codimension 4 which is arithmetically Cohen-Macaulay and has maximal Hilbert function. Note that the components of the arithmetically Cohen- Macaulay scheme Z_{4,t} we have produced have precisely the form described in (4.3).

We continue by induction to finally produce the desired arithmetically Cohen-Macaulay scheme of codimension c with h-vector given by (4.2). (Note that the range for F_i changes: for instance, in codimension 5 we have F_i = M_i (2 ≤ i ≤ t + 2). It is a generalized stick figure by Remark 3.3.

Remark 4.2. We will now turn to the construction of the arithmetically Gorenstein generalized stick figure with h-vector given by (4.1). First we check numerically what is needed, using Lemma 2.5 (see also Example 2.6). In the table below, the values occurring between degrees t + 1 and s − t on any row are constant. G_{c−1} is the h-vector of a codimension c − 1 arithmetically Gorenstein scheme which links arithmetically Cohen- Macaulay schemes Z_{c−1} to Y_{c−1}, and the sum of linked ideals gives an arithmetically Gorenstein scheme G_c with the h-vector claimed in (4.1).

degree: 0 1 2 ... t t+1 ... s−t s−t+1 ... s s+1 G_{c−1} 1 c−1 (_c c−2 )_{...} (_{c−2+t} c−2 ) (_{c−2+t} c−2 )_{...} (_{c−2+t} c−2 ) (_{c−2+t} c−2 )_{... c−1 1} Z_{c−1} 1 c−1 (_c c−2 )_{...} (_{c−2+t} c−2 ) Y_{c−1} 1 c−1 (_c c−2 )_{...} (_{c−2+t} c−2 ) (_{c−1+t} c−2 )_{...} (_{c−1+t} c−2 ) ΔG_c 1 c−1 (_c c−2 )_{...} (_{c−2+t} c−2 )_{0 ... 0} − (_{c−2+t} c−2 )_{... −(c−1) −1} G_c 1 c (_{c+1} c−1 )_{...} (_{c−1+t} c−1 ) (_{c−1+t} c−1 )_{...} (_{c−1+t} c−1 ) (_{c−2+t} c−1 )_{... 1 0}

Note that in the above table, if we take as G_{c−1} a Gorenstein scheme which “levels off” in degree t + 1 rather than degree t, then the residual Hilbert function changes, but the Hilbert function of the sum of the linked ideals, G_c, does not change.

The basic idea of our proof will be to assume by induction that a generalized stick figure G_{c−1} exists with the desired Hilbert function, and that it contains Z_{c−1,t}, hence giving us a geometric link. Then we have to show that the scheme G_c obtained by adding the linked ideals is again a generalized stick figure and contains Z_{c,t} (which we have already described). This allows for the construction in the next codimension, hence completing the induction. In fact, we are able to give the components of G_c very explicitly! We will refine the notation for G_c in the proof, to account for more data.

Theorem 4.3. Let R be a polynomial ring of dimension n + 1 > c ≥ 1. Let s ≥ 2t. Let

N_{c,s,t} = { M_0, . . . , M_{t+⌊} c−1_{2 ⌋}, L_0, . . . , L_{s−t+⌊} c−2_{2 ⌋} }

be a subset of s + c linear forms in R. Define an ideal I_{Gc,s,t} as follows. If c is even then I_{Gc,s,t} = A_{c,s,t} ∩ B_{c,s,t} ∩ C_{c,s,t} where

A_{c,s,t} = ⋂ 0≤i_1≤i_2<i_3≤···<i_{c−1}≤i_c≤t+^{c−2}_2 (M_{i1} , L_{i2} , . . . , M_{ic−1} , L_{ic} ),

B_{c,s,t} = ⋂ 0≤i_1<i_2≤i_3<···≤i_{c−1}<i_c≤t+^{c−2}_2 (L_{i1} , M_{i2} , . . . , L_{ic−1} , M_{ic} ),

C_{c,s,t} = ⋂ 0≤i_1≤i_2<i_3≤···<i_{c−1}≤t+^{c−2}_2 t+^c_2 ≤i_c≤s−t+^{c−2}_2 (M_{i1} , L_{i2} , . . . , M_{ic−1} , L_{ic} ).

If c is odd then I_{Gc,s,t} = A^′_{c,s,t} ∩ B^′_{c,s,t} ∩ C^′_{c,s,t} where A^′_{c,s,t} = ⋂ 0≤i_1≤i_2<i_3≤···≤i_{c−1}<i_c≤t+^{c−1}_2 (M_{i1} , L_{i2} , . . . , L_{ic−1} , M_{ic} ),

B^′_{c,s,t} = ⋂ 0≤i_1<i_2≤i_3<···<i_{c−1}≤i_c≤t+^{c−3}_2 (L_{i1} , M_{i2} , . . . , M_{ic−1} , L_{ic} ),

C^′_{c,s,t} = ⋂ 0≤i_1≤i_2<i_3≤···≤i_{c−1}≤t+^{c−3}_2 t+^{c−1}_2 ≤i_c≤s−t+^{c−3}_2 (M_{i1} , L_{i2} , . . . , L_{ic−1} , L_{ic} ).

If each subset of N_{c,s,t} consisting of c + 1 elements generates a complete intersection then I_{Gc,s,t} is a reduced Gorenstein ideal contained in I_{Zc,t} with h-vector ( 1, c, ( c + 1 2 ) , . . . , ( c + t − 1 t ) , . . . , ( c + t − 1 t )

flat part , . . . , ( c + 1 2 ) , c, 1 )

where the final “1” occurs in degree s, and t + 1 is the initial degree of the ideal if c ≥ 2. If each subset of N_{c,s,t} consisting of c + 2 elements generates a complete intersection of codimension c + 2 then G_{c,s,t} is a generalized stick figure.

Proof. It is clear from the description that I_{Gc,s,t} is a reduced ideal.

Next we verify that if N_{c,s,t} has the property that each subset of c+2 elements generates a complete intersection of codimension c + 2 then G_{c,s,t} is a generalized stick figure. To prove this, consider first the case c even. Suppose we have three components

P = (p_1, p_2, . . . , p_c) Q = (q_1, q_2, . . . , q_c) R = (r_1, r_2, . . . , r_c)

(each taken from A_{c,s,t}, B_{c,s,t} or C_{c,s,t}). In order for P and Q to have c − 1 entries in common, we must be able to take out an entry from P and replace it with a new entry, giving Q. Putting both of these entries in and removing a third one must give R. Because of the rigid form of the components given in the statement of the theorem, one can just check that this is impossible.

Next suppose c is odd and s = 2t. Note that in this case C^′_{c,s,t} is empty. Then the argument is similar to the one above.

The case where c is odd and s > 2t is handled similarly. Here is it slightly tricky to prove that we get a generalized stick figure because of the fact that condition C^′_{c,s,t} allows two consecutive L^′s at the end. But the subscript of the second one is bounded below by t +^{c−1}_2 , and this fact is needed to complete the proof. For example, the linear forms

(M_1, L_3, M_5, L_7, M_8) (M_1, L_3, M_5, L_7, L_9) (L_3, M_5, L_7, M_8, L_9) seem at first glance to be a counter-example, but the “9” in L_9 cannot simultaneously be bounded above by t +^{c−3}_2 and below by t +^{c−1}_2 .

The fact that Z_{c,t} ⊂ G_{c,s,t} follows from the observation that A_{c,s,t} (resp. A^′_{c,s,t}) is I_{Zc,t} , thanks to Theorem 4.1.

It remains to show that I_{Gc,s,t} is a Gorenstein ideal with the correct h-vector. For this we proceed by induction on c ≥ 1. If c = 1 then I_{G1,s,t} = (M_0 · . . . · M_t · L_0 · . . . · L_{s−t−1}) is a principal ideal of degree s + 1, thus having the claimed properties.

If c = 2 then I_{G2,s,t} = (M_0 ·. . .·M_t, L_0 ·. . .·L_{s−t}) is a complete intersection by assumption on N_{c,s,t}. It is easy to check its h-vector.

Now suppose that c ≥ 3. We distinguish two cases. Case 1: Assume that c is odd. We have at our disposal the set N_{c,s,t} = { M_0, . . . , M_{t+} c−1_2 , L_0, . . . , L_{s−t+} c−3_2 } where each subset of c + 1 elements is linearly independent (over K). Let us temporarily re-name the linear form M_{t+} c−1_2 with the new name L_{s−t+} c−1_2 . Hence we now have the set N_{c−1,s+1,t} = { M_0, . . . , M_{t+} c−3_2 , L_0, . . . , L_{s−t+} c−1_2 } . By induction we can use N_{c−1,s+1,t} to get the Gorenstein ideal I_{Gc−1,s+1,t} which defines a generalized stick figure. The configuration Z_{c−1,t} is formed using the set M_{c−1,t} = {M_0, . . . , M_{t+} c−3_2 L_0, . . . , L_{t+} c−3_2 }. Since s ≥ 2t, we observe that M_{c−1,t} ⊂ N_{c−1,s+1,t}\{L_{s−t+} c−1_2 }. (4.5)

Now we re-name L_{s−t+} c−1_2 back to M_{t+} c−1_2 . The configuration G_{c−1,s+1,t} then becomes (with the re-naming) a configuration, which we now call G^′_{c−1,s+1,t}, whose ideal is I_G′_{c−1,s+1,t} = A_{c−1,s+1,t} ∩ B_{c−1,s+1,t} ∩ C̃_{c−1,s+1,t} ∩ D̃_{c−1,s+1,t} (4.6)

where C̃_{c−1,s+1,t} = ⋂ 0≤i_1≤i_2<i_3≤···<i_{c−2}≤t+^{c−3}_2 t+^{c−1}_2 ≤i_{c−1}≤s−t+^{c−3}_2 (M_{i1} , L_{i2} , . . . , M_{ic−2} , L_{ic−1} )

D̃_{c−1,s+1,t} = ⋂ 0≤i_1≤i_2<i_3≤···<i_{c−2}≤t+^{c−3}_2 (M_{i1} , L_{i2} , . . . , M_{ic−2} , M_{t+} c−1_2 ),

where it is understood that C̃_{c−1,s+1,t} = R if s = 2t.

By the observation (4.5), this re-naming does not affect any component of Z_{c−1,t}, which is defined by A_{c−1,s+1,t}. Of course the naming of the linear forms does not affect the properties of the configurations, and so all together we have that G^′_{c−1,s+1,t} is an arithmetically Gorenstein generalized stick figure with the same h-vector as G_{c−1,s+1,t} and containing Z_{c−1,t}. Since G^′_{c−1,s+1,t} is a generalized stick figure containing Z_{c−1,t}, it provides a geometric link to the residual Y = G^′_{c−1,s+1,t}\Z_{c−1,t}.

By Remark 4.2, the ideal I_{Gc,s,t} given in the statement of the theorem will have the desired properties if we can show that I_{Gc,s,t} = I_{Zc−1,t} + I_Y .

We have to show

(a) For every choice of a component from A_{c−1,s+1,t} (i.e. from Z_{c−1,t}) and a component from either B_{c−1,s+1,t}, C̃_{c−1,s+1,t} or D̃_{c−1,s+1,t} which meet in codimension c, their intersection occurs in either A^′_{c,s,t}, B^′_{c,s,t} or C^′_{c,s,t}.

(b) Every component of A^′_{c,s,t}, B^′_{c,s,t}, or C^′_{c,s,t} is the intersection of a component from A_{c−1,s+1,t} and a component from either B_{c−1,s+1,t}, C̃_{c−1,s+1,t} or D̃_{c−1,s+1,t}.

All of these involve an analysis of how many linear forms can be common to two (or three) of the components of our configurations. For (a), in order for the two components in codimension c − 1 to meet in codimension c, their intersection must be defined by only c linear forms, so they must have exactly c − 2 linear forms in common. We have to determine all the ways that this can happen and show that we always get a component of G_{c,s,t}. This analysis then works backwards to show just how to produce any component of G_{c,s,t} as the intersection of two components of G^′_{c−1,s+1,t}, which answers (b).

To answer these two questions, we leave it to the reader to verify that in order to meet in codimension c,

• a component from A_{c−1,s+1,t} (i.e. Z_{c−1,t}) meets a component from B_{c−1,s+1,t} either in the form B^′_{c,s,t} (and all components of B^′_{c,s,t} arise in this way) or in the form A^′_{c,s,t} (and all components of A^′_{c,s,t} arise in this way except those where M_{ic} = M_{t+} c−1_2 ).

• a component from A_{c−1,s+1,t} meets a component from C̃_{c−1,s+1,t} in the form C^′_{c,s,t} (and all components of C^′_{c,s,t} arise in this way).

• a component from A_{c−1,s+1,t} meets a component from D̃_{c−1,s+1,t} in the form A^′_{c,s,t} where M_{ic} = M_{t+} c−1_2 , taking care of those components which were “missing” from the first set above.

To do this one checks how it is possible to remove one entry from the first component and one entry from the second and have the remaining entries equal. (There are very few possibilities.)

Case 2: Assume that c is even. Then N_{c,s,t} = N_{c−1,s+1,t}. By induction, the arithmetically Gorenstein scheme G_{c−1,s+1,t} contains Z_{c−1,t}. We put Y := G_{c−1,s+1,t}\Z_{c−1,t}, the residual scheme. The assertion follows because I_{Gc,s,t} = I_{Zc−1,t} + I_Y , which can be shown as in Case 1 (and is easier).

This completes the construction of the arithmetically Gorenstein generalized stick figure with “maximal” h-vector.

Example 4.4. To construct the h-vector (1, 4, 4, 1) we take s = 3, t = 1, c = 4, and we get the components (M_0, L_0, M_1, L_1), (M_0, L_0, M_1, L_2), (M_0, L_0, M_2, L_2), (M_0, L_1, M_2, L_2), (M_1, L_1, M_2, L_2), (L_0, M_1, L_1, M_2), (M_0, L_0, M_1, L_3), (M_0, L_0, M_2, L_3), (M_0, L_1, M_2, L_3), (M_1, L_1, M_2, L_3).

Remark 4.5. As was the case with Theorem 4.1, the construction of the arithmetically Gorenstein scheme with “maximal Hilbert function” described in Theorem 4.3 can be viewed in a very concrete, geometrical way, especially for low codimension. For example, let us produce G_{3,s,t}. We start with the set N_{3,s,t} = {M_0, . . . , M_{t+1}, L_0, . . . , L_{s−t}} The result of renaming M_{t+1} to L_{s−t+1}, considering G_{2,s+1,t} and renaming back is that we have the complete intersection (A, B) where A = t∏ i=0 M_i, B = (_{s−t} ∏ i=0 L_i ) · M_{t+1}. The scheme Z_{2,t} is a subconfiguration. Let Y be the residual to Z_{2,t} in this complete intersection. In the following diagram, Z_{2,t} is given by the dots and Y by the intersection points without dots:

• • • • •

• • • • • • • • • • L_t L_{t−1} . . L_0

L_{t+1} . ._L s−t M_{t+1} M_0 ... M_{t−1} M_t

(4.7)

Clearly this is a geometric link. Let G_{3,s,t} be the Gorenstein scheme obtained by I_{G3,s,t} = I_{Z2,t} + I_{Y2,s+1,t+1} . One can check geometrically that the components of G_{3,s,t} are of the form described in the statement of the theorem. The simplest way to see this is to use the description of G_{2,s,t} and Z_{2,t}. Since the codimension of G_{3,s,t} is 3 and it is the intersection of Z_{2,t} and Y_{2,s+1,t+1}, each component corresponds to a pair of intersection points in (4.7), where one intersection point comes from Z_{2,t} (dots) and one from Y_{2,s+1,t+1} (non-dots), provided these intersection points lie on the same vertical or horizontal line (L_i or M_i) so that the codimension will be 3. Then it is a simple matter to verify that the components have the form claimed in the statement of the theorem.

Remark 4.6. In Theorems 4.1 and 4.3 we assumed the existence of sufficiently general linear forms. This can be guaranteed if, for example, the field K contains sufficiently many elements or the polynomial ring has dimension n + 1 ≥ 2t + c (in order to construct Z_{c,t}) or n + 1 ≥ s + c (in order to construct G_{c,s,t}).

Throughout the rest of the paper it is understood that, whenever one of the schemes Z_{c,t} or G_{c,s,t} is mentioned, it indeed exists and is a reduced scheme.

5. A construction of arithmetically Cohen-Macaulay generalized stick figures with arbitrary Hilbert function

In this section we give a construction of an arithmetically Cohen-Macaulay generalized stick figure of codimension c in P^n, having an arbitrary possible Hilbert function H: that is, the h-vector Δ^{n−c+1}H is an arbitrary O-sequence. The key goal is to see that they can be viewed as subconfigurations of the generalized stick figures Z_{c,t} constructed in the previous section, and hence are automatically contained in G_{c,s,t}. Moreover, we derive a combinatorial description of the components of the constructed generalized stick figures. Definition 5.1. Let > denote the degree-lexicographic order on monomials in the ring T = K[z_1, . . . , z_c], i.e. z^{a1}_1 · · · z^{ac}_c > z^{b1}_1 · · · z^{bc}_c if the first nonzero coordinate of the vector (_c ∑ i=1 (a_i − b_i), a_1 − b_1, . . . , a_c − b_c )

is positive. Let J be a monomial ideal. Let m_1, m_2 be monomials in T of the same degree such that m_1 > m_2. Then J is a lex-segment ideal if m_2 ∈ J implies m_1 ∈ J. Notation 5.2. For a graded module M we denote by a(M) the initial degree: a(M) := inf{t ∈ Z|[M]_t ≠ 0}. Lemma 5.3. Let J be an Artinian lex-segment ideal in T = K[z_1, . . . , z_c] of initial degree α and for which the h-vector ends in degree t. Then there is a unique decomposition J = α∑ j=0 z^j_1 · I_j

where I_0 ⊂ I_1 ⊂ · · · ⊂ I_{α−1} ⊊ I_α = T , (z_2, . . . , z_c)^{t+1−j} ⊂ I_j ⊂ (z_2, . . . , z_c)^{α−j} , (5.1) a(I_j) > reg(I_{j+1}), and I_j ∩ T̄ is an Artinian lex-segment ideal in T̄ = K[z_2, . . . , z_c] (0 ≤ j ≤ α − 1). Proof. The existence of the decomposition is straightforward. Note that the uniqueness comes from the requirement that I_0 ⊂ I_1 ⊂ · · · ⊂ I_{α−1} ⊊ I_α = R. It remains to show the inequality.

Assume that the regularity of I_{j+1} is s + 1. This means that z^{s+1}_c ∈ I_{j+1} but z^s /∈ I_{j+1}. Hence z^{j+1}_1 z^{s+1}_c ∈ J but z^{j+1}_1 z^s_c /∈ J. Therefore z^j_1z^{s+1}_2 < z^{j+1}_1 z^s_c is also not contained in J, i.e. z^{s+1}_2 /∈ I_j. It follows that a(J_j ) > s + 1 = reg(I_j ) which concludes the proof. Remark 5.4. Since the I_j we have produced in Lemma 5.3 are Artinian lex-segment ideals and since I_j ⊂ I_k whenever j < k, their Hilbert functions will satisfy the hypothesis of Theorem 5.8 below.

Lemma 5.5. For any s ≥ 0, we have h_{T /J} (s) = α−1∑ j=0 h¯_{T /Ij ∩}¯_T (s − j) Proof. It is a straightforward computation.

Remark 5.6. The lemma shows that the decomposition of Lemma 5.3 corresponds to the type-vectors of [19] or [20].

Lemma 5.3 suggests the following definition:

Definition 5.7. Let h = (h_0, h_1, . . . , h_t) be an O-sequence. Choose an integer c ≥ h_1 and let J be the Artinian lex-segment ideal in T = K[z_1, . . . , z_c] such that h is the h-vector of T/J. Define h^j (0 ≤ j < α) to be the h-vector of T̄ /I_j ∩ T̄ , where ∑_α j=0 z^j_1I_j is the unique decomposition according to Lemma 5.3. We call (h^0, . . . , h^{α−1}) the decomposition of h.

Note that in [23], [19] or [20] a purely numerical procedure is given which computes the decomposition of h, but does not involve the computation of lex-segment ideals. However, we need the relationship to these ideals later on.

Recall that the construction of the scheme Z_{c,t} in Section 4 involves linear forms M_i and L_j in a polynomial ring R of dimension n + 1 over the field K. We are now ready for a generalization of this construction.

Theorem 5.8. Let h = (h_0, h_1, . . . , h_v) be an O-sequence, where h_v ≠ 0. Let c ≥ h_1, t ≥ v be integers. Suppose M_{c,t} = {M_0, . . . , M_{t+⌊} c−1_{2 ⌋}, L_0, . . . , L_{t+⌊} c−2_{2 ⌋}} ⊂ R is a set of linear forms such that each subset of of M_{c,t} consisting of c + 1 elements is linearly independent (over K). Define the ideal I_{c,t}(h) recursively:

If c = 1, put I_{c,t}(h) := (M_{t−v} · M_{t−v+1} · . . . · M_t). If c > 1 put

I_{c,t}(h) := α−1⋂ j=0 [ I_{c−1,t−j}(h^j ) + (L_{t−j+} c−2_2 ) ] if c is even α−1⋂ j=0 [ I_{c−1,t−j}(h^j ) + (M_{t−j+} c−1_2 ) ] if c is odd

where (h^0, . . . , h^{α−1}) is the decomposition of h.

Then I_{c,t}(h) defines a reduced arithmetically Cohen-Macaulay subscheme Z_{c,t}(h) ⊂ P^n of codimension c such that Z_{c,t}(h) ⊂ Z_{c,t} and the h-vector of Z_{c,t}(h) is h.

If each subset of c + 2 elements of M_{c,t} is linearly independent then Z_{c,t}(h) is a generalized stick figure. Moreover, if h^′ = (h^′_0, . . . , h^′_v′ ) is an O-sequence where h^′_v′ ≠ 0, such that h^′_i ≤ h_i for all i with 0 ≤ i ≤ v^′ ≤ v, then Z_{c,t}(h^′) ⊂ Z_{c,t}(h).

Proof. In view of Theorem 4.1, it suffices to check that Z_{c,t}(h) is arithmetically Cohen- Macaulay, Z_{c,t}(h) ⊂ Z_{c,t}, the h-vector of Z_{c,t}(h) and the last claim. We induct on c ≥ 1.

Let c = 1. By comparison with Theorem 4.1 we get Z_{c,t}(h) ⊂ Z_{1,t} because I_{Z1,t} = (M_0 · . . . · M_t).

Now let c > 1. Using the notation of Lemma 5.3, h^j is the h-vector of T̄ /I_j ∩ T̄ , where T̄ = K[z_2, . . . , z_c]. Let h^j = (h^j_0, h^j_1, . . . , h^j_{tj} ). Then h^j_i ≤ (^{c−2+i}_i ) for all i ≥ 0. Moreover, Lemma 5.3 shows that t_j ≤ v − j ≤ t − j. Since I_0 ⊂ I_1 ⊂ · · · ⊂ I_{α−1}, the induction hypothesis provides inclusions of arithmetically Cohen-Macaulay configurations Z_{c−1,t}(h^0) ⊂ Z_{c−1,t} ∪ ∪ Z_{c−1,t−1}(h^1) ⊂ Z_{c−1,t−1} ∪ ∪ . . . . ∪ ∪ Z_{c−1,t+1−α}(h^{α−1}) ⊂ Z_{c−1,t+1−α} ∪ . . ∪ Z_{c−1,0}. Suppose that c is even. Then the configuration Z_{c−1,t−j} is made up using only the linear forms M_0, . . . , M_{t−j+} c−2_2 , L_0, . . . , L_{t−j+} c−4_2 . Hence the assumption on the set M_{c,t} and Theorem 4.1 imply I_{Zc−1,t−j} : L_{t−j+} c−2_2 = I_{Zc−1,t−j} and hence I_{c−1,t−j}(h^j) : L_{t−j+} c−2_2 = I_{Zc−1,t−j} . Therefore Corollary 3.5 gives us that the ideal

(L_{t+} c−2_2 · . . . · L_{t+1−α+} c−2_2 ) + α−1∑ j=0 I_{c−1,t−j}(h^j ) · j∏ i=1 L_{t+1−i+} c−2_2 defines an arithmetically Cohen-Macaulay subscheme having h as h-vector and is in fact the ideal I_{c,t}(h).

If c is odd we conclude similarly because then I_{c−1,t−j} (h^j) : M_{t−j+} c−1_2 = I_{c−1,t−j}(h^j). It remains to show that I_{c,t}(h) ⊂ I_{c,t}(h^′). Let J^′ = ∑_α′ j=0 z^j_1I^′_j be the decomposition of the lex-segment ideal J^′ ⊂ T with h-vector h^′. Let k^j be the h-vector of T̄ /I^′_j ∩ T̄ . Lemma 5.3 implies that I_j ⊂ I^′_j for all j with 0 ≤ j ≤<^′. Therefore, the induction hypothesis provides I_{c−1,t−j}(h^j) ⊂ I_{c−1,t−j}(k^j ) if 0 ≤ j < α^′. Then using the definition of the ideals we obtain I_{c,t}(h) ⊂ I_{c,t}(h^′) as desired.

Finally, note that if h = ( 1, c, ( c + 1 2 ) , . . . , ( c − 1 + t t ))

is a “maximal” h-vector then Z_{c,t}(h) = Z_{c,t}. Hence we conclude that all of the configurations Z_{c,t}(h) that we obtain for “smaller” h-vectors are contained in Z_{c,t} as claimed.

Example 5.9. In Theorem 5.8 we gave the result that if h^′ = (h^′_0, . . . , h^′_v) and h = (h_0, . . . , h_v) are O-sequences, with v^′ ≤ v ≤ t and h^′_i ≤ h_i for all i, then Z_{c,t}(h^′) ⊂ Z_{c,t}(h). We want to stress here that the value of t must be the same.

Let h^′ = (1, 2) and let h = (1, 2, 2). Then we obtain

I_{2,1}(h^′) = (M_0, L_0) ∩ (M_0, L_1) ∩ (M_1, L_1) I_{2,2}(h^′) = (M_1, L_1) ∩ (M_1, L_2) ∩ (M_2, L_2) I_{2,2}(h) = (M_0, L_1) ∩ (M_1, L_1) ∩ (M_0, L_2) ∩ (M_1, L_2) ∩ (M_2, L_2) In particular, Z_{2,2}(h^′) is contained in Z_{2,2}(h) (as expected from Theorem 5.8) but Z_{2,1}(h^′) is not contained in Z_{2,2}(h).

In the following corollary, the use of the term “extremal Betti numbers” will be justified in Theorem 8.12.

Corollary 5.10. The schemes Z_{c,t}(h) ⊂ P^n constructed in Theorem 5.8 have extremal Betti numbers, i.e. their graded Betti numbers are the same as those of the Artinian lex-segment ideal J ⊂ T = K[z_1, . . . , z_c] with h-vector h.

Proof. As a preparatory step we consider the lex-segment ideal J ⊂ T . The properties of its decomposition imply

J : z_1 = I_0 + α∑ j=1 z^{j−1}_1 · I_j = α∑ j=1 z^{j−1}_1 · I_j. Using Lemmas 5.5 and 5.3 we obtain reg(J : z_1) = reg I_1 < a(I_0).

Since (J +z_1T )/z_1T = (I_0 +z_1T )/z_1T , the multiplication by z_1 provides the exact sequence 0 → (J : z_1)(−1) → J → (I_0 + z_1T )/z_1T → 0 where a((I_0 + z_1T )/z_1T ) = a(I_0) > reg(J : z_1). We claim that this implies for all i Tor^T_i (J, K) ∼= Tor^T_i (J : z_1, K)(−1) ⊕ Tor^T_i ((I_0 + z_1T )/z_1T, K).

Indeed, the long exact Tor-sequence provides maps φ_i : Tor^T_i ((I_0 + z_1T )/z_1T, K) → Tor^T_{i−1}(J : z_1, K)(−1). If j < i + a(I_0) then [Tor^T_i ((I_0 + z_1T )/z_1T, K)]_j = 0, and if j ≥ i + a(I_0) > i + reg(J : z_1) then [Tor^T_{i−1}(J : z_1, K)(−1)]_j = 0. Therefore φ is the zero map and the Tor-sequence proves our claim.

Now we consider Z_{c,t}(h). We induct on c and a(J) = α. Again, the case c = 1 is easy. Let c > 1. If α = 1 then J contains a linear form which allows us to conclude using induction on the codimension. Let α > 1.

Assume that c is even. Let W be defined by

I_W = I_{c,t}(h) : L_{t+} c−2_2 = α−1⋂ j=1 [ I_{c−1,t−j}(h^j) + (L_{t−j+} c−2_2 ) ] . Then we claim that we have an exact sequence 0 → I_W (−1) → I_{c,t}(h) → I_{c−1,t}(h^0) + (L_{t+} c−2_2 ) (L_{t+} c−2_2 ) → 0. (5.2)

Indeed, the only question is the cokernel. The sequence clearly holds if we write I_{c,t}(h) + (L_{t+} c−2_2 ) (L_{t+} c−2_2 )

(5.3)

for the cokernel. But W is arithmetically Cohen-Macaulay by induction, and Z_{c,t}(h) is arithmetically Cohen-Macaulay by Theorem 5.8, so sheafifying and taking cohomology gives that (5.3) is a Cohen-Macaulay ideal. But then the generality of L_{t+} c−2_2 gives that the components of the corresponding scheme are defined precisely by the ideal given as the cokernel of (5.2).

By induction on α, I_W has the same Betti numbers as J : z_1 and, by induction on c, I_{c−1,t}(h^0) has the same Betti numbers as I_0. Hence we can conclude as above that the Betti numbers of I_{c,t}(h) are the sum of the Betti numbers of I_W (−1) and I_{c−1,t}(h^0) + (L_{t+} c−2_2 ) (L_{t+} c−2_2 ) and thus equal to the Betti numbers of J.

The case where c is odd is handled similarly.

Some arguments in the proofs of this section could be replaced by results from the theory of k-configurations (e.g. [19], [20]). But we prefer to keep the exposition more self-contained.

We would now like to give an explicit (combinatorial) primary decomposition of the ideal I_{c,t}(h). In order to do this, we will use lexicographic order ideals of monomials. Denote by S^{(c)} the set of monomials in the polynomial ring S = K[y_1, . . . , y_c]. The reverse lexicographic order on S^{(c)} is defined by

y^{a1}_1 · . . . · y^{ac}_c <_r y^{b1}_1 · . . . · y^{bc}_c if the last non-zero coordinate of the vector (a_1 − b_1, . . . , a_c − b_c) is negative.

A non-empty subset M of S^{(c)} is called an order ideal of monomials if m^′ ∈ M and m|m^′ imply m ∈ M. It is said to be a lexicographic set of monomials if m^′ ∈ M, m <_r m^′ and deg m = deg m^′ imply m ∈ M. If M has both properties, it is called a lexicographic order ideal of monomials (LOIM). Observe that a LOIM is not an ideal of S.

The lexicographic order of the set of monomials T^{(c)} in T = K[z_1, . . . , z_c] is defined by z^{a1}_1 · . . . · z^{ac}_c >_ℓ z^{b1}_1 · . . . · z^{bc}_c if the first non-zero coordinate of the vector (a_1 − b_1, . . . , a_c − b_c) is positive.

We define a bijective map φ : T^{(c)} → S^{(c)} by φ(z^{a1}_1 · . . . · z^{ac}_c ) = y^{ac}_1 · . . . · y^{a1}_c . Obviously, φ preserves the degree. Moreover, the following is immediate: Lemma 5.11. If m, m^′ are monomials in T^{(c)} then m >_ℓ m^′ if and only if φ(m) >_r φ(m^′).

We also need the following preparatory result.

Lemma 5.12. Let h = (h_0, h_1, . . . ) be an O-sequence, where c ≥ h_1. Let M_i be the smallest (in the ordering <_r) h_i monomials in S^{(c)} of degree i. Then M := ⋃_∞ i=0 M_i is a LOIM which is called the LOIM associated to h and denoted by LOIM(h). Proof. This is a special case of Proposition 1 in [5]. See also [55].

Now we can relate the lex-segment ideals in T to the LOIM’s in S. Lemma 5.13. Let J ⊂ T be a lex-segment ideal. Put h_i = h_{T /J} (i) and h = (h_0, h_1, . . . ). Define M := {φ(m) | m ∈ T^{(c)}\J}. Then we have M = LOIM(h).

Proof. By the definition of h_i, the ideal J does not contain exactly the smallest (with respect to >_ℓ) h_i monomials in T of degree i. Therefore, by Lemma 5.11, M contains exactly the smallest (in the ordering <_r) h_i monomials of S of degree i. Since h is an O-sequence, Lemma 5.12 shows that M is a LOIM.

Corollary 5.14. Let h = (h_0, . . . , h_t) be an O-sequence with the decomposition (h^0, . . . , h^{α−1}) and h_1 ≤ c. Then we have LOIM(h) = α−1⋃ j=0 y^j_c · LOIM(h^j). (Note that LOIM(h^j) ⊂ K[y_1, . . . , y_{c−1}].)

Proof. Let J ⊂ T be the lex-segment ideal having h as h-vector. Let J = ∑_{α−1} j=0 z^j_1I_j be its decomposition according to Lemma 5.3. Since z^α_1 ∈ J we have for a monomial z^j_1m with m ∈ K[z_2, . . . , z_c] that z^j_1m /∈ J ⇔ 0 ≤ j < α and m /∈ I_j ⇔ φ(z^j_1m) = y^j_c φ(m) ∈ LOIM(h), where 0 ≤ j < α and φ(m) ∈ LOIM(h^j ) by Lemma 5.13. The claim then follows.

Now we need some more notation.

Definition 5.15. Let c ≥ 1, t ≥ 0 be integers and let m ∈ S^{(c)} be a monomial of degree k ≤ t. Let U := K[u_1, . . . , u_{c+2t}] be a polynomial ring. Write m as m = y_{e1} · y_{e2} · . . . · y_{ek} where 1 ≤ e_1 ≤ e_2 ≤ · · · ≤ e_k ≤ c.

Define • β̄_{c,t}(m) := {u_1, . . . , u_{2(t−k)}} ∪ k⋃ j=1 {u_{ej +2(j+t−k)−1}, u_{ej +2(j+t−k)}} ⊂ U • p̄_{c,t}(m) to be the ideal generated by {u_1, . . . , u_{c+2t}}\β̄_{c,t}(m)

• p_{c,t}(m) to be the ideal generated by {μ(u_i) | u_i ∈ p̄_{c,t}(m)} where μ : {u_1, . . . , u_{c+2t}} → M_{c,t} = {M_0, . . . , M_{t+⌊} c−1_{2 ⌋}, L_0, . . . , L_{t+⌊} c−2_{2 ⌋}} is the bijective map defined by

μ(u_i) = { M i−1_2 if i is odd; L i−2_2 if i is even.

Theorem 5.16. Let h = (h_0, . . . , h_t) be an O-sequence, where h_1 ≤ c. Then we have I_{c,t}(h) = ⋂ m∈LOIM(h) p_{c,t}(m). Proof. We induct on c ≥ 1. First let c = 1. Then there is an integer v such that 0 ≤ v ≤ t and h_i = { 1 if 0 ≤ i ≤ v 0 if v < i ≤ t. Thus we have I_{c,t}(h) = (M_{t−v} · . . . · M_t) and LOIM(h) = {1, y_1, . . . , y^v_1 }. For 0 ≤ k ≤ v we obtain β̄_{c,t}(y^k_1 ) = {u_1, . . . , u_{2(t−k)}} ∪ {u_{2(t−k)+2}, . . . , u_{2t+1}}, and thus p̄_{c,t}(y^k_1 ) = (u_{2(t−k)+1}), and p_{c,t}(y^k_1 ) = M_{t−k}. It follows that ⋂ m∈LOIM(h) p_{c,t}(m) = v⋂ k=0 (M_{t−k}) = I_{c,t}(h) as claimed.

Now let c > 1. Let (h^0, . . . , h^{α−1}) be the decomposition of h. Assume that c is even. Then we know by Theorem 5.8 and the induction hypothesis that I_{c,t}(h) = α−1⋂ j=0 [ I_{c−1,t−j}(h^j) + (L_{t−j+} c−2_2 ) ]

= α−1⋂ j=0 ⋂ m∈LOIM(h^j ) p_{c−1,t−j}(m) + (L_{t−j+} c−2_2 ) .

Since LOIM(h) = ⋃_{α−1} j=0 y^j_c · LOIM(h^j ), we are done if we can show Claim: Let 0 ≤ j < α and let m ∈ LOIM(h^j). Then p_{c,t}(y^j_c · m) = p_{c−1,t−j}(m) + (L_{t−j+} c−2_2 ). By Lemma 5.3 we know that k := deg m ≤ t − j. Thus we get β̄_{c,t}(y^j_c · m) = β̄_{c−1,t−j} (m) ∪ {u_{c+2(t−j)+1}, . . . , u_{c+2t}}.

Because p̄_{c−1,t−j}(m) is generated by {u_1, . . . , u_{c−1+2(t−j)}}\β̄_{c−1,t−j}(m) and p̄_{c,t}(y^j_c ·m) is generated by {u_1, . . . , u_{c+2t}}\β̄_{c,t}(y^j_c · m), it follows that p̄_{c,t}(y_c · m) = p̄_{c−1,t−j}(m) + (u_{c+2(t−j)}), and so p_{c,t}(y^j_c · m) = p_{c−1,t−j}(m) + (L_{t−j+} c−2_2 ), proving the claim.

If c is odd we conclude similarly.

6. Gorenstein configurations for any SI-sequence In this section we prove one of the main results of the paper, namely that for every SIsequence h there exists a reduced, arithmetically Gorenstein union of linear varieties whose h-vector is h. Furthermore, we characterize the linear varieties which are components of this arithmetically Gorenstein configuration, essentially giving the primary decomposition.

We begin by introducing a notation for a shift among the variables u_i: Definition 6.1. We define the injective map τ : {u_1, u_2, . . . } → {u_1, u_2, . . . } by τ(u_i) = u_{i+1} for all i ≥ 1. Abusing notation, we denote by τ(p_{c−1,t}(m)) the ideal generated by {μ(τ(u_i)) | u_i ∈ p̄_{c−1,t}(m)} and by τ(Z_{c−1,t}) the scheme defined by the intersection of the ideals τ(p) where p is a minimal prime ideal of I_{c−1,t} (using Theorems 5.8 and 5.16).

In the next technical lemma we collect some facts that we will need later on. Lemma 6.2. Let c ≥ 2, t ≥ 1 be integers. Then we have (a) τ(Z_{c−1,t−1}) ⊂ G_{c−1,s,t} for all s ≥ 2t. (b) If m = y_{e1} · . . . · y_{ek} where 1 ≤ e_1 ≤ · · · ≤ e_k ≤ c − 1 and k ≤ t then (i) u_1 ∈ β̄_{c−1,t}(m) if and only if k < t. (ii) u_{c−1+2t} ∈ β̄_{c−1,t}(m) if and only if e_k = c − 1.

(iii) If y_{c−1} divides m then p_{c−1,t}(m) = p_{c−1,t−1} ( m y_{c−1} ) . Proof. (a) Comparing Theorems 4.1 and 4.3 we observe that τ(Z_{c−1,t−1}) is just defined by B_{c−1,s,t−1} and B^′_{c−1,s,t−1} respectively, depending on the divisibility of c − 1 by 2.

(b) The first two claims follow immediately from the definition of β̄_{c−1,t}(m) For (iii) it suffices to note that e_k = c − 1 implies {u_{c−2+2t}, u_{c−1+2t}} ⊂ β̄_{c−1,t}(m), and thus {u_1, . . . , u_{c−1+2t}}\β̄_{c−1,t}(m) = {u_1, . . . , u_{c−1+2(t−1)}}\β̄_{c−1,t−1} ( m y_{c−1} )

and the assertion follows.

Now we are ready for the announced construction of the arithmetically Gorenstein schemes and a description of their irreducible components.

Theorem 6.3. Let h = (h_0, h_1, . . . , h_s) be an SI-sequence, where h_s = 1. Let c ≥ max{h_1, 2} be an integer and let t = min{i|h_i ≥ h_{i+1}}. Put g = (g_0, . . . , g_t), where g_i = h_i − h_{i−1}. Suppose N_{c−1,s+1,t} = {M_0, . . . , M_{t+⌊} c−2_{2 ⌋}, L_0, . . . , L_{s−t+⌊} c−1_{2 ⌋}} ⊂ R is a subset of linear forms such that each subset of c + 1 elements is linearly independent. Define the ideal J_c(h) := I_{c−1,t}(g) + I_Y where Y = G_{c−1,s+1,t}\Z_{c−1,t}(g). Then J_c(h) is a Gorenstein ideal in R defining a reduced, arithmetically Gorenstein subscheme G_c(h) ⊂ P^n of codimension c having h as h-vector. Furthermore, p is a minimal prime ideal of J_c(h) if and only if it is generated by a subset of N_{c−1,s+1,t} consisting of c elements and contains exactly one minimal prime ideal of I_{c−1,t}(g).

Proof. Notice that Z_{c−1,t} is always contained inside G_{c−1,s+1,t}, thanks to Theorem 4.1 and Theorem 4.3. However, even if h is maximal and so Z_{c−1,t} = Z_{c−1,t}(h) (cf. Theorem 5.8), it is not true (if c is odd) that G_{c,s,t} = G_c(h), or even that Z_{c,t} ⊂ G_c(h). See also Remark 6.5.

(Step I) According to Theorem 5.8, we know that Z_{c−1,t}(g) ⊂ Z_{c−1,t}. By Theorem 4.3, G_{c−1,s+1,t} is a generalized stick figure containing Z_{c−1,t}. Thus J_c(h) is the sum of the geometrically linked ideals I_{c−1,t}(g) and I_Y . The fact that G_c(h) is reduced comes from the fact that G_{c−1,s+1,t} is a generalized stick figure, using Remark 3.2.

We have h = (1, c, h_2, . . . , h_{t−1}, h_t, h_t, . . . , h_t, h_t, h_{t+1}, . . . , h_{s−2}, c, 1). Note that the 1’s occur in degrees 0 and s and the last h_t occurs in degree s − t. Note also that s ≥ 2t. Consider the sequences d = (d_i), g = (g_i), c = (c_i), g^′ = (g^′_i), where

d_i = h_i − h_{i−1} for 0 ≤ i ≤ s + 1 (some of the entries are 0 or negative and the sequence is anti-symmetric);

g_i = { h_i − h_{i−1} 0 for 0 ≤ i ≤ t (this is an O-sequence); for i > t;

c_i = (_{i+c−2} c−2 ) (_{t+c−2} c−2 ) (_{s−i+c−1} c−2 ) for 0 ≤ i ≤ t;

for t ≤ i ≤ s − t + 1; for s − t + 1 ≤ i ≤ s + 1 (note that c_i = c_{s+1−i} for 0 ≤ i ≤ s + 1);

g^′_i = c_{s+1−i} − g_{s+1−i} for i ≥ 0.

Note that c is the h-vector of G_{c−1,s+1,t}. By Lemma 2.5 we know that Y has h-vector g^′, and again by Lemma 2.5 we know that the first difference of the h-vector of G_c(h) is given by

g_i + g^′_i − c_i.

We now claim that g_i + g^′_i − c_i = d_i. • For 0 ≤ i ≤ t we have g_i = d_i and g^′_i = c_i. • For t + 1 ≤ i ≤ s − t we have c_i = (_{t+c−2} c−2 ) , g_i = 0 = g_{s+1−i} and g^′_i = c_{s+1−i} − 0 = c_i.

However, in this range we have d_i = 0 by the symmetry of h.

• For s − t + 1 ≤ i ≤ s + 1 we have g_i = 0, g^′_i = c_{s+1−i} − g_{s+1−i} = c_i − g_{s+1−i}. Hence g_i + g^′_i − c_i = −g_{s+1−i} = −d_{s+1−i} = d_i

It follows that G_c(h) has the desired h-vector h.

(Step II) It remains to establish the claim on the minimal prime ideals of J_c(h). Since G_{c−1,s+1,t} is a generalized stick figure and J_c(h) is unmixed of codimension c, an ideal p is a minimal prime of J_c(h) if and only if codim(p) = c and p = p_1 + p_2 for some minimal prime ideal p_1 of I_{c−1,t}(g) and some minimal prime ideal p_2 of I_Y . Thus the assumption on N_{c−1,s+1,t} implies that each minimal prime p of J_c(h) is generated by a subset of N_{c−1,s+1,t} consisting of c elements.

Suppose that p contains another minimal prime p^′_1 ≠ p_1 of I_{c−1,t}(g). Then p_1, p^′_1, p_2 are pairwise distinct minimal prime ideals of G_{c−1,s+1,t} such that p_1 + p^′_1 + p_2 = p has codimension c. This contradicts the fact that G_{c−1,s+1,t} is a generalized stick figure. Thus we have shown the necessity of the conditions for being a minimal prime.

(Step III) In order to prove sufficiency, let p_1 = p_{c−1,t}(m) be a minimal prime of I_{c−1,t}(g), where m ∈ LOIM(g). We must show that for H ∈ N_{c−1,s+1,t}\p_1, if p_1 is the only minimal prime of I_{c−1,t}(g) which is contained in p_1 + (H) then p_1 + (H) is a minimal prime of J_c(h).

Our proof will make use of the following observation. Given H and p_1 as in the last paragraph, consider a specific minimal prime ideal q of I_{Gc−1,s+1,t} such that p_1 + (H) = p_1 + q. Then we know by Step II that p_1 + (H) is a minimal prime ideal of J_c(h) if and only if q is not a minimal prime ideal of I_{c−1,t}(g) (i.e. q is a minimal prime of I_Y ).

We will distinguish several cases.

Case 1. Suppose that H ∈ N_{c−1,s+1,t}\M_{c−1,t} (see the statement of Theorem 5.8), i.e. H ∈ { L_{t+1+⌊} c−3_{2 ⌋}, . . . , L_{s+1−t+⌊} c−3_{2 ⌋} } . We already know that p_1 is a minimal prime ideal of I_{Gc−1,s+1,t} . Write p_1 as in Theorem 4.3 and denote by q^′ the ideal generated by the first c − 2 linear generators of p_1. Then q = q^′ + (H) is a minimal prime ideal of I_{Gc−1,s+1,t} – in fact, it is a primary component of C_{c−1,s+1,t} (if c − 1 is even) or C^′_{c−1,s+1,t} (if c − 1 is odd). Since H /∈ M_{c−1,t}, q must be a minimal prime of I_Y . Thus p_1 + (H) = p_1 + q is a primary component of J_c(h).

Case 2. Suppose H ∈ M_{c−1,t}, i.e. H = μ(u) for some u ∈ {u_1, . . . , u_{c−1+2t}}. As preparation we need a description of the subsets of U = {u_1, . . . , u_{c−1+2t}} having the form β̄_{c−1,t}(m) for some monomial m ∈ S(c−1) (see Definition 5.15). To this end we call a subset W of U consecutive if W = {u_i, u_{i+1}, . . . , u_j} for some 1 ≤ i ≤ j ≤ c − 1 + 2t. If i > 1 then u_{i−1} is called the predecessor of W , and if j < c − 1 + 2t then u_{j+1} is called the successor of W .

Now let W be an arbitrary non-empty subset of U. It is clear that W has a unique decomposition W = W_1 ∪· · ·∪W_p where W_1, . . . , W_p are consecutive subsets, the successor of W_i is not contained in W if 1 ≤ i < p, the predecessor of W_i is not contained in W if 1 < i ≤ p, and every element of W_i is smaller (in the order <_r) than every element of W_{i+1} if 1 ≤ i < p. Using this notation, the definition of β̄_{c−1,t}(m) (Definition 5.15) implies:

Observation: There is a monomial m ∈ S^{(c−1)} such that W = β̄_{c−1,t}(m) if and only if |W | = 2t and the cardinality |W_i| is even for all i with 1 ≤ i ≤ p.

Returning to our previous notation, let m ∈ S^{(c−1)} again denote a monomial such that p_1 = p_{c−1,t}(m). As above, write W = W_1 ∪ · · ·∪ W_p for the unique decomposition of W := β̄_{c−1,t}(m) into consecutive subsets. Since H = μ(u) /∈ p_1, we obtain u ∈ W = β̄_{c−1,t}(m), i.e. u ∈ W_ℓ for some ℓ (1 ≤ ℓ ≤ p). Write W_ℓ\{u} = W̃ ∪ W̄ where W̃ and W̄ are both consecutive unless one of them is empty, and each element of W̃ is smaller than each element of W̄ .

We have to distinguish further cases:

Case 2.1: Suppose that |W̃ | is odd and that u_1 /∈ W if ℓ = 1. Then W_ℓ has a predecessor, say ū. Since |W̄ | is even, the observation above implies the existence of a monomial m^′ ∈ S^{(c−1)} of degree ≤ t such that (W \{u}) ∪ {ū} = β̄_{c−1,t}(m^′). The prime ideal q := p_{c−1,t}(m^′) is a minimal prime of I_{Zc−1,t} , and thus of I_{Gc−1,s+1,t} .

Moreover, we have by construction p_1 + q = p_1 + (μ(u)) = p_1 + (H).

Hence we are done, as explained at the beginning of Step (III).

Case 2.2: Suppose that |W̃ | is even and that u_{c−1+2t} /∈ W if ℓ = p. Then W_ℓ has a successor, say ū. Since |W̃ | is even, we can find as above a monomial m^′ ∈ S^{(c−1)} such that (W \{u}) ∪ {ū} = β̄_{c−1,t}(m^′) and q = p_{c−1,t}(m^′) is a minimal prime of I_{Gc−1,s+1,t} . We conclude as in Case 2.1.

Case 2.3: Suppose that |W̃ | is odd, u_1 ∈ W and ℓ = 1. Then u_1 ∈ W \{u} (since if u = u_1 then |W̃ | is not odd) and p ≥ 2.

Case 2.3.1 Suppose that u_{c−1+2t} /∈ W . Then we form the subset X ⊂ U by replacing u_1 by u_{c−1+2t} and all u_i ∈ (W \{u}) ∪ {u_{c−1+2t}} with i > 1 by u_{i−1}. The observation above shows that there is a monomial m^′ ∈ S^{(c−1)} of degree ≤ t such that X = β̄_{c−1,t}(m^′). Since u_{c−1+2t} ∈ X, we obtain by Lemma 6.2 that y_{c−1} divides m^′. Using Lemma 6.2 again, we conclude that

q := p_{c−1,t}(m^′) = p_{c−1,t−1} ( m^′ y_{c−1} )

is a minimal prime ideal of I_{Zc−1,t−1} . Hence Lemma 6.2 shows that τ(q) is a minimal prime of I_{Gc−1,s+1,t} . It follows that W ∩ τ(X) = W \{u, u_1}, and thus p_1 + τ(q) = p_1 + (H) is a minimal prime ideal of J_c(h).

Case 2.3.2: Suppose that u_{c−1+2t} ∈ W . Let ū be the predecessor of W_p. As in Case 2.3.1, construct X out of (W \{u}) ∪ {ū} by replacing all u_i ∈ (W \{u}) ∪ {ū} by u_{i−1} if i > 1 and by u_{c−1+2t} if i = 1. Again we get the existence of a monomial m^′ ∈ S^{(c−1)} such that X = β̄_{c−1,t}(m^′) and

q = p_{c−1,t}(m^′) = p_{c−1,t−1} ( m^′ y_{c−1} ) is a minimal prime of I_{Zc−1,t−1} , and thus p_1 + τ(q) = p_1 + (H) is a minimal prime of J_c(h).

Case 2.4: Suppose that |W̃ | is even, u_{c−1+2t} ∈ W and ℓ = p. Then u_{c−1+2t} ∈ W̄ and |W̄ | is odd. (Note that u = u_{c−1+2t} is impossible since otherwise W̃ = W_ℓ \ {u_{c−1+2t}} has odd cardinality.)

Case 2.4.1: Suppose that u_1 /∈ W . Similarly as above we conclude that there is a monomial m^′ ∈ S^{(c−1)} such that β̄_{c−1,t}(m^′) = (W \{u}) ∪ {u_1}, and

q = p_{c−1,t}(m^′) = p_{c−1,t−1} ( m^′ y_{c−1} )

is a minimal prime of I_{Zc−1,t−1} , and thus p_1 + τ(q) = p_1 + (H) is a minimal prime of J_c(h).

Case 2.4.2: Suppose that u_1 ∈ W . Let ū be the successor of W_1. Then there is a monomial m^′ ∈ S^{(c−1)} such that y_{c−1} divides m^′, β̄_{c−1,t}(m^′) = (W \{u}) ∪ {ū} and

p_1 + τ ( p_{c−1,t−1} ( m^′ y_{c−1} )) = p_1 + (H)

is a minimal prime of J_c(h).

Therefore we have shown the claim in all cases, and the proof of Theorem 6.3 is complete.

We wish to illustrate the methods of the last proof and of Section 5 by a simple example. Example 6.4. We want to construct a reduced arithmetically Gorenstein subscheme of P^n with h-vector h = (1, 3, 5, 3, 1).

Thus we have s = 4 and t = 2. Moreover, we take c = 3 and n ≥ 3. Thus, we want to produce the Gorenstein scheme G_3(h).

Our construction uses the set of sufficiently general linear forms N_{2,5,2} = {M_0, M_1, M_2, L_0, L_1, L_2, L_3}.

Following the proof of Theorem 6.3 we get g = (1, 2, 2).

First, we have to construct the scheme Z_{2,2}(g) using the methods of Section 5. The starting point is the Artinian lex-segment ideal J ⊂ T := K[z_1, z_2] corresponding to the h-vector g. We obtain J = (z^2_1 , z_1z^2 , z^3_2 )

= (z^3_2 ) + z_1(z^2 ) + z^2_1 T.

Hence we get for the decomposition of g (cf. Definition 5.7) g = (g^0, g^1) where g^0 = (1, 1, 1) and g^1 = (1, 1).

Therefore Theorem 5.8 provides for the ideal of Z_{2,2}(g) I_{2,2}(g) = (I_{1,2}(g^0) + (L_2)) ∩ (I_{1,1}(g^1) + (L_1)) = (M_0M_1M_2, L_2) ∩ (M_1M_2, L_1) = (M_0M_1M_2, M_1M_2L_2, L_1L_2).

Second, we want to link Z_{2,2}(g) by G_{2,5,2} to the scheme Y . Theorem 4.3 gives the primary decomposition of the ideal of G_{2,5,2} which we group somewhat for the sake of transparency I_{G2,5,2} =(M_0, L_0L_1L_2) ∩ (M_1, L_1L_2) ∩ (M_2, L_2) ∩ (L_0, M_1M_2) ∩ (L_1, M_2) ∩ (M_0M_1M_2, L_3).

It is easy to see that I_{G2,5,2} is just the complete intersection (M_0M_1M_2, L_0L_1L_2L_3).

For the linked scheme Y = G_{2,5,2} \ Z_{2,2}(g) we get (grouping again) I_Y = (M_0, L_0L_1) ∩ (L_0, M_1M_2) ∩ (M_0M_1M_2, L_3) = (M_0M_1M_2, M_0L_0L_3, L_0L_1L_3).

Now, on the one hand the construction of the proof of Theorem 6.3 provides for the ideal of G_3(h) J_3(h) = I_{2,2}(g) + I_Y

= (M_0M_1M_2, M_0L_0L_3, M_1M_2L_2, L_0L_1L_3, L_1L_2).

On the other hand Theorem 6.3 describes directly the components of G_3(h). We get (grouping again)

J_3(h) = (L_0L_3, M_0M_1M_2, L_2) ∩ (M_0L_0L_3, M_1M_2, L_1) ∩ (L_1, M_0, L_2) which in this special case we also could have obtained easily from the description of the generators of the ideal above.

Remark 6.5. We conjecture that the arithmetically Gorenstein configurations produced in Theorem 6.3 are in fact themselves generalized stick figures. The obstruction to proving this comes from the possibility of situations like the hypothetical one described in the proof of Theorem 4.3 (see page 16). There we were able to conclude because of the very explicit nature of the primary decomposition, which is missing here. Note that in codimension 3 the result is known [25].

This conjecture would follow easily if we knew, for example, that G_c(h) ⊂ G_{c,s,t}. There is a subtle point, to begin with. The scheme G_c(h) is constructed using the set N_{c−1,s+1,t} = {M_0, . . . , M_{t+⌊} c−2_{2 ⌋}, L_0, . . . , L_{s+1−t+⌊} c−3_{2 ⌋}} whereas G_{c,s,t} is constructed using N_{c,s,t} = {M_0, . . . , M_{t+⌊} c−1_{2 ⌋}, L_0, . . . , L_{s−t+⌊} c−2_{2 ⌋}}.

These agree if and only if c is even. In order to remedy this situation we can proceed as we did in Theorem 4.3 and define G^′_{c,s,t} = G_{c,s,t} if c is even;

The scheme defined by the ideal which is obtained from I_{Gc,s,t} by re-naming M_{t+} c−1_2 as L_{s−t+} c−1_2 .

With this re-naming, N_{c,s,t} becomes N_{c−1,s+1,t}, and of course G^′_{c,s,t} is still arithmetically Gorenstein.

The “right” question is thus whether G_c(h) ⊂ G^′_{c,s,t}. In fact, if h is maximal, i.e. if

h_i = (_{c−1+i} c−1 ) if 0 ≤ i ≤ t; (_{c−1+t} c−1 ) if t ≤ i ≤ s − t; (_{s−i+c−1} c−1 ) if s − t ≤ i ≤ s then it follows from the constructions of Theorem 4.3 and Theorem 6.3 that G_c(h) = G^′_{c,s,t}.

However, we can not expect, in general, that G_c(h) ⊂ G^′_{c,s,t}. The reason is the following. Suppose we have Z_{c−1,t}(g) ⊊ Z_{c−1,t} ⊂ G, where G is the suitable arithmetically Gorenstein scheme from the construction. The components of G_{c,s,t} are obtained by intersecting a component of Z_{c−1,t} with a component of G\Z_{c−1,t}. The components of G_c(h) are obtained by intersecting a component of Z_{c−1,t}(g) with a component of G\Z_{c−1,t}(g). Hence there are components of G_c(h) which consist of the intersection of two components of Z_{c−1,t}, and no such intersection is a component of G^′_{c,s,t}.

For a specific counterexample, let h = (1, 3, 5, 3, 1), so s = 4, t = 2 and we put c = 3. Then (L_1, M_0, L_2) is a minimal prime ideal of J_3(h) (cf. Example 6.4) but not of I_G′_{3,4,2} . Hence G_3(h) ⊄ G^′_{3,4,2}.

7. The Subspace Property

In this section we want to show that the arithmetically Gorenstein schemes constructed in the previous section have the Weak Lefschetz Property. Passing to the Artinian reduction we would lose our useful combinatorial description. Thus, we introduce the so-called subspace property. It is even defined for arithmetically Cohen-Macaulay schemes and does not require taking consecutive hyperplane sections. However, for arithmetically Gorenstein subschemes the subspace property implies the Weak Lefschetz Property. Thus, we conclude by showing that our arithmetically Gorenstein schemes do possess the subspace property.

Recall (cf. Remark 2.10 ) that reg(X) denotes the Castelnuovo-Mumford regularity of the scheme X.

Notation 7.1. For a graded module M we denote by a(M) the initial degree: a(M) := inf{t ∈ Z|[M]_t ≠ 0}. Definition 7.2. A homogeneous ideal I ⊂ R = K[x_0, . . . , x_n] of codimension c is said to have the subspace property if there is a linear form ℓ ∈ R such that (I + ℓR)/ℓR is a perfect ideal in R/ℓR of codimension c − 1 and the initial degree of (I :_R ℓ)/I is at least

reg(I)−1

2 . X ⊂ P^n is said to have the subspace property if I_X does.

Remark 7.3. The condition that (I + ℓR)/ℓR have codimension c − 1 in R/ℓR means that ℓ has to vanish on some components of the scheme defined by I. The conditions that (I + ℓR)/ℓR is perfect and that the initial degree of (I :_R ℓ)/I is “not too small” are what is difficult to verify, in general.

The main example for us is the following. Let I_S be the saturated ideal of an arithmetically Cohen-Macaulay subscheme S of codimension c − 1 in P^n. Let I_C be the saturated ideal of an arithmetically Cohen-Macaulay subscheme C of S of codimension c in P^n. Let ℓ be a linear form not vanishing on any component of S or of C. By Lemma 3.4, I = I_S + ℓ · I_C is the saturated ideal of an arithmetically Cohen-Macaulay subscheme of codimension c in P^n, and this subscheme consists of the union of C and a hyperplane section of S. The ideal I + ℓR/ℓR is just the ideal of this hyperplane section inside the hyperplane, and hence is perfect and has codimension c − 1 inside the hyperplane as required. The ideal I :_R ℓ is just I_C , so if we start with C which is rather large inside S, the condition on the regularity is easy to verify.

Lemma 7.4. Let R/I be an Artinian Gorenstein algebra. Then R/I has the weak Lefschetz property with respect to a linear form g (cf. Definition 2.3) if and only if I has the subspace property with respect to g.

Proof. Assume that R/I has the weak Lefschetz property with respect to g. The fact that we get a perfect ideal comes from the Artinian property. Let (h_0, h_1, . . . , h_{t−1}, h_t, . . . , h_t, . . . , h_1, h_0) be the h-vector of R/I where h_{t−1} < h_t and let s := reg(R/I) (so the second h_0 = 1 occurs in degree s). Consider the exact sequence 0 → I : g I (−1) → R I (−1)^g−→ R I → R I + gR → 0. (7.1)

Since the multiplication by g on R/I is injective if h_{i−1} ≤ h_i, we get

s − t + 1 = a ( I : g I (−1) )

where a(M) := min{j ∈ Z | [M]_j ≠ 0} denotes the initial degree. Since s ≥ 2t we conclude a ( I : g I ) = s − t ≥ s 2 = reg(R/I) 2 = reg I − 1 2 . Conversely, if I has the subspace property then the exact sequence (7.1) gives injectivity for the multiplication by g on R/I in degrees ≤ s/2, and the self-duality of R/I (up to shift) gives the surjectivity for the second half.

Lemma 7.5. Suppose that I has the subspace property with respect to g. Let ℓ be a general linear form. If depth R/I > 0 then I + ℓR has the subspace property with respect to g.

Proof. Consider the commutative diagram 0 0 0 0 ↓ ↓ ↓ ↓ 0 →^{I:g}_I (−2) →^R_I (−2)^g→^R_I (−1) →^R_{I+gR} (−1) → 0 ↓ ℓ ↓ ℓ ↓ ℓ ↓ ℓ 0 →^{I:g}_I (−1) →^R_I (−1)^g→^R_I →^R_{I+gR} → 0 ↓ ↓ ↓ ↓ 0 →^{(I+ℓR):g}_{I+ℓR} (−1) →^R_{I+ℓR} (−1)^g→^R_{I+ℓR} →^R_{I+(g,ℓ)R} → 0 It follows that a ( (I + ℓR) : g I + ℓR ) = a ( I : g I ) ≥ reg I − 1 2 = reg(I + ℓR) − 1 2 .

In particular, we see that if X is an arithmetically Cohen-Macaulay subscheme with the subspace property then its general hyperplane section also has this property, provided that dim X ≥ 1. In view of the last part of Definition 2.3, where we extended the weak Lefschetz property to the non-Artinian case, we have the following corollary.

Corollary 7.6. Suppose that an ideal I has the subspace property. Then I has the weak Lefschetz property.

Proof. It follows from Lemma 7.4 and Lemma 7.5.

Lemma 7.7. The ideals constructed in the proof of Theorem 6.3 have the subspace property.

Proof. In the proof of Theorem 6.3 we use Z ⊂ Z_{c−1,t} ⊂ G_{c−1,s+1,t}, where s ≥ 2t. Thus we get for g := L_{s+1−t+⌊} c−3_{2 ⌋} = L_{s−t+⌊} c−1_{2 ⌋} that I_{Gc−1,s+1,t} : g = I_{Gc−1,s,t} =: K^′ and I_Z : g = I_Z (this follows from Theorem 4.3 and Theorem 4.1).

Put K := I_{Gc−1,s+1,t} , I := I_Z , J := K : I. Consider the commutative diagram 0 0 0 ↓ ↓ ↓ 0 →^R_{K:g} (−1) → (_R I ⊕^R_{J:g} ) (−1) → (_R (I+J):g ) (−1) → 0 ↓ ↓ ↓ 0 →^R_K →^R_I ⊕^R_J →^R_{I+J} → 0 ↓ ↓ ↓ 0 →^R_{K+gR} →^R_{I+gR} ⊕^R_{J+gR} →^R_{I+J+gR} → 0 ↓ ↓ ↓ 0 0 0 Since I and J : g are linked by K^′ = K : g, the ideal (I + J) : g = I + (J : g) is Gorenstein of codimension c and has the h-vector (1, c, h_2, . . . , h_t, . . . , h_t, h_{t−1}, . . . , c, 1) with the final

1 occurring in degree s−1. Hence the rightmost column shows that I +J +gR is a perfect ideal of codimension c in R and a ( (I + J) : g I + J ) = s − t ≥ s 2 = reg(I + J) − 1 2 Therefore I + J has the subspace property with respect to g.

Remark 7.8. The fact that our arithmetically Gorenstein schemes possess the subspace property shows that in some sense the approach of Harima [29] has an analog in higher dimension. We find a large subset of G_{c,s,t} lying on a hyperplane, and after it is removed we are left with G_{c,s−1,t}, which is the higher dimensional analog of his ideal quotient trick. See Remark 2.7.

On the other hand, the choice of the hyperplane which gives the subspace property for a subscheme X can be counter-intuitive, and in particular it is not necessarily the hyperplane containing the “largest” subset of X, as is shown in the following example.

Example 7.9. Let X consist of six points in P^2, three of which are generically chosen on a line λ_1, and three more generally chosen points on a line λ_2. Note that X is a complete intersection, and reg(I_X ) = 4. Let ℓ be a linear form. We claim that if ℓ is the form defining λ_1 or λ_2 then it does not give the subspace property, but that if ℓ vanishes on one point of X that lies on λ_1 and one point of X that lies on λ_2 then ℓ does give the subspace property. Indeed, in all three cases (I + ℓR)/ℓR is perfect in R/ℓR, but in the first two cases the initial degree of (I :_R ℓ)/I is 1 (violating the second condition of the definition), while in the last case this initial degree is 2, satisfying the condition.

8. Extremal Graded Betti Numbers

The goal of this section is to show that the arithmetically Gorenstein schemes constructed in Section 6 have the maximal graded Betti numbers (among the class of arithmetically Gorenstein schemes with the same Hilbert function and the Weak Lefschetz Property). To this end we first compute the Betti numbers of the sum of two geometrically (Gorenstein) linked ideals. Second, in order to get upper bounds for the Betti numbers we compare the Betti numbers of a scheme with those of a hyperplane section. This is done in the more general framework of modules, i.e. we compare Betti numbers of M and M/ℓM where M is a graded module and ℓ is any linear form.

Let X, Y ⊂ P^n be geometrically linked subschemes of codimension c ≤ n. We have already seen that the Hilbert function of X ∩ Y is determined by the Hilbert function of X alone. The same is true of the graded Betti numbers under an additional hypothesis.

Lemma 8.1. If X, Y ⊂ P^n are geometrically linked and reg(X ∪ Y ) ≥ 2 · reg(X) then (for all i)

Tor^R_i (R/(I_X + I_Y ), K) ∼= Tor^R_i (R/I_X , K) ⊕ Tor^R_{i−1}(K_X , K)(− reg(X ∪ Y ) − c + n + 2)

where K_X := Ext^c_R(R/I_X , R)(−n − 1) denotes the canonical module of X.

Proof. Following [57], we define for a Noetherian graded module M,

r(M) := inf{n ∈ Z | p_M (m) = h_M (m) for all m ≥ n} e(M) := sup{n ∈ Z | [M]_n ≠ 0}, where p_M (t) is the Hilbert polynomial of M. In [57], r(M) is called the index of regularity of M. Since X ∪ Y is arithmetically Gorenstein by assumption, we get for its index of regularity r(R/I_{X∪Y} ) = e(H^{n+1−c}_m (R/I_{X∪Y} )) + 1 = reg(R/I_{X∪Y} ) − (n + 1 − c) + 1 = reg(X ∪ Y ) + c − n − 1

Thus we obtain (cf. for instance [48], Lemma 2.5)

K_X (− reg(X ∪ Y ) − c + n + 2) ∼= I_Y /(I_X ∩ I_Y ) ∼= (I_X + I_Y )/I_X

and the exact sequence 0 0 ↓ ↓ G_s F_t ↓ ↓ . . . . ↓ ↓ G_1 F_1 ↓ ↓ G_0 R ↓ ↓ 0 → K_X (− reg(X ∪ Y ) − c + n + 2) → R/I_X → R/(I_X + I_Y ) → 0 ↓ ↓ 0 0 (note that X is not assumed to be arithmetically Cohen-Macaulay), where the vertical sequences denote the corresponding minimal free resolutions.

Now we observe K_X ∼= H^{n+1−c}_m (R/I_X )^∨ and e(H^{n+1−c} m (R/I_X )) + n + 1 − c ≤ reg(R/I_X ) = reg(X) − 1.

It follows that

a(K_X ) = −e(H^{n+1−c}_m (R/I_X )) ≥ − reg(X) − c + n + 2,

Thus

a(K_X (− reg(X ∪ Y ) − c + n + 2)) ≥ reg(X ∪ Y ) − reg(X) ≥ reg(X)

where the last inequality is by assumption. We conclude that a(G_i) ≥ reg(X) + i for all i ≥ 0. On the other hand, it is well-known that the modules F_i are generated in degrees ≤ reg(R/I_X ) + i = reg(X) − 1 + i. It follows that the mapping cone procedure provides a free resolution of R/I_X + I_Y which is minimal because cancellation cannot occur. This proves the claim.

If X is arithmetically Cohen-Macaulay, the graded Betti numbers of K_X can be computed from the graded Betti numbers of X. Thus as a corollary we obtain Theorem 7.1 of [19]:

Corollary 8.2. If X, Y ⊂ P^n are geometrically linked arithmetically Cohen-Macaulay schemes such that reg(X ∪ Y ) ≥ 2 · reg(X) then Tor^R_i (R/(I_X + I_Y ), K) ∼= Tor^R_i (R/I_X , K) ⊕ Tor^R_{c−i+1}(R/I_X , K)^∨(− reg(X ∪ Y ) − c + 1). Proof. Since R/I_X is Cohen-Macaulay, we get by applying Hom_R(−, R) to a minimal free resolution of R/I_X a minimal free resolution of Ext^c_R(R/I_X , R), i.e. Tor^R_i (Ext^c_R(R/I_X , R), K) ∼= Tor^R_{c−i}(R/I_X , K)^∨.

Thus the Lemma implies our assertion.

Lemma 8.3. Let M be a graded R-module, ℓ ∈ R a linear form. Then there is an exact sequence of graded R-modules (where R̄ := R/ℓR):

· · · → Tor^{R̄}_{i−1}((0 :_M ℓ), K)(−1) → Tor^R_i (M, K) → Tor^{R̄}_i (M/ℓM, K) → · · · · · · → Tor^R_1 (M, K) → Tor^{R̄}_1 (M/ℓM, K) → 0.

Proof. Consider the exact sequence 0 → R(−1)^ℓ→ R → R̄ → 0. Tensoring with M and taking homology provides Tor^R_i (M, R̄) = 0 for all i ≥ 2 and Tor^R_1 (M, R̄) ∼= ker ( M(−1)^ℓ→ M ) = (0 :_M ℓ)(−1).

Now we compute Tor^R_i (M, R̄) using a minimal free resolution of M: F_• 0 → F_s → F_{s−1} → · · · → F_0 → M → 0. Tensoring by R̄ gives the complex (with F̄_i := F_i ⊗_R R̄) F_• ⊗_R R̄ 0 → F̄_s → · · · → F̄_2^α−→ F̄_1^β−→ F̄_0 → M/ℓM → 0. Its homology is

H_i(F_• ⊗ R̄) = { 0 if i ≤ 0 Tor^R_i (M, R̄) if i ≥ 1 ∼= { 0 if i ≠ 1 (0 :_M ℓ)(−1) if i = 1.

Since F_• is a minimal free resolution, the maps in F_• ⊗ R̄ are minimal maps too. Thus we obtain a minimal free resolution of F̄_1/ im α as an R̄-module: 0 → F̄_s → · · · → F̄_2^α−→ F̄_1 → F̄_1/ im α → 0.

It follows that

Tor^{R̄}_i (F̄_1/ im α, K) ∼= F̄_{i+1} ⊗¯_R K ∼= Tor^R_{i+1}(M, K) for all i ≥ 0.

(8.1) The exact sequence 0 → F̄_1/ ker β → F̄_0 → M/ℓM → 0 implies Tor^{R̄}_i (F̄_1/ ker β, K) ∼= Tor^{R̄}_{i+1}(M/ℓM, K) for all i ≥ 0.

(8.2) Using ker β/ im α = H_1(F_• ⊗ R̄) ∼= (0 :_M ℓ)(−1) we obtain the exact sequence 0 → (0 :_M ℓ)(−1) → F̄_1/ im α → F̄_1/ ker β → 0.

The associated long exact Tor sequence reads as

· · · → Tor^{R̄}_1 (F̄_1/ ker β, K) → Tor^{R̄}_0 ((0 :_M ℓ), K)(−1) → Tor^{R̄}_0 (F̄_1/ im α, K) → Tor^{R̄}_0 (F̄_1/ ker β, K) → 0.

Taking into account the isomorphisms (8.1) and (8.2), our claim follows.

Notation 8.4. We denote [ tor^R_i (M, K) ] j := rank_K [ Tor^R_i (M, K) ] j . Corollary 8.5. With the notation of Lemma 8.3 we have for all i ≥ 1 and all j ∈ Z: [ tor^R_i (M, K) ] j ≤ [ tor^{R̄}_i (M/ℓM, K) ] j + [ tor^{R̄}_{i−1}((0 :_M ℓ), K) ] j−1 . Furthermore, [ Tor^R_i (M, K) ] j ∼= [ Tor^{R̄}_i (M/ℓM, K) ] j if i = 1 and j ≤ a + i − 1

or i ≥ 2 and j ≤ a + i − 2

where a := a(0 :_M ℓ).

Proof. Using [Tor^{R̄}_i ((0 :_M ℓ), K)]_j = 0 if j < a + i the claim follows by analyzing the sequence given in Lemma 8.3.

Remark 8.6. In the special case where ℓ is a non-zero divisor for M we have a(0 :_M ℓ) = ∞. Then we get back the well-known fact that graded Betti numbers do not change under such hyperplane sections.

Now we specialize the previous results to Gorenstein K-algebras.

Proposition 8.7. Let A = R/I be a graded Artinian Gorenstein K-algebra and let c = rank_K [R]_1. Let ℓ ∈ R be any linear form. Put s := reg(A) and a := a(0 :_A ℓ). Then we have for all i ∈ Z [ tor^R_i (A, K) ] j = [ tor^{R̄}_i (A/ℓA, K) ] j if j ≤ a + i − 2 ≤ [ tor^{R̄}_i (A/ℓA, K) ] j + [ tor^{R̄}_{c−i}(A/ℓA, K) ] s+c−j if a + i − 1 ≤ j ≤ s − a + i + 1 [ tor^{R̄}_{c−i}(A/ℓA, K) ] s+c−j if j ≥ s − a + i + 2 Proof. We denote by^∨ := Hom_R(−, K) the dualizing functor with respect to K ∼= R/m. It is exact. Thus, the exact sequence 0 → (0 :_A ℓ)(−1) → A(−1) → A → A/ℓA → 0 provides the exact sequence

0 → (A/ℓA)^∨(−1) → A^∨(−1) → A^∨ → (0 :_A ℓ)^∨ → 0.

Since A is Artinian and Gorenstein, we have A^∨ ∼= A(s). Consider the commutative diagram 0 → (0 :_A ℓ)(−1) → A(−1)^ℓ−→ A → A/ℓA → 0 ↓ ≀ ↓ ≀ 0 → (A/ℓA)^∨(−s − 1) → A^∨(−s − 1)^ℓ−→ A^∨(−s) → (0 :_A ℓ)^∨(−s) → 0.

We conclude that 0 :_A ℓ ∼= (A/ℓA)^∨(−s). (8.3)

Put R̄ = R/ℓR. Since A/ℓA is Artinian we get by local duality (A/ℓA)^∨ ∼= H^0_m(A/ℓA)^∨ ∼= Ext^{c−1}_{R̄} (A/ℓA, R̄)(−c). It follows that

Tor^{R̄}_i ((A/ℓA)^∨, K) ∼= ( Tor^{R̄}_{c−1−i}(A/ℓA, K) )_∨ (−c) and therefore

Tor^{R̄}_i (0 :_A ℓ, K) ∼= ( Tor^{R̄}_{c−1−i}(A/ℓA, K) )_∨ (−s − c) (as R̄-modules).

In particular, we get for all i, j ∈ Z isomorphisms of K-vector spaces [ Tor^{R̄}_i (0 :_A ℓ, K) ] j ∼= [ Tor^{R̄}_{c−1−i}(A/ℓA, K) ] s+c−j . Hence Corollary 8.5 proves the claim for all pairs (i, j) with j ≤ s − a + i + 1. Since the minimal free resolution of A is self-dual we have

Tor^R_i (A, K) ∼= ( Tor^R_{c−i}(A, K) )_∨ (−s − c). Using what we have already proved we get for j ≥ s − a + i + 2 [ tor^R_i (A, K) ] j = [ tor^R_{c−i}(A, K) ] s+c−j = [ tor^{R̄}_{c−i}(A/ℓA, K) ] s+c−j concluding the proof.

Remark 8.8. Proposition 8.7 provides a somewhat quantitative version of the following fact: The more general ℓ is, the more the graded Betti numbers of A as an R-module are determined by the graded Betti numbers of A/ℓA as an R/ℓR-module.

If reg(A) ≤ 2 · a(0 :_A ℓ) − 3, the formula in Proposition 8.7 simplifies as follows:

Corollary 8.9. Using the notation and assumptions of Proposition 8.7, suppose in addition that s ≤ 2a − 3. Then we have for all i ∈ Z

[tor^R_i (A, K)]_j =

[tor^{R̄}_i (A/ℓA, K)]_j if j ≤ a + i − 2 [ tor^{R̄}_{c−i}(A/ℓA, K) ] s+c−j if j ≥ s − a + i + 2. Proof. If s ≤ 2a − 3 then there is no integer j satisfying a + i − 1 ≤ j ≤ s − a + i + 1. Thus Proposition 8.7 proves the claim.

Notation 8.10. Let h = (1, h_1, . . . , h_s) be the h-vector of an Artinian K-algebra. Let c ≥ h_1 be an integer. Then there is a uniquely determined lex-segment ideal I ⊂ K[z_1, . . . , z_c] =: T such that T/I has h as its Hilbert function. We define β_{i,j}(h, c) := [ tor^T_i (T/I, K) ] j . If c = h_1 we simply write β_{i,j}(h) instead of β_{i,j} (h, h_1).

Remark 8.11. The numbers β_{i,j}(h, c) can be computed numerically without considering lex-segment ideals. Explicit formulas can be found in [16].

Theorem 8.12 ([3], [35]). If I ⊂ R = K[x_0, . . . , x_n] is a Cohen-Macaulay ideal of codimension c and h is the h-vector of R/I then we have for all i, j ∈ Z [ tor^R_i (R/I, K) ] j ≤ β_{i,j} (h, c). Let X ⊂ P^n be a reduced arithmetically Gorenstein scheme of codimension c with h-vector (1, h_1, . . . , h_s). Then we must have n ≥ c ≥ h_1. Moreover, X is non-degenerate if and only if c = h_1.

We are now ready for the main result of this paper.

Theorem 8.13. Let h = (1, h_1, h_2, . . . , h_t, . . . , h_s) be an SI-sequence where h_{t−1} < h_t = · · · = h_{s−t} > h_{s−t+1}. Put g = (1, h_1 − 1, h_2 − h_1, . . . , h_t − h_{t−1}). Then we have (a) If A = R/I is a Gorenstein K-algebra with c = codim I and having h as h-vector and an Artinian reduction which has the weak Lefschetz property, then [ tor^R_i (A, K) ] j ≤ β_{i,j}(g, c − 1) if j ≤ s − t + i − 1 β_{i,j}(g, c − 1) + β_{c−i,s+c−j}(g, c − 1) if s − t + i ≤ j ≤ t + i β_{c−i,s+c−j}(g, c − 1) if j ≥ t + i + 1 (b) Suppose that K has sufficiently many elements. Let n, c be positive integers such that n ≥ c ≥ h_1. Then there is a reduced, non-degenerate arithmetically Gorenstein subscheme X ⊂ P^n = Proj(R) of codimension c with the subspace property (and hence the Artinian reduction of A = R/I_X has the weak Lefschetz property) and h-vector h, and with equality holding for all i, j ∈ Z in (a). Indeed, we can take X = G_c(h) whenever the set N_{c−1,s+1,t} is chosen sufficiently general, i.e. satisfies the condition given in Theorem 6.3.

Proof. We first prove (a). We may assume that A is Artinian. Then it has the weak Lefschetz property, i.e. there is an ℓ ∈ [R]_1 such that the multiplication map [A]_{i−1}^ℓ−→ [A]_i has maximal rank for all i ∈ Z. It follows that the Hilbert function of A/ℓA is g. Thus Theorem 8.12 gives [ tor^{R̄}_i (A/ℓA, K) ] j ≤ β_{i,j}(g, c − 1) where R̄ = R/lR. Therefore Proposition 8.7 provides for all i, j ∈ Z [ tor^R_i (A, K) ] j ≤ β_{i,j}(g, c − 1) + β_{c−i,s+c−j}(g, c − 1). The claim then follows because β_{i,j}(g, c − 1) = 0 if j > t + i.

For (b), according to Theorem 6.3 and Lemma 7.5 it suffices to compute the graded Betti numbers of the subscheme X = G_c(h) ⊂ P^n constructed in Theorem 6.3. The starting point was an arithmetically Cohen-Macaulay subscheme Z ⊂ P^n = Proj(R) of codimension c − 1 with h-vector g which satisfies [ tor^R_i (R/I_Z , K) ] j = β_{i,j}(g, c − 1) for all i, j ∈ Z thanks to Corollary 5.10. Let Y be the residual to Z in G_{c−1,s+1,t}. Then we have I_X = I_Z + I_Y . The graded Betti numbers were computed in Corollary 8.2: [ tor^R_i (R/I_X , K) ] j = [ tor^R_i (R/I_Z , K) ] j + [ tor^R_{c−i}(R/I_Z , K) ] s+c−j = β_{i,j}(g, c − 1) + β_{c−i,s+c−j}(g, c − 1). Using again the fact that β_{i,j}(g, c − 1) = 0 if j > t + i, we get the result.

Next we prove that if I ⊂ R is a Gorenstein ideal of codimension c such that R/I has the Weak Lefschetz property and maximal h-vector h of socle degree s, with h bounded above by (_{c−1+t} c−1 ) , then the graded Betti numbers of R/I are determined by c, t, s (and equal to the ones of R/J_c(h)), except in the case s = 2t + 1.

Corollary 8.14. Let c, s, t be positive integers, where either s = 2t or s ≥ 2t + 2. Define h = (h_0, . . . , h_s) by

h_i = (_{c−1+i} c−1 ) if 0 ≤ i ≤ t; (_{c−1+t} c−1 ) if t ≤ i ≤ s − t; (_{s−i+c−1} c−1 ) if s − t ≤ i ≤ s Let I ⊂ R be a Gorenstein ideal of codimension c such that R/I has the weak Lefschetz property and h-vector h. Then the minimal free resolution of R/I has the shape 0 → R(−s − c) → F_{c−1} → · · · → F_1 → R → R/I → 0 where F_i = R(−t − i)^{αi} ⊕ R(t − s − i)^{γi} and α_i = ( c + t − 1 i + t )( t − 1 + i t ) = γ_{c−i}. Proof. We may assume that R/I is Artinian and has the weak Lefschetz property with respect to ℓ = x_{c−1}. Thus A/ℓA ∼= R̄/(x_0, . . . , x_{c−2})^{t+1}. Its graded Betti numbers are easily computed. For the reader’s convenience we include the argument.

Let φ : F = R̄^{c+t−1} → G = R̄^{t+1} be the graded homomorphism given by the matrix

M = x_0 x_1 . . . x_{c−2} 0 x_0 x_1 . . . x_{c−2} ... ...

0 x_0 x_1 . . . x_{c−2} ∈ R̄^{t+1,c+t}.

The ideal of maximal minors of M is (x_0, . . . , x_{c−2})^{t+1} and it is resolved by the Eagon- Northcott complex 0 → ∧^{c+t−1}F ⊗ S_{c−2}(G) → ∧^{c+t−2}F ⊗ S_{c−3}(G) → . . . → ∧^{t+1}F ⊗ S_0(G) → (x_0, . . . , x_{c−2})^{t+1} → 0

In particular, we get for all i, j ∈ Z: [ tor^{R̄}_i (A/ℓA, K) ] j = β_{i,j}(g), where g = (g_0, . . . , g_t) and g_i = ( c − 2 + i i ) . If s ≥ 2t + 3 the claim follows by Corollary 8.9 because a := a(0 :_A ℓ) = s − t which then forces s ≤ 2a − 3. If s = 2t + 2 then we apply Proposition 8.7. It proves our assertion since we have for i > 0 that [tor^{R̄}_i (A/ℓA, K)]_j = 0 if j ≠ i + t. If s = 2t then Theorem 8.13 shows that [tor^R_i (A, K)]_j = 0 unless (i, j) = (0, 0), (i, j) = (c, s + c) or j = i + t with 1 ≤ i ≤ c − 1. But then [tor^R_i (A, K)]_{i+t} can be computed recursively from the Hilbert function of A. (A similar computation can be found on page 4386 of [49].)

Remark 8.15. If we have in the preceeding corollary that s = 2t then R/I automatically has the Weak Lefschetz property, since there is just one peak in the Hilbert function, and up to that point the ring R/I agrees with R. (We are grateful to R. Miró-Roig for pointing this out to us.) Furthermore, when s = 2t the result about the resolution also follows from [17], Proposition 16(iii) or [15], Theorem A1.

Example 8.16. Corollary 8.14 cannot be extended to the case s = 2t + 1. Indeed, consider the case c = 4, s = 5 and t = 2. Then

h = (1, 4, 10, 10, 4, 1).

The Betti numbers predicted by Corollary 8.14 are represented by the Macaulay [2] diagram

; total: 1 16 30 16 1
; --------------------------------------
; 0: 1 - - - -
; 1: - - - - -
; 2: - 10 15 6 -
; 3: - 6 15 10 -
; 4: - - - - -
; 5: - - - - 1

However, Boij [8] has shown that the generic Betti numbers of a Gorenstein Artin algebra with this Hilbert function are

; total: 1 10 18 10 1
; --------------------------------------
; 0: 1 - - - -
; 1: - - - - -
; 2: - 10 9 - -
; 3: - - 9 10 -
; 4: - - - - -
; 5: - - - - 1

At the suggestion of the referee, we gave some thought to the question of whether there exists a reduced arithmetically Gorenstein scheme with these Betti numbers, but we were unable to construct one.

Also, it was pointed out to us by T. Harima that in Example 4.4 of [38], H. Ikeda constructed an interesting example of an Artinian Gorenstein algebra with the above hvector, not having the weak Lefschetz property. It is not known whether this Artinian Gorenstein ideal can be lifted to a zero-dimensional reduced, arithmetically Gorenstein subscheme in P^4 or not.

9. Simplicial Polytopes

If the dimension of the ambient space is large enough we can choose the linear forms in the sets M_{c,t} and N_{c,s,t} as variables. Then the resulting ideals in Theorems 5.8 and 6.3 are monomial ideals. Thus they correspond to simplicial complexes. Relating our results to the constructions of Billera and Lee in [5], we will show that the simplicial complexes we are getting are very particular. They are triangulations of balls or polytopes and have extremal properties with respect to their Betti numbers.

For the convenience of the reader we recall some basic definitions. Further details can be found in [11], [33] or [54].

A simplicial complex on a vertex set V = {v_0, . . . , v_n} is a collection Δ of subsets of V such that all {v_i} belong to Δ and F ∈ Δ whenever F ⊂ G for some G ∈ Δ. The elements of Δ are called the faces of Δ. The faces {v_i} are called vertices, and the maximal faces under inclusion are called facets. The dimension of a face F ∈ Δ is dim F := |F | − 1. The dimension of Δ is defined to be dim Δ = max{dim F |F ∈ Δ}. The complex is called pure if all its facets have the same dimension.

Let Δ be a (d − 1)-dimensional simplicial complex. The number of i-dimensional faces of Δ is denoted by f_i. Putting f_{−1} := 1, the vector of positive integers (f_{−1}, f_0, . . . , f_{d−1}) is called the f-vector of Δ. The complex Δ is called shellable if Δ is pure and its maximal faces can be ordered F_1, . . . , F_p so that the complex ( ⋃_{i−1} j=1 F̄_j ) ∩ F̄_i is pure of dimension

d − 2 for every i with 2 ≤ i ≤ p. Here F̄_j is the complex F̄_j := {σ ∈ Δ|σ ⊂ F_j }. (9.1)

Let Δ be a simplicial complex on the vertex set V = {v_0, . . . , v_n}. The ideal I_Δ ⊂ R = K[x_0, . . . , x_n] which is generated by all square-free monomials x_{i1} x_{i2} · · · x_{iq} such that {v_{i1} , . . . , v_{iq} } /∈ Δ, is called the Stanley-Reisner ideal of Δ. The Stanley-Reisner ring K[Δ] of Δ is the factor ring R/I_Δ. The Hilbert series H_{K[Δ]}(z) := ∑_∞ j=0 h_{K[Δ]}(j) · z^j can be written as

H_{K[Δ]}(z) = Q(z) (1 − z)^d

where d = dim K[Δ] = dim Δ + 1 and Q(z) = ∑_t i=0 h_iz^i is a polynomial in Q[z]. The vector of integers (h_0, . . . , h_t) is called the h-vector of Δ. If K[Δ] is Cohen-Macaulay then the h-vector of Δ and the h-vector of K[Δ] agree. The f-vector and the h-vector of Δ are related by the equality of polynomials t∑ j=0 h_jz^j = d∑ j=0 f_{j−1} · z^j (1 − z)^{d−j} .

It follows in particular that t ≤ d = dim Δ + 1 and

n + 1 = f_0 = h_1 + d.

Moreover, one can compute the h-vector from the f-vector and vice versa. The Stanley- Reisner ideal I_Δ is determined by the facets of Δ. In fact, one has (cf. for instance [11], Theorem 5.1.4).

Lemma 9.1. The Stanley-Reisner ideal of a simplicial complex Δ is

I_Δ = ⋂ F p_F

where the intersection is taken over all facets of Δ and p_F denotes the prime ideal generated by all variables x_i such that v_i /∈ F .

The simplicial complex Δ is called Cohen-Macaulay if K[Δ] is a Cohen-Macaulay ring. Such a complex is pure. A shellable simplicial complex is Cohen-Macaulay (cf., for example, [11], Theorem 5.1.13). Nevertheless, the possible h-vectors of shellable complexes are the same as the h-vectors of Cohen-Macaulay algebras according to the following result of Stanley [53] (cf. also [6]).

Theorem 9.2. Let h = (h_0, . . . , h_t) be a sequence of positive integers. Then the following conditions are equivalent:

(a) h is the h-vector of a shellable simplicial complex. (b) h is the h-vector of a Cohen-Macaulay algebra. (c) h is an O-sequence.

We want to show that a similar phenomenon occurs for the maximal Betti numbers of shellable simplicial complexes. Let Δ be a simplicial complex on the vertex set V = {v_0, . . . , v_n}. The graded Betti numbers of Δ are defined to be

β_{ij}(Δ) := [ tor^R_i (K[Δ], K ] j . Remark 9.3. The Betti numbers of K[Δ] may depend on the characteristic of K. In fact, Reisner exhibited in [51] the minimal triangulation of the projective plane. Then K[Δ] is Cohen-Macaulay if and only if char(K) ≠ 2. This possible dependence on the characteristic is not made explicit in the notation β_{ij} (Δ) but we will mention assumptions on the characteristic if they are necessary.

Let h be the h-vector of Δ. If Δ is Cohen-Macaulay then it is known (cf. Theorem 8.12) that we have for all i, j ∈ Z β_{ij}(Δ) ≤ β_{ij} (h). The next result shows that this estimate is the best possible, even for shellable complexes.

Proposition 9.4. Let h = (h_0, . . . , h_t) be an O-sequence. Then there is a shellable simplicial complex Δ of dimension 2t − 1 with h-vector h having maximal graded Betti numbers, i.e. β_{ij} (Δ) = β_{ij} (h) for i, j ∈ Z.

Proof. Define the integer n by n + 1 = c + 2t where c = h_1. We will use the notation of Definition 5.15. We list the monomials in LOIM(h) in order, m_1 <_r m_2 <_r · · · <_r m_p. Using the bijection V = {v_0, . . . , v_n} → {u_1, . . . , u_{c+2t}}, given by v_i → u_{i+1}, we define F_i ⊂ V as the subset corresponding to β̄_{c,t}(m_i). Finally, we put

Δ := p⋃ i=1 F̄_i where F̄_i is defined in (9.1). This complex is shellable with shelling order F_1, F_2, . . . , F_p according to [5].

As the next step we define the set M_{c,t} ⊂ R = K[x_0 . . . , x_n] by M_{c,t} := { M_0, . . . , M_{t+⌊} c−1_{2 ⌋}, L_0, . . . , L_{t+⌊} c−2_{2 ⌋} } , with M_i := x_{2i} and L_i := x_{2i+1}. We claim that I_{c,t}(h) ⊂ R is the Stanley-Reisner ideal of Δ. Indeed, the definitions immediately imply p_{Fi} = p_{c,t}(m_i). But Lemma 9.1 provides I_Δ = ⋂_p i=1 p_{Fi} and Theorem 5.16 gives I_{c,t}(h) = p⋂ i=1 p_{c,t}(m_i). Thus we conclude that I_Δ = I_{c,t}(h). Hence Theorem 5.8 shows that h is the h-vector of Δ, and Corollary 5.10 gives β_{ij} (Δ) = β_{ij} (h, c). Finally, we get dim Δ = n + 1 − h_1 − 1 = 2t − 1.

Now we turn to polytopes. A d-polytope P is the d-dimensional convex hull of a finite set of points in R^d . It is called simplicial if all its proper faces are simplices. Then the collection of the proper faces of P together with the empty set is called the boundary complex Δ(P ). Identifying j-dimensional simplices with their j + 1 vertices, we consider Δ(P ) as the (d − 1)-dimensional simplicial complex on the vertex set V , where V = {v_0, . . . , v_n} is the set of vertices of P . The h-vector and the graded Betti numbers of the polytope P are defined to be the h-vector and the graded Betti numbers of Δ(P ), i.e. β_{ij} (P ) := β_{ij} (Δ(P )).

We now recall the famous g-theorem, which was conjectured by McMullen [43]. Sufficiency of the condition was proved by Billera and Lee in [5] and the necessity by Stanley in [56].

Theorem 9.5. A sequence h = (h_0, . . . , h_s) of positive integers is the h-vector of a simplicial polytope if and only if h is an SI-sequence.

The main result of this section gives an optimal upper bound for the graded Betti numbers of simplicial polytopes.

Theorem 9.6. Suppose that K is a field of characteristic zero. Let h = (h_0, . . . , h_s) be an SI-sequence where h_{t−1} < h_t = · · · = h_{s−t} > h_{s−t+1}. Put g = (1, h_1 − h_0, . . . , h_t − h_{t−1}). Then we have

(a) If P is a simplicial d-polytope with h-vector h then β_{ij} (P ) ≤ β_{ij} (g) if j ≤ s − t + i − 1; β_{ij} (g) + β_{h1−i,s+h1−j}(g) if s − t + i ≤ j ≤ t + i; β_{h1−i,s+h1−j}(g) if j ≥ t + i + 1. (Observe that necessarily d = s.)

(b) The bounds given in (a) are sharp: there is an s-polytope P with h-vector h for which all of the bounds given in (a) are attained.

Proof. (a) It is well known that the boundary complex Δ(P ) of P is Gorenstein (cf. for instance [11], Corollary 5.5.6). Moreover, Stanley proves in [56] one direction of the gtheorem by showing that K[Δ(P )] in fact has the Weak Lefschetz property. Since the Stanley-Reisner ideal I_{Δ(P )} has codimension h_1, we conclude by Theorem 8.13. Note that the only place in this proof where we need the assumption of characteristic zero is the application of Stanley’s result guaranteeing the Weak Lefschetz property.

We now turn to (b). We will first describe the boundary complex following Billera and Lee [5] and then verify that it has the required properties.

Put c = h_1. We are looking for a polytope with vertex set V = {v_0, . . . , v_{s+c−1}}. Let V^′ := {v_0, . . . , v_{c−2+2t}} and V^{′′} = V \V^′. Now we proceed in a manner similar to our proof of Proposition 9.4. We list the monomials in LOIM(g) in order, m_1 <_r m_2 <_r · · · <_r m_p. Using the bijection V^′ → {u_1, . . . , u_{c−1+2t}}, which sends v_i → u_{i+1}, we define F^′ ⊂ V as the subset corresponding to β̄_{c−1,t}(m_i). Put F_i := F^′_i ∪ V^{′′} and define

Δ := p⋃ i=1 F̄_i where again, F̄_i is defined in (9.1). It follows immediately that Δ is a pure s-dimensional simplicial complex. Let ∂Δ denote the pure (s − 1)-dimensional simplicial complex on the vertex set V whose facets are the (s − 1)-dimensional faces of Δ which are contained in exactly one facet of Δ.

Billera and Lee have shown in [5], section 7 (using the construction of section 5) that ∂Δ is indeed the boundary complex of a simplicial s-polytope. In order to complete the proof we relate the Stanley-Reisner ideals I_Δ and I_{∂Δ} to the ideals constructed in our sections 5 and 6, respectively.

Put n = s + c − 1 and define the sets N_{c−1,s+1,t} = { M_0, . . . , M_{t+⌊} c−1_{2 ⌋}, L_0, . . . , L_{s−t+⌊} c−1_{2 ⌋} } ⊂ R = K[x_0, . . . , x_n] and M_{c−1,t} = { M_0, . . . , M_{t+⌊} c−2_{2 ⌋}, L_0, . . . , L_{t+⌊} c−3_{2 ⌋} } by M_i := x_{2i} and

L_i := { x_{2i+1} if 0 ≤ i ≤ t + ⌊^{c−3}_2 ⌋ x_{s+c−1−i} if t + ⌊^{c−1}_2 ⌋ ≤ i ≤ s − t + ⌊^{c−1}_2 ⌋. Thus, we have N_{c−1,s+1,t} = {x_0, . . . , x_n} and M_{c−1,t} = {x_0, . . . , x_{c−2+2t}}.

Using the notation of Lemma 9.1, we see that the ideals p_{Fi} and p_{c,t}(m_i) have the same minimal generators. It follows that

I_Δ = p⋂ i=1 p_{Fi} = p⋂ i=1 p_{c,t}(m_i) · R. Therefore, Theorem 5.16 shows that I_Δ = I_{c−1,t}(g) · R, which means in particular that I_Δ defines a scheme in P^n which is a cone over Z_{c−1,t}(g) ⊂ P^{c−2+2t}. Using Lemma 9.1 again, we observe that p is a minimal prime of I_{∂Δ} if and only if it is generated by c of the variables x_0, . . . , x_n and contains exactly one minimal prime ideal of I_Δ = I_{c−1,t}(g) · R. Hence Theorem 6.3 provides I_{∂Δ} = J_c(h). Since the graded Betti numbers of K[∂Δ] = R/J_c(h) were computed in Theorem 8.13, the proof is complete.

Remark 9.7. (i) It is interesting to observe that the passage from Δ to ∂Δ has an interpretation using Gorenstein liaison. Indeed, the proof above shows that I_{∂Δ} = I_Δ +I_Y where Y is the residual of I_Δ = I_{c−1,t}(g) in I_{Gc−1,s+1,t} .

(ii) Carl Lee pointed out to us a conjecture of Kalai, Kleinschmidt and Lee (cf. [39], Conjecture 2) which states another extremal property of the Billera-Lee polytopes. It seems interesting to explore if this conjecture is related to Theorem 9.6.

Using Corollary 8.14 instead of Theorem 8.13, the proof above provides:

Corollary 9.8. Let P be a simplicial polytope with h-vector h as given in Corollary 8.14. Then the shape of the minimal free resolution of K[Δ(P )] is the one described in Corollary 8.14 if K has characteristic zero.

Remark 9.9. A simplicial d-polytope P is called stacked if it admits a triangulation Γ which is a (d − 1)-tree, i.e. Γ is a shellable (d − 1)-dimensional simplicial complex with hvector (1, c − 1) (cf. [32], Corollary 1.3). The graded Betti numbers of stacked polytopes have been computed by Hibi and Terai in [34] (cf. also [32], Theorem 3.3). Since the h-vector of a stacked d-polytope with s + c vertices is (1, c, . . . , c, 1), this result may be considered as a special case of Corollary 9.8 (with t = 1) if s ≠ 3.

We want to point out one more instance where Corollary 9.8 applies. Recall that a cyclic polytope C(n + 1, d) is a d-dimensional simplicial polytope which is the convex hull of n + 1 distinct points on the moment curve {(t, t^2, . . . , t^d) | t ∈ R}. The notation C(n + 1, d) is justified since the combinatorial type depends only on n + 1 and d.

The next statement can be viewed as an uniformity result.

Corollary 9.10. All simplicial polytopes of even dimension d with the same f-vector as the cyclic polytope C(n + 1, d) have the same graded Betti numbers.

Proof. Let P be such a polytope. According to McMullen’s Upper Bound theorem ([44]) the cyclic polytope C(n+1, d) has the maximal f-vector among all d-polytopes with n+1 vertices. Thus, the h-vector of P is (h_0, . . . , h_d) where

h_i = ( n − d + i i ) if 0 ≤ i ≤ d 2 . Since d is even Corollary 9.8 proves the claim. Note that the assumption on the characteristic in Corollary 9.8 is not needed, by Remark 8.15.

The shape of the minimal free resolution of K[Δ(P )] is the one described in Corollary 8.14.

The last result partially answers a question posed to the second author by Jürgen Eckhoff. The case where d is odd, which was the other part of Eckhoff’s question, is still open.

10. Final comments

Remark 10.1. Our approach in Theorem 6.3 (and hence Theorem 8.13(b)) is similar to that of [25] in that we construct our linking scheme X to be a generalized stick figure, thus automatically guaranteeing that any choice of an arithmetically Cohen-Macaulay subscheme W ⊂ X will be geometrically linked to its residual, so we can add the linked ideals to produce our desired arithmetically Gorenstein scheme. There are two important differences between our approach and that of [25]. First, in [25] it was enough to choose X to be a complete intersection (in fact, X had codimension two and so was forced to be a complete intersection). In our situation, complete intersections do not give all possible Hilbert functions! (See Example 10.2.) Also, we had to apply the “sums of linked ideals” method more than once. Second, in [25], as in most applications of liaison, the authors started with the scheme W and found the “right” X to geometrically link it and produce the desired residual. In our case we start with a very reducible X and show that there must exist the “right” W inside it!

We should also remark that our method is quite different from that of Harima [29]. In that paper the author heavily uses the Artinian property. He forms a geometric link of two finite sets of points using a complete intersection, takes the sum of the linked ideals, and considers an ideal quotient on the resulting Artinian ideal which modifies the Hilbert function in the desired way. To mimic that approach we would have to first construct a larger Gorenstein scheme Y^′ by linking with a complete intersection, find a large number of components of Y^′ lying on a hyperplane and forming an arithmetically Cohen-Macaulay union of linear spaces with certain Hilbert function, remove these components, repeat this process a certain number of times, and show that the result of this procedure preserves the Gorenstein property. It is possible that such an approach would also give a construction. With the advantage of hindsight, though, something like this does happen. See Remark 7.8.

Example 10.2. As mentioned above, if we try to apply the approach of this paper but use only complete intersections for our links, we cannot obtain all SI-sequences. For example, we consider Remark 3.5 of [21]. There, the authors say, they cannot use their method (basically sums of certain linked ideals using complete intersection links) to obtain Gorenstein rings with Hilbert function

1 4 10 n 10 4 1

where 14 ≤ n ≤ 20, although they remark that it is known how to construct them for n = 20 using other methods. Here we show that the cases n = 20 and n = 19 cannot be constructed as the sum of complete intersection linked ideals, but the other cases can be so constructed. Of course all of them can be constructed by our method using arithmetically Gorenstein links (and obtaining not only graded Artinian algebras but also reduced arithmetically Gorenstein subschemes of projective space). In addition, as remarked in the Introduction, they have also been obtained by Harima [29] in the Artinian case. This special type of Hilbert function has also been constructed by Iarrobino ([36] Proposition 4.7) in the Artinian case.

Now we will use the notation h_G(t) for the entry in degree t of the h-vector of G, and we will use the same notation as in Remark 4.2 for the linked schemes. We know that we want a codimension 4 Gorenstein scheme G_4 with regularity 7, so the complete intersection G_3 would have to have regularity 8. Hence the sum of the degrees of the generators must be 10. Furthermore, one can check that because we seek Δh_{G4} (2) = 6, we must have h_{G3} (2) = 6. That is, G_3 has no quadric generator. Hence G_3 is the complete intersection of two cubics and a quartic. Furthermore, the linked scheme Z_3 must also have h_{Z3} (2) = 6 and h_{Y3} (2) = 6. Hence the regularity of Z_3 is at most 5. We get the following diagram:

degree:

0 1 2 3 4 5 6 7 8 G_3 1 3 6 8 8 6 3 1 0 Z_3 1 3 6 a b 0 Y_3 1 3 6 8 − b 8 − a 0 ΔG_4 1 3 6 n − 10 10 − n −6 −3 −1 0 G_4 1 4 10 n 10 4 1 0 0

where a and b still have to be determined. As a result, we have

n − 10 = (8 − b) + a − 8 = a − b.

Since clearly a ≤ 8, we get that n = 20 and n = 19 cannot be achieved in this way. Furthermore, any n in the range 14 ≤ n ≤ 18 can be constructed in this way. It is enough to take Z_3 to be a set of n general points in P^3 (hence a = n − 10 and b = 0) and G_3 the complete intersection of two cubics and one quartic containing Z_3.

Remark 10.3. In the process of thinking about the construction of the arithmetically Gorenstein schemes in Theorem 6.3, we were led to consider the following question (as a special case), which is of independent interest. Suppose that X is an arithmetically Cohen- Macaulay union of lines in projective space. Is it possible to remove lines from X one by one such that at each step the union of the remaining lines is arithmetically Cohen- Macaulay, and the Hilbert function of the general hyperplane section is the truncated Hilbert function in the sense of [22]? At first glance the answer would seem to be yes (and we believe it to be yes) since the hyperplane section is a finite set of points, and it is known that one can take away a point at a time giving truncated Hilbert functions. But the problem is that removing the corresponding line from X does not guarantee that the remaining union of lines will be arithmetically Cohen-Macaulay.

For example, let X be the union of three lines A, B and C such that B meets each of A and C but A and C are disjoint. This is arithmetically Cohen-Macaulay (of arithmetic genus 0). Clearly removing either A or C preserves the property of being arithmetically Cohen-Macaulay while removing B does not.

We end with a question posed by the referee.

Question 10.4. Consider the stratum of the arithmetically Gorenstein schemes of given codimension, dimension and h-vector h (an SI-sequence), that have the Weak Lefschetz property and maximal Betti numbers, as described in this paper. Is this stratum in the closure of all other graded Betti number strata for arithmetically Gorenstein subschemes of P^n whose h-vector is h and whose graded Betti numbers are bounded by the maximal ones for Weak Lefschetz graded Gorenstein algebras?

References

[1] E. Ballico, G. Bolondi, P. Ellia and R.M. Mirò-Roig, Curves of maximum genus in range A and stick-figures, Trans. Amer. Math. Soc. 349 (1997), no. 11, 4589–4608.

[2] D. Bayer and M. Stillman, Macaulay: A system for computation in algebraic geometry and commutative algebra. Source and object code available for Unix and Macintosh computers. Contact the authors, or download from ftp://math.harvard.edu via anonymous ftp.

[3] A. Bigatti, Upper bounds for the Betti numbers of a given Hilbert function, Comm. Algebra 21 (1993), no. 7, 2317–2334.

[4] L.J. Billera and C.W. Lee, Sufficiency of McMullen’s condition for f-vectors of simplicial polytopes, Bull. Amer. Math. Soc. 2 (1980), 181–185.

[5] L.J. Billera and C.W. Lee, A proof of the sufficiency of McMullen’s conditions for f-vectors of simplicial convex polytopes, J. Combin. Theory Ser. A 31 (1981), 237–255.

[6] A. Björner, P. Frankl and R. Stanley, The number of faces of balanced Cohen-Macaulay complexes and a generalized Macaulay theorem, Combinatorica 7 (1987), 23–34.

[7] M. Boij, Simplicial Complexes and Points in Projective Space, unpublished. [8] M. Boij, Betti numbers of compressed algebras, J. Pure Appl. Algebra 134 (1999), 111–131. [9] G. Bolondi and J. Migliore, The Structure of an Even Liaison Class, Trans. Amer. Math. Soc. 316 (1989), 1–37.

[10] G. Bolondi and J. Migliore, Configurations of Linear Projective Subvarieties, in “Algebraic Curves and Projective Geometry, Proceedings (Trento, 1988),” Lecture Notes in Mathematics, vol. 1389, Springer–Verlag (1989), 19–31.

[11] W. Bruns and J. Herzog, “Cohen-Macaulay Rings (revised edition),” Cambridge studies in adv.

math. 39, 1998.

[12] D. Buchsbaum and D. Eisenbud, Algebra Structures for Finite Free Resolutions, and some Structure Theorems for Ideals of Codimension 3, Amer. J. Math. 99 (1977), 447–485.

[13] E. Davis, A.V. Geramita and F. Orecchia, Gorenstein Algebras and the Cayley-Bacharach Theorem, Proc. Amer. Math. Soc. 93 (1985), 593–597.

[14] S. Diesel, Irreducibility and Dimension Theorems for Families of Height 3 Gorenstein Algebras, Pacific J. Math. 172 (1996), no. 2, 365–397.

[15] D. Eisenbud and S. Goto, Linear free resolutions and minimal multiplicity, J. Algebra 88 (1984), 89–133.

[16] S. Eliahou and M. Kervaire, Minimal resolutions of some monomial ideals, J. Algebra 129 (1990), 1–25.

[17] R. Fröberg and D. Laksov, Compressed Algebras, in “Complete intersections (Acireale, 1983),” Lecture Notes in Mathematics, vol. 1092, Springer-Verlag (1984) 121–151.

[18] A.V. Geramita, D. Gregory and L. Roberts, Monomial Ideals and Points in Projective Space, J.

Pure Appl. Algebra 40 (1986), 33-62.

[19] A.V. Geramita, T. Harima and Y.S. Shin, Extremal Point Sets and Gorenstein Ideals, Adv. Math.

152 (2000), 78–119.

[20] A.V. Geramita, T. Harima and Y.S. Shin, An Alternative to the Hilbert Function for the Ideal of a Finite Set of Points in P^n, Illinois J. Math. 45 (2001), 1–23.

[21] A.V. Geramita, H.J. Ko and Y.S. Shin, The Hilbert Function and the Minimal Free Resolution of some Gorenstein Ideals of Codimension 4, Communications in Algebra, 26 (1998), 4285-4307 [22] A.V. Geramita, M. Kreuzer and L. Robbiano, Cayley-Bacharach schemes and their canonical modules, Trans. Amer. Math. Soc. 339 (1993), 163–189.

[23] A.V. Geramita, P. Maroscia and L. Roberts, The Hilbert Function of a Reduced k-Algebra, J. London Math. Soc. 28 (1983), 443–452.

[24] A.V. Geramita and J. Migliore, A Generalized Liaison Addition, J. Algebra 163 (1994), 139–164. [25] A.V. Geramita and J. Migliore, Reduced Gorenstein Codimension Three Subschemes of Projective Space, Proc. Amer. Math. Soc. 125 (1997), 943-950.

[26] A.V. Geramita, M. Pucci and Y.S. Shin, Smooth points of Gor(T ), J. Pure Appl. Algebra 122 (1997), 209–241.

[27] A.V. Geramita and Y.S. Shin, k-configurations in P^3 all have Extremal Resolutions, J. Algebra 213 (1999), 351–368.

[28] T. Harima, Some examples of unimodal Gorenstein sequences, J. Pure Appl. Algebra 103 (1995), 313–324.

[29] T. Harima, Characterization of Hilbert functions of Gorenstein Artin algebras with the weak Stanley property, Proc. Amer. Math. Soc. 123 (1995), 3631–3638.

[30] R. Hartshorne, Connectedness of the Hilbert scheme, Math. Inst. des Hautes Etudes Sci. 29 (1966), 261–304.

[31] R. Hartshorne, Families of curves in P^3 and Zeuthen’s problem, Mem. Amer. Math. Soc. 130 No.

617 (1997).

[32] J. Herzog and E. Li Marzi, Bounds for the Betti numbers of shellable simplicial complexes and polytopes, Commutative algebra and algebraic geometry (Ferrara), 157–167, Lecture Notes in Pure and Appl. Math., 206, Dekker, New York, 1999.

[33] T. Hibi, Algebraic combinatorics on convex polytopes, Carslaw publications, 1992. [34] T. Hibi and N. Terai, Computation of Betti numbers of monomial ideals associated with stacked polytopes, Manuscripta Math. 92 (1997), 447–453.

[35] H. Hulett, Maximum Betti numbers of homogeneous ideals with a given Hilbert function, Comm.

Algebra 21 (1993), no. 7, 2335–2350.

[36] A. Iarrobino, Compressed algebras: Artin algebras having given socle degrees and maximal length, Trans. Amer. Math. Soc. 285 (1984), 337–378.

[37] A. Iarrobino and V. Kanev, “Power Sums, Gorenstein Algebras, and Determinantal Loci,” Springer LNM 1721 (1999).

[38] H. Ikeda, Results on Dilworth and Rees numbers of Artinian local rings, Japan. J. Math. (N.S.) 22 (1996), 147–158.

[39] G. Kalai, Some aspects of the combinatorial theory of convex polytopes, in: “Polytopes: abstract, convex and computational (Scarborough, ON, 1993), NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci. 440,” Kluwer Acad. Publ., Dordrecht (1994), 205–229.

[40] J. Kleppe, J. Migliore, R.M. Miró-Roig, U. Nagel and C. Peterson, Gorenstein Liaison, Complete Intersection Liaison Invariants and Unobstructedness, Mem. Amer. Math. Soc. 154 (2001), No. 732.

[41] R. Lazarsfeld and P. Rao, Linkage of General Curves of Large Degree, in “Algebraic Geometry– Open Problems (Ravello, 1982),” Lecture Notes in Mathematics, vol. 997, Springer–Verlag (1983), 267–289.

[42] F.S. Macaulay, Some properties of enumeration in the theory of modular systems, Proc. London Math. Soc. (2) 26 (1927), 531–555.

[43] P. McMullen, The number of faces of simplicial polytopes, Israel J. Math. 9 (1971), 559–570. [44] P. McMullen, The maximum number of faces of a convex polytope, Mathematika 17 (1970), 179–184. [45] J. Migliore, “Introduction to Liaison Theory and Deficiency Modules,” Birkhäuser, Progress in Mathematics 165, 1998.

[46] J. Migliore and U. Nagel, Lifting Monomial Ideals, Comm. Algebra 28 (2000), Special volume in honour of R. Hartshorne, 5679-5701.

[47] J. Migliore and U. Nagel, Monomial ideals and the Gorenstein liaison class of a complete intersection, Compositio Math. (to appear).

[48] U. Nagel, Even Liaison Classes Generated by Gorenstein Linkage, J. Algebra 209 (1998), 543–584. [49] U. Nagel, Arithmetically Buchsbaum Divisors on Varieties of Minimal Degree, Trans. Amer. Math.

Soc. 351 (1999), 4381–4409.

[50] C. Peskine and L. Szpiro, Liaison des variétés algébriques. I, Invent. Math. 26 (1974), 271–302. [51] G. Reisner, Cohen-Macaulay quotients of polynomial rings, Adv. Math. 21 (1976), 30-49. [52] A. Ragusa and G. Zappalà, Partial intersections and graded Betti numbers, preprint (2000). [53] R. Stanley, Cohen-Macaulay complexes, In: Higher combinatorics (Proc. NATO Advanced Study Inst., Berlin, 1976), pp. 51–62. NATO Adv. Study Inst. Ser., Ser. C: Math. and Phys. Sci., 31. Reidel, Dordrecht (1977).

[54] R. Stanley, “Combinatorics and commutative algebra, Second edition,” Birkhäuser, Progress in Mathematics 41, 1996.

[55] R. Stanley, Hilbert functions of graded algebras, Adv. Math. 28 (1978), 57–82. [56] R. Stanley, The number of faces of a simplicial convex polytope, Adv. Math. 35 (1980), 236–238. [57] J. Stückrad and W. Vogel, “Buchsbaum rings and applications. An interaction between algebra, geometry and topology,” Springer-Verlag, 1986.

[58] J. Watanabe, The Dilworth Number of Artinian Rings and Finite Posets with Rank Function, Adv.

Studies in Pure Math. 11 (1987), 303–312.

Department of Mathematics, University of Notre Dame, Notre Dame, IN 46556, USA E-mail address: Juan.C.Migliore.1@nd.edu

Fachbereich Mathematik und Informatik, Universität Paderborn, D–33095 Paderborn, Germany

(Nagel’s address since August 2002: Department of Mathematics, University of Kentucky, Lexington, KY 40506-0027, USA)

E-mail address: uwen@uni-paderborn.de